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PREFACE 


The favorable reception of the First Edition of this volume 
appears to have sustained the authors^ belief in the need of a 
book on mathematics beyond the calculus, written from the 
point of view of the student of applied science. The chief 
purpose of the book is to help to bridge the gap which separates 
many engineers from mathematics by giving them a bird^s-eye 
view of those mathematical topics which are indispensable in 
the study of the physical sciences. 

It has been a common complaint of engineers and physicists 
that the usual courses in advanced calculus and differential 
equations place insufficient emphasis on the art of formulating 
f)hysical problems in mal.hematical terms. There may also be a 
measure of truth in the ci'iticism that many students with pro- 
nounced utilitarian leanings are obliged to depend on books 
that are more distinguislied for rigor than for robust uses of 
mathematics. 

This book is an outgrowib of a course of lectures offered by 
one of the authors to stiidents liaving a working knowledge of the 
elementary calculus. The keynotes of the course is the practicial 
utility of ma( Inunatics, and considerable (effort has been made to 
selecl, t hose topics which are of most i‘r(M|U(uit. and immediate use 
in applied science's and which can b(^ givcm in a course of one 
hundred l(M‘,tur(‘s. ''Fhe illust-rative material has Ikhmi chosen for 
its value in emphasizing tin; und(u-lying principles rather than 
for ii,s dii-ect a[)plica< ion to specific, problems (hat. may confi’ont 
a practhhig enginecn-. 

In preparing (he revision (he aidhors have been gready aided 
[)y (he r(‘a(*(h)ns and sugg(\s(,i()ns of (he users of (.his book in bo(Ii 
ac.ad('.mic. and (MigiiuMuhig circle's. A (‘.onsiderable portion 
of the nndeu’ial (‘ordaiiKul in (lu^ Kirs(, lOdilJon has bc^en rear- 
ranged and supphmuudcd by fur(h(M- illus(.rativ(‘ examples, proofs, 
and probkuns. ddic numbeu- of problems lias been more than 
doubled. I(> was de^cidc'd (,o omi(. (hci discussion of improper 
integrals and to absorb the (diaptcr on Elliptic Integrals into 


V 
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PREFACE 


much enlarged chapters on Infinite Series and Differential 
Equations. A new chapter on Complex Variable incorporates 
some of the material that was formerly contained in the chapter 
on Conformal Representation. The original plan of making 
each chapter as nearly as possible an independent unit, in order 
to provide some flexibility and to enhance the availability of the 
book for reference purposes, has been retained. 

I. S. S. 

E. S. S. 

Madison, 'Wisconsin, 

September, 1941 . 
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HIGHER MATHEMATICS 
FOR ENGINEERS AND 
PHYSICISTS 

CHAPTER I 
INFINITE SERIES 

It is difficult to conceive of a single mathematical topic that 
occupies a more prominent place in applied mathematics than 
the subject of infinite scries. Students of applied sciences meet 
infinite series in most of the formulas they use, and it is quite 
essential that they acquire an intelligent understanding of the 
concepts underlying the subject. 

The first section of this chapter is intended to bring into 
sharper focus some of the basic (and hence more difficult) notions 
witli which the reader became acquainted in the first course in 
calculus. It is followed by ten sections that arc devoted to a 
treatment of the algebra and calculus of series and that represent 
the minimum theoretical background necessary for an intelligent 
use of series. Sonu^ of tlu^ practical uses of infinite scries are 
indicat'd brii^fly in tlu^ nunainder of the chapter and more fully 
in Cliaps. IT, VII, and VIII. 

1. Fundamental Concepts. Familiarity with the concepts 
discussed in this s(H*.tion is essential to an understanding of the 
contents of this chapter. 

FuNC'riON. The variable y is said to be a function of the variable 
X if to every value of x tinder consideration there corresponds at least 
one value of y. 

If X is the variable to which values are assigned at will, then 
it is (tailed independent variable. If the values of the variable 
y are determined by the assignment of values to the independent 

1 
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variable x, then y is called the dependent variable. The functional 
dependence of y upon x is usually denoted by the equation* 

y = /W- 

Unless a statement to the contrary is made, it will be supposed 
in this book that the variable x is permitted to assume real 
values only and that the corresponding values of y are also real. 
In this event the function f{x) is called a real function of the real 
variable x. It will be observed that 

(1-1) y = Vx 

does not represent a real function of x for all real values of x, for 
the values of y become imaginary if x is negative. In order that 
the symbol f(x) define a real function of rr, it may be necessary to 
restrict the range of values that x may assume. Thus, (1-1) 
defines a real function of x only if x > 0. On the other hand, 
y = -y/x^ — 1 defines a real function of x only if |a;| ^ 1. 

Sequences and Limits. Let some process of construction 
yield a succession of values 


XXj X2f Xsj * * , Xnj ’ * , 


where it is assumed that every Xi is followed by other terms. 
Such a succession of terms is called an infinite sequence. Exam- 
ples of sequences are 


(a) 1, 2, 3, • ■ • , rz 

1 ^11 - i- 

2’ 4’ 8’ 16 

(c) 0, 2, 0, 2, - 




, 1 + (- 1 )", 


Sequences will be considered here only in connection with the 
theorems on infinite series, t and for this purpose it is necessary 
to have a definition of the limit of a sequence. 

Definition. The sequence xi, ^^2, • • • , • • • is said to 

converge to the constant L as a limit if for any preassigned positive 
number e, however small, one can find a positive integer p such that 

\xn — Lj < € for all n > p. 

* Other letters are often used. In particular, if more than one function 
enters into the discussion, the functions may be denoted by fAr), (^t(\; 
by /(a:), gix), etc.; by Fix), Gix), etc. 

t For a somewhat more extensive treatment, see I. S. SokolnikolT, 
Advanced Calculus, pp. 3-21. 
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For convenience, this definition is frequently written in the 
compact form 


lim Xn = L, 

n— ♦ 00 


and L is called the limit of the sequence. If a variable x takes 
on these- successive values xi, ^ 2 , * * • , ‘ , then x is said 

to approach L as a limit. It follows from this definition that, 
of the sequences given above, (6) converges to the limit 0, whereas 
(a) and (c) are not convergent. 

As an illustration, let the variable x assume the set of values 


Xi = 0 . 1 , X 2 = 0 . 11 , Xz = 0 . 111 , • • • . 


It is easily seen that 

lim Xn = i; 

n —¥ 00 y 


that is, corresponding to any € > 0, one can find a positive 
integer p such that 

1 -^ ^n\ “ 1 q ^ ^ 


for all values of n greater than p. Observe that 

1 _ 1 1 _ 1 1 _ 1 
9 90’ 9 900’ ’ ’ ’ ’ 9 9 • 10’“' 


Honco, for any e that is chosen, it is necessary to demand that n 
he large enough so that 

1 _ _ _L_. ^ 

9 9 •' lO” *■ 

The iiieciuality is equivalent to 

9 • 10” > 

€ 

and, taking logarithms to the base 10,* 
log 9 + n > log i 
or 

n > — (log 9 + log e) = — log Qe. 

* From the definition of the logarithm, it follows that, if A > B, then 
log A > log B. 
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Thus, if p is chosen as any integer greater than [— log 9«|, the 
inequality 


will be satisfied for all values of n greater than p. 

Infinite Series. Let ui, Ui, Ui, ■ • ■ be an infinite sequence 

of real functions of a real variable x. Then the symbol 
00 

(1-2) ^ Unix) = Ui(x) + Uiix) -!-•••+ Unix) + ' ' ■ 

71= 1 

is called an infinite series. 

If, in (1-2), X is assigned some fixed value, say x = xo, there 
results the series of constants 


00 

(1-3) X 

71 = 1 

Denote by Sn(xo) the nth partial sum, that is, the sum of the 
first n terms, of the series (1-3) so that 

Sn{Xo) = Ui(Xo) + ^ 2 ( 0 : 0 ) + • * • + Un{Xo)- 

As n increases indefinitely, the sequence of constants 

Sl(Xo), S2{Xo)j ‘ , Sn(Xo), • • • 

either will converge to a finite limit S or it will not converge to 
such a limit. If 

lim Sn{xo) = Sj 

n — ► 00 

the series (1-2) is said to converge to the value iS for x = .Tn.* 
If the series (1-2) converges for every value of x in some intervalf 
(a, h)j then the series is said to be convergent in the interval (a, b). 
As an example, consider the series 

(1-4) 1 + x + x^ + • • • + x^-^ + • • • . 

If X = 3^, (1-4) becomes 

1 -L 1 -j- A -I- . . . J 1 L . . . 

* This limit S is usually called the sum of the series (1-3). 
t This means that x can assume any real value between a and b and that 
a and h can be thought of as the end points of an interval of the a:-axis. 
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«»->+5 + j+ -- - + 


1 

2”-i 


IS a geometric progression of ratio }4, so that 

1 


1 - 


— 


2« 


1 - 


1 


= 2 


2n-l 


difference between 2 and s„ 
On the other hand, if rr = - 1, the series (1-4) becomes ’ 

1-1 + 1 — l-l--- - -I- (_ i)»-i ^ 

which does not converge; for s.,. = 0 and s.„_x = 1 for any choice 
of n and, therefore, hm «„ docs not exist. Moreover if a; = 2 

the series (1-4) becomes 

1 + 2 + 4 -f • ■ • + * • • , 

so that 5„ increases indefinitely with n and lim 5 „ docs not exist. 

If an infinite scries docs not converge for a certain value of x 
It IS said to diverge or be divergent for that value of x. It will 
be shown later that the series ( 1-4) is convergent for - 1 < a; < i 
and divergent for all other values of x. 

Ihc d(’firiition of the limit, as given above, assumes that the 
value of the limit S is known. Frequently it is possible to infer 
. 1 C existence of S without actually knowing its value Th(' 
following example will servo to illustrate this point. 

Example. Consider the scries 

® = ^ + ^ + .=n+---+^+---. 

and compare the sura of its lir.st n terms 

1 


«» - 1 + ^; + ^ -k 


+ A 


with the sum of the geometrical progression 
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Sn = 1 


+ 1 + ^ + 


H — — 

' On-1 


= 2 - 


1 

2n-r 


The corresponding terms of Sn are never less than those of but, no 
matter how large n be taken, Sn is less than 2. Consequently, s„ < 2; 
and since the successive values of Sn form an increasing sequence of 
numbers, the sum of the first series must be greater than 1 and less than 
or equal to 2. A geometrical interpretation of this statement may help 
to fix the idea. If the successive values of Sn, 

51 = 1, 

52 = 1 + ^1 = 1.5, 

53 = 1 + ^ = 1.667, 

= l + = 1-708, 

sj = 1 + ^ = 1.717, 

are plotted as points on a straight line (Fig. 1), the points representing 
the sequence Si, Ss, • • • , s^, • • • always move to the right but never 

H -s. H 


j I M 

0 I 1.5 1.667 2 

Fio. 1. 


progress as far as the point 2. It is intuitively clear that there must be 
some point s, either lying to the left of 2 or else coinciding with it, whic^h 
the numbers s„ approach as a limit. In this case the nuineri(tal valium 
of the limit has not been ascertained, but its existence was established 
with the aid of what is known as the fundamental prmciple. 

Stated in precise form the principle reads as follows: If an infinite 
set of numbers Si, Su, ■ * * , Sn, * * * forms an increasing seqmnee (that is, 
Sn > Sn, when N > n) and is such that every Sn is less than some fixed 
number M (that is, Sn < M for all values of n), then Sn approaches a limit 

s that is not greater than M (that is, liin s,i = s ^ M). l^lie foi’Fiiulation 

00 

of the principle for a decreasing sequence of numbers .si, .s*., • • ■ , 
Sn, • • * , which are always greater than a certain fixed number m, will 
be left to the reader. 

2. Series of Constants. The definition of the convergences of 
a series of functions evidently depends on a study of the behavior 
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of series of constants. The reader has had some acquaintance 
with such series in his earlier study of mathematics, but it seems 
desirable to provide a summary of some essential theorems that 
will be needed later in this chapter. The following important 
theorem gives the necessary and sufficient condition for the 
convergence of an infinite series of constants: 

00 

Theorem. The infinite series of constants S Un converges if 

71 “ 1 

and only if there exists a positive integer n such that for all positive 
integral values of p 

= I'^n+l “1“ “2^71+2 "H •••-]- ^ 6^ 

where e is any preassigned positive constant. 

The necessity of the condition can be proved immediately by recalling 
the definition of convergence. Thus, assume that the series converges, 
and let its sum be S^ so that 

lim Sn = S 

n— > ao 

and also, for any fixed value of p, 

lim Srt+i. = S. 

n —> 00 

Hence, 

lim (5„+p - s„) s lim + Un +2 + • • • + w„+.p) = 0, 

n— > 00 n— > 00 

which is another way of saying that 

|Wu|l d" +***+■ 'fln\p\ < e 

for a sufficiently large value of n. 

The proof of tlie suffi(Meii(y of the condition requires a fair degree 
of mathematical maturity and will not be given hero.* 

This theorem is of grcuit theond/ical importance in a variety of 
inv(‘stigations, but it is scddoni uscul in any practical problem 
recjuiring th(^ testing of a giv(‘n series. A number of tests for 
convergence, applicable to special ty]x\s of scu'ies, will be given in 
the following s(Hd.ions. 

It may be nunarkc'd that a suffi(dent condition that a series 
diverge is that tluj kirms do not api)r()ach zeu'o as a limit when 
n increases irukffinikdy. Thus the ne<u>ssary condition for con- 
vergence of a seri(is is that lim Un = 0, but this condition is not 

n --* ■» 

* 8ec SoKOLNiKOFF, I. S., AdvaiKuid Calculus, pp. 11-13. 
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sufficient; that is, there are series for which lim u„ = 0 but which 

n— > 00 

are not convergent. A classical example illustrating this case 
is the harmonic series 

l+i+|+---+i+-', 

in which Sn increases without limit as n increases. 

Despite the fact that a proof of the divergence of the harmonic 
series is given in every good course in elementary calculus, it will 
be recalled here because of its importance in subsequent con- 
siderations. Since 

1 , 1 , , . . , 1 . .i. = 1 

7^ + l"^7^ + 2 + 2n 2^ 

it is possible, beginning with any term of the series, to add a 
definite number of terms and obtain a sum greater than ^ 2 . 


If n = 2, 

3^4 

>h 

n = 4, 

5 ^ 6 ^ 7 

+ 

ool 

V 

n = 8, 

9 ^ 10 ^ 

■ + B 

n = 16, 

— + — + • • 
17 ^ 18 ^ 

■ ^ ^ 2 ' 


Thus it is possible to group the terms of tho harmonic s(u*ios 

in such a way that the sum of the terms in each parenthesis 
exceeds ; and, since the series 

1 + 2 ^~ 2 '^ 2 "^ ' * * 


is obviously divergent, the harmonic series is divergent also. 
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3. Series of Positive Terms. This section is concerned with 
series of the type 
00 

^ an = ai + a2 + • ‘ ■ + an + * * ' , 

1 

where the Un are positive constants. It is evident from the 
definition of convergence and from the fundamental principle 
(see Sec. 1) that the convergence of a series of positive constants 
will be established if it is possible to demonstrate that the partial 
sums Sn remain bounded. This means that there exists some 
positive number M such that Sn < M for all values of n. 
The proof of the following important test is based on such a 
demonstration. 

00 

Comparison Test. Let ^ an he a series of positive terms, 

n 1 

00 

and let 2 6„ he a series of positive terms that is known to converge, 

n = 1 

00 

Then the senes 2 On is convergent if there exists an integer p such 

n*= 1 

00 

that, for n p, On ^ bn- On the other hand, if 2 Cn is a series of 

n = 1 

positive terms that is known to be divergent and if an Cn for 
00 

n ^ p, then 2 On is divergent also, 

n = 1 

Since the convergence or divergence of a series evidently is not 
affected hy the addition or subtraction of a finite number of terms, the 
proof will be given on tlie assumption tliat p = 1. Ivct .s'« = ai + Ua 

+ ' * * + On, and let B denote the sum of the scries 2 hn and Bn its 

/i = 1 

?ith partial sum. Then, since a« < bn for all values of n, it follows that 

Sn ^ Bn for all values of n. Hence, the remain l)oundcd, and the 
00 

series 2 an is convergent. On the other hand, if an ^ for all values of 

n = 1 

00 00 

n and if the series 2 diverges, then the series 2 an will diverge also. 

n = 1 « = I 

There arc two scries that arc frequently used as series for 
comparison. 

a. The geometric series 

(3-1) a + ar -f- ar^ -f • • • + ar^ + • * * , 
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which the reader will recall* is convergent to -z if |r| < 1 

1 “ r 

and is divergent if |r| > 1. 
b. The p series 


(3-2) 1 + 1 + 1 + .. .+1 + 


which converges if p > 1 and diverges if p ^ 1. 

Consider first the case when p > 1, and write (3-2) in the form 

(3-3) 1 + ^1 + 1^ + ^1 + ^ + ^ + ^^ + ... 

^(2'‘-i)p (2" — 1)*') + ■ ■ ■ ) 

where the nth term of (3-3) contains 2'‘-i terms of the scries 
(3-2). Each term, after the first, of (3-3) is less than the cornv 
sponding term of the series 

1 + 2-1 + 4-1+ ••• + 2-1 + ■ ■ ■ , 

or 

(3-4) 1 + ^ + + • • • + -!-•••. 

Since the geometric series (3-4) has a ratio 1/2"-' (which is less 
than unity for p > 1), it is convergent and, by the compiirisoii 
test, (3-2) will converge also. 

If p = 1, (3-2) becomes the harmonic series which has been 
shown to be divergent. 

If p < 1, l/?i" > 1/n for n > 1, so that each term of (3-2), 
after the first, is greater than the corresponding term of the 
harmonic series; hence, the series (3-2) is divergent alsc. 

Example 1. Test the series 


1 + ^ + 3 * 


+ • 


+ rn + 


The geometric series 

^ + ^ + + 

* Since the sum of the geometric progression of t terms a + ur + af^ 
+ • • • 4- is equal to ^ — — = ■ - (1 — r«). 

1 — V 1 _ 


1 — r 1 — r 
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is known to be convergent, and the terms of the geometric series are 
never less than the corresponding terms of the given series. Hence, the 
given series is convergent. 

Example 2. Test the series 

^ log 2 log 3 log 4 log n 

Compare the terms of this series with the terms of the p series for 

p = 1, 

’’’ •••. 

The given series is divergent, for its terms (after the first) are greater 
than the corresponding terms of the p series, which diverges when 

p = 1. 

00 

Ratio Test. The series S O'n of positive terms is convergent if 

n = l 

lim = r < 1 

n— + 00 

and divergent if 

lim ^ > 1. 

n—* 00 a>n 

If lim the series may converge or diverge. 

n—> « Otn 

Consider first the case when r < 1, and let q denote some constant 
l)(‘twcen r and 1. Then there will be some positive integer N such that 

< g for all n ^ N. 

an 

Henca 

flAT+t < aj^q, 
aN-h2 as^xq anq^t 

< as^'2.q ONq^^ 


and 

a^v+i + + (In + • * ■ < aN{q + * * ' )• 

Since ^ < 1, tlie series in the riglit-hand member is convergent; there- 
fore, the series in the left-hand momber converges, also. It follows that 
00 

tlie series S n,, is convergent. 

rt = 1 

If tlic limit of the ratio is greater than 1, then an+i > a» for every 

00 

n> N so that lim 9 ^ 0, and hence the series 2 «« is divergent. 

71 — ^ 00 fl = 1 
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It is important to observe that this theorem makes no reference 
to the magnitude of the ratio of an+i/cin but deals solely with the 
limit of the ratio. Thus, in the case of the harmonic series the 
ratio is an+i/a„ = n/{n + 1), which remains less than 1 for all 
finite values of n, but the limit of the ratio is precisely equal 
to 1. Hence the test gives no information in this case. 

Example 1. For the series 


2 22 23 ^ 2^^-! 

1 + - 

Um ^ = lim ^ -2^: = ii:n 

n— »■ 00 dn n — ► 00 2” 71 n—* » 2 


and, therefore, the series converges. 
Example 2. The series 

l+^ + lL+ . 

10 ^ 10^ ^ 10» ^ 

is divergent, for 


+ — + 
^ 10» ^ 


1 

2 


lim ^ = 

n— > OO dn 


lim 

n— ► OO 


(n + 1)! 1Q^ 
nl 


lim 

n—* OO 


n + 1 
10 


=* 00, 


Example 3. Test the series 
1-23-45-6 


+ 


1 


+ 


Here 


1 


lim = lim 

n— 4 00 dn n—* oo (2?l l)(2?l -)- 2) 

4^2 — 2n 


(2n — 1)271 
^ {2n — l)2n 


= lim 


n-> CO 4n2 +671 + 2 


= lim 


^ 2n 


= 1. 


Hence, the test fails; but if the given series be compared witli the 
p series for p = 2, it is seen to be convergent. 

00 

Caughy^s Integral Test. Let 2 dn he a series of positive 

« = 1 

terms such that Un-fi < If thei'c exists a positive decreasing 
function f(x), for x ^ Ij such that f{n) == a„, then the given series 
converges if the integral 

f ” f(x) dx 

exists; the series diverges if the integral does not exist. 
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The proof of this test is deduced easily from the following 
graphical considerations. Each term an of the series may be 
thought of as representing the area of a rectangle of base unity 
and height /(n) (see Fig. 2). The sum of the areas of the first 
n inscribed rectangles is less than J” f{x) dx, so that 

^ f(x) dx. 

But f{x) is positive, and hence 

f(x) dx < £“ f(x) dx. 

If the integral on the right exists, it follows that the partial sums 
are bounded and, therefore, the series converges (see Sec. 1). 



The sum of the areas of the circumscribed rectangles, ai + </ > 
+ * * * + fln, hs greater than f(x) dx; hence, the series will 
div(M’ge if the integral does not exist. 

Example 1. Test the harmonic series 


1 


+ - + - + 


n 


In this ease, J{x) — - and 

X 


r ~ dx = lim r — = lim log n = oo , 
X n— > 00 1 X n — ► oo 

and the series is divergent. 
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Example 2. Apply Cauchy’s test to the p series ■— where p > 0. 

fip 


71 = 1 


Taking f{x) = — » observe that 

XP 


if p 


f”dx 1 . 

I — = X^~P 

Jl XP 1 — p 

= log x% if p = 1. 

j * 80 ^ 

j — exists if p > 1 and does not exist if p < 1. 


XP 

1. Test for convergence 
1 


PROBLEMS 


+ ■ 


1 


, V 1 1 

^ 2 2 • 22 ' 3 • 23 ' 4^ 


(C) 1 + 2! 3! .... 

vw -r 22 ~ 32 ' > 

1 _L 1 • 2 , 1 • 2 • 3 , 

(d) g -h ^ ^ y + * * • 

(e) _i_ + ^ + _L + . . . 

'■«‘+5+l + ?+---: 

(n\ 1 I ^ I ^ I . . - . 


ih) 


1 


+ 


1 


2 log 2 ' 3 log 3 
2. Use Cauchy’s integral 

^ N 1 I 1 I 1 I 

2 + 5 + 10 + ■ 




+ 


+ 


investigate the convergence of 
1 


1 + ?i‘ 


+ 


( 6 ) 1 + 


+ 


1+2*^ ^2 + 32 


2 + ■ 


3. Sliow that tlie series S «« of positive terms is divergent if nOn 

n~\ 

has a limit L which is different from 0. Hint: Let liin ruin = L so tliat 

rt— + 00 

L - € 


ruin > /> — 6 for n large enough. Henc.e, a,, > 


n 
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4. Test for convergence 

“ 1 
„?i VnCn + 1)' 

«S,S 


71-1 


w 2.®. 


71-1 


w i; -V; 

^1 » v« 

„?o (2« + 1)^’ 

CQ 

„?o (2« + 1)“’ 


4. Alternating Series. A series whose terms are alternately 
positive and negative is called an aUerncUtTig series. There is a 
simple test, due to Leibnitz, that establishes the convergence of 
many of these series. 

Tkst for an Alternating Series. If the aUcrnating series 
Gi — 0-2 + ct 3 — a 4 + • • • , where the ai are positive, is such 
that a„_j-i < Un and lim Qn — 0, then the series is convergent. 

n— > « 

Moreover, if S is the sum of the series, the numerical value of the 
difference between S and the nth partial sum is less than Cn+i. 
Since 


S2n — {ai — a^) + (as — a4) + • • • + (a2n_i — a2T») 

= ai — (a2 — as) — • • • — (a2n-2 — a2„_]) — a2n, 
it is evident that S 2 n is positive and also that s^n < ai for ah 
values of n. Also, S 2 < S 4 < sq < * • • , so that these partial 
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sums tend to a limit S (by the fundamental principle). Since 
S 2 n+i = S 2 n + (i 2 n+i and Km a 2 n+i == 0, it follows that the partial 

n--> 00 

sums of odd order tend to this same limit. Therefore, the series 
converges. The proof of the second statement of the test will 
be left as an exercise for the reader. 

Example 1 . The series 



is convergent since lim - = 0 and — < -• Moreover, S 4 = 1 

n-* ^ n n + ln 

~ M + H — 34 differs from the sum S by less than 34- 
Example 2 . The series 




2 ^ 3> 4^3=“ 6 ^ 33 


is divergent. Why? 


6. Series of Positive and Negative Terms. The alternating 
series and the series of positive constants are special types of the 
general series of constants in which the terms can be either posi- 
tive or negative. 

Definition. If ui + + • • * + + * * * is an mfinite 

series of terms such that the series of the absolute values of its terms, 
l^^il + 1 ^ 2 ! + * * * + + • * • , is convergent, then the series 

U\ U 2 * * • + Un * * 'is said to he absolutely convergent. 
If the series of absolute values is not convergent, but the given series 
is convergent, then the given series is said to be conditionally 
convergent. 

Thus, 


1 


1 + 1 

2 3 4 5 


is convergent, but the series of absolute values, 






is not, so that the original series is conditionally convergent. 

If a scries is absolutely convergent, it can be shown that the 
scries formed by changing the signs of any of the terms is also a 
convergent series. This is an immediate result of the following 
theorem : 
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Theorem. 

then the series 
Let 


If the series of absolvie values S \un\ is convergerU, 

n *1 

00 

2 Un is necessarily convergent. 

n •= 1 


Sn = Wl + ^2 + • * • + Wn 

and 

in = |^^l|+|^2|+ * • ‘ +|Wn|. 

If p„ denotes the sum of the positive terms occurring in Sn and 
denotes the sum of the negative terms, then 

(5-1) Bn “ Pn Qn 




and 


tn Pn + Qn- 


The series 2 |wn| is assumed to be convergent, so that 

n=» 1 

(5-2) lim tn = lim (pn + qn) = L. 

n— > oo n— ► eo 

But pn and qn are positive and increasing with n and, since (5-2) shows 
that both remain less than L, it follows from the fundamental principle 
that both the Pn and qn sequences converge. If 

lim Pn - P and lim qn — Q, 

n-+ «» »— > “ 

then (5-1) gives 

lim Sn = lim (p« — Qn) = P — Qj 

n— > M n~> « 


wliich establishes the convergence of 2 Un. 

n = 1 


Moreover, it can be shown that changing the order of the 
terms in an absolutely convergent scries gives a series which is 
convergent to the same value as the original scries.* However, 
conditionally convergent series do not possess this property. In 
fact, by suitably rearranging the order of the terms of a condi- 
tionally convergent series, the resulting series can be made to 
converge to any desired value. For example, it is knownf that 
the sum of the series 


1— i + i- l-f- 

2^3 4 ^ 


+^—y—+ 


n 


* See SoKOLNiKOFF, I. S., Advanced Calculus, pp. 240-241. 
t See Example 1, Sec. 13. 
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is loge 2. The fact that the sum of this series is less than 1 and 
greater than can be made evident by writing the series as 

" 0 ^ G “ i) + G ■ 0 ^ ' 

which shows that the value of Sn > y 2 ^or n > 2; whereas, by 
writing it as 

it is clear that Sn < I for n > 2. Some questions might be 
raised concerning the legitimacy of introducing parentheses in a 
convergent infinite series. The fact that the associative law 
holds unrestrictedly for convergent infinite series can be estab- 
lished easily directly from the definition of the sum of the infinite 
series. It will be shown* next that it is possible to rearrange 
the series 



so as to obtain a new series whose sum is equal to 1. The positive 
terms of this series in their original order are 


1 1 1 

1 

1 

3’ 5’ 

7’ 

9' ■ ■ ■ • 

The negative terms are 



1 1 

1 

1 

2’ 4’ 

6' 

8’ ■ ■ ■ ' 

In order to form a series that converges to 1, first pick out, in 

order, as many positive terms 

as arc 

needed to make their sum 


equal to or just greater than 1, then pick out just enough negativ(^ 
terms so that the sum of all terms so far chosen will ho just less 
than 1, then more positive terms until the sum is just gr(^ater 
than 1, etc. Thus, the partial sums will be 


= 1 , 


1 1 1 

^ 2 2 ' 

_ 1 1 , 1,1 


30' 


* General proof can be constructed along the lines of this example. 
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1 , 1 1 _ 1 ^ 

2 3 5 4 60’ 

111_111_ 1307 
2‘^3‘'"5 4'*'7’^9 1260’ 

111_111_1_ 1093 
2‘^3'^5 4'^7'^9 6 1260’ 


It is clear that the series formed by this method will have a sum 
equal to 1. 

As another example, consider the conditionally convergent 
series 


(5-3) 


i_J_+J__JL + 

V2 Vs Vi 


Let the order of the terms in (5-3) be rearranged to give the 
series 




+ 




The nth term of (5-4) is 
1 


On = 


V9 VlT Vo) 


1 


V4n — 3 Vi' 


■n 


V^ 


which is greater than 


K 



1 

V2n 



\/2/ \/n 


But the series S K is divergent, and it follows that the scries 

n 03 1 

(5-4) must diverge. 

00 

Inasmuch as the scries S \un\ is a series of positive terms, the 

n = 1 

tests that were developed in Sec. 3 can bo applied in (establishing 
the absolute convergence of the series S Wn- In particular, tho 
ratio test can be restated in the following form: 
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Ratio Test. The series S absolutely convergent if 

71 = 1 


and is divergent if 


lim 

Un+1 

< 1 

n— »• 00 

Un 


lim 

Un+l 

> 1. 

71— > « 

Un 



If the limit is unity, the test gives no information. 
Example 1. In the case of the series 


^2 ^3 X* . 


lim 


“Wn+l 


x'^ (n — 1)1 

= lim 

X 

Un 

— Iim 

n— > 00 

n\ a;”"^ 

AXlIi 

1 71— > 00 

n 


= 0 


for all values of x. Hence, the series is convergent for all value 
X and, in particular, the series 

22 2 ® 

1-2 + 2; - 

is absolutely convergent. 

Example 2. Consider the series 


Here 


1 -a;'^2(l - a;)2 3(1 - *)« 


+ 


lim 


1 


{n + 1)(1 — 


lim 


n—^oo + 1)(1 — X) I 


= lim 

n— > oo 


(l H- i) (1 - *) 


II - 


Therefore, the series will converge if 

ir^ <1 or 1< |1 - *1, 

which is true for a; < 0 and for x > 2. 

For X =: 0 and for a; = 2 the limit is unity, but if a? = 0 the ser 
becomes the divergent harmonic series 






and if a; 2 there results the convergent alternating series 
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-1+5-5+ 

It follows that the original series converges for a; < 0 and for a; ^ 2 
and diverges for 0 ^ rc < 2. 

6. Algebra of Series. The following important theorems arc 
stated without proof:* 

Theorem 1. Any two convergent series 

U = Ul + U2 + • • • + Un + • • ' 

V = Vi + V2 + • " • + + • ■ ■ 

can be added or subtracted term by term to give 
f/ + y = + 2;i) + (W2 + + * ‘ • + (Wn + Vn) + ^ * • 

or 

u ^ y z=z (^Ui — Vl) + (u2 — V 2 ) -[-•••+ (Un Vn) + ’ ’ * . 

If the original series are both absolutely convergent^ then the resulting 
series will be absolutely convergent also. 

Theorem 2. If 

c/ = 'Wl + ^^2 + • • ’ + Wn + ' ' * 

and 

V = Vl + V2 + • ‘ • + Vn+ • ' * 

are two absolutely convergent series, then they can be multiplied like 
finite sums and the product series will converge to UV . Moreover, 
the product series will be absolutely convergent. Thus, 

UV = UiVi + U1V2 + U2Vi + U1V3 + U2V2 + UsVi + ■ ■ * . 

Theorem 3. In an absolutely convergent series the positive 
terms by themselves form a convergent series and also the negative 
terms by themselves form a convcrgerit series. If in a convergent 
seiies the positive terms form a divergent series, then the series of 
negative terms is also divergent and the original series is conditionally 
convergent. 

Theorem 4. If ui + R 2 + ■ • * + + • * • is an abso- 
lutely convergent series and if Mi, M 2 , * ' * , Mn, is any 

sequence of quantities whose numerical values arc all less than some 
positive number N, then the series 

U\M I + U2M2 + ' • ■ + UnMn ■ 

is absolutely convergent. 

* See SoKOLNiKOFF, I. S., Advanced Calculus, pp. 212-213, 241-245. 
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Example, Consider the series 


sm X 
V 


sin 2x sin 3a; 


23 ^ 33 

This senes is absolutely convergent for all values of x, for the series 

A_l.i . 

P 23 ^ 33 “ ■ ■ 

is absolutely convergent and |sin nx\ ^ 1. 

PROBLEMS 

1. Show that the following series are divergent: 


^ ^ , 9 11 

W2“4: + fi-T + 


6 8 




(6) i _ i I 1 1,1 1 , 

VJ) 2 22 ^ 3 33 + 4 ~ 42 + • * • ; 


(K\ ^ ^ ^ , 1 

3 “ ^ + 3 ^ 
/ N 2 3,4 5 

^^^T“2 + 3“4+' 


3-5 1-3-5-7 

3 • 6 ■ 9 • 12 


+ 


For what values of x are the following series convergent? 


w.-l+l- 


+(-l)-f + 


^ 2! + 4! “ ^! + ■ 

(c) 1 — a: + *2 — a;3 . 

i + ^ + 


+ — + 
nx^ ^ 


4. Determine the intervals of convergence of the following series- 


(6) X + 2lx^ + SIP + 4!P + 


, 1 / 2a: V 

2 va: + 4/ 3 \a: + 4/ ' ’ 


(c) 1 + m + + 2 »(w - l){m - 2) 


2! 


where m is not a positive integer. 


3! 
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7. Continuitj of Functions. TTnifonn Convergence. Before 
proceeding with a discussion of infiiute series of functions, it is 
necessary to have a clear understanding of the concept of con- 
tinuity of functions. The reader will recall that a function 
S{x) is said to be continuous at a point a: = ao if lim j{x) = /(aio) 

regardless of how x approaches Xq. From the discussion of 
the limit in Sec. 1, it appears that this concept can be defined in 
the following way: 

Definition. The function fix) is continuoits at the 'point 
X = Xo if, correspo'nding to any preassigned positive number t, 
it is possible to fi'nd a positive number 6 such that 

(7-1) \fix) — /(a;o)l < € whenever \x — a;o| < 5. 

The foregoing analytical definition of continuity is merely a 
formulation in exact mathematical language of the intuitive 



concept of continuity. If the function f{x) is represented by a 
graph and if it is continuous at tlu^ point x = xo, then it is 
possible to find a strip bouiuh^d by the two parallel lines x = Xn 
+ 6 and x = xo — 6, such that th(^ grai^h of the function will li(^ 
entirely within the strip boundcul by tlu^ paralh^l lines y = /(xo) 
+ € and y = /(xo) — « (Fig. 3). Jhit if the function is discon- 
tinuous at some point (such as x = xi), then no interval about 
such a point can bo found such that the graph of the function will 
lie entirely within the strip of witlth 2t, where e is arbitrarily 
small. 

Definition. A function is said to be continuous in an interval 
(a, b) if it is continuous at each point of the interval. 
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If a finite number of fimctions that are all continuous in an 
interval (a, 6) are added together, the sum also will be a continuous 
function in (a, b). The question arises as to whether this 
property will be retained in the case of an infinite series of con- 
tinuous functions. Moreover, it is frequently desirable to 
obtain the derivative (or integral) of a function f{x) by means of 
term-by-term differentiation (or integration) of an infinite series 
that defines f(x). Unfortunately, such operations are not always 
valid, and many important investigations have led to erroneous 
results solely because of the improper handling of infinite series. 
A discussion of such questions requires an introduction of the 
property of uniform convergence of a series. 

It was stated in Sec. 1 that the series 

(7-2) Ui(x) + U 2 {x) + • • • + Unix) 

is convergent to the value S, when x = Xo, provided that 

(7-3) liin Snixo) = S. 

71 —* « 

The statement embodied in (7-3) means that for any preassigued 
positive number €, however small, one can find a positive number 
N such that 

|sn(:ro) — ^1 < € for all 7i > N, 

If the series (7-2) is convergent for every value of x in the int(‘rval 
(a, b)j then the series (7-2) defines a function S{x). Let To 1)(‘ 
some value of x in (a, h), so that 

lsn(a*o) — Sixo)\ < € whenever 7i > N. 

It is important to note that, in general, the magnitude of N 
depends not only on the choice of e, but also on the valuta of Jn- 
This last remark may be clarified by considering the series 

(7-4) X + (x — l):r + (a; — l)a:2 + • • • 

+ (x — + ’ • * . 

Since 

Snix) = X + (X - l).i: + (X - 1)X^ + ' • ' + {X - 

it is evident that 

lim Sn(x) = lim r” = 0, if 0 ^ a; < 1. 
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Thus, S{x) = 0 for all values of x in the interval 0 ^ x <r l 
therefore ' ^ 


|s»(a:) - /S(a:)| = |j;» - 0| = |a:"|. 


Hence, the requirement that |s„(a;) - £f(a;)| < *, for an arbitrary 
e, will be satisfied only if x" < e. This inequality leads to the 
condition 


n log X < log e. 


Since log x is negative for x between 0 and 1, it follows that it is 
necessary to have 


n > 


Iog_e, 
log X 


which clearly shows the dependence of N on both e and x. In fact 
if « = 0.01 and x = 0.1, n must I)c greater than log 0.01/log 0.1 
~ ~2/~l = 2, so that N can !>(• (diosen as any luimhor greater 
than 2. If e = 0.01 and x = 0.5, IV minst lx- cltoseii larger than 
log 0.01/log 0.5, which is greater than (>. Simx' the values of 
LOg x approach zero as x approacluis unil.y, it appeal's that the 
ratio log e/log will iiuireasc! ind(4nit<il.v and that it will be 
impossible to find a single value of N which will sim'vi' fore = 0.01 
and for all values of a; in 0 ^ .r < 1. 

It should bo noted that the dis<aission applies to the interval 
(0, 1) and that it might be possihh^ to find an N, depending on e 
only, if some other interval vviu'e chosen. If the scu'ics and the 
interval arc such that it is possible to find an N, for any pre- 
assigncd «, which will siu'x'c /or all mlm-n of x in. the inUrvai, then 
the scries is said to (!onvorg<i uniformly in the inl.erval. 

Definition OF Unifoiim (!onvkk(ji':nc:k. 'J'hc nrrirn S u„(x) 

is uniformly convergrnl in the interval (a, h) if, for am/ e >7), there 
exists a positive number N, indvpendenl of the mine of x in (a h') 
such theU 

|d(a;) - .s„(a-)| < « for all n > N. 

The distinction betwciui uniform eonviTgenee ami tlxi typo of 
convergence exemplified liy tin; ili.scu.ssioii of the siu'ies (7-4) 
will become apparent in the dis(!iis.sion of (,lie si'ries 

(7 5) 1 -h a: -|- ;c“ -f- • • • , 

where — ^ x <. 
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Since s„(a:) = it foUows that 

S(x) = lim Sn(x) = lim ) = -.1-. 

n-^co n-i-oo \1 X 1 — a:/ 1 — J 


57 


Then, 

| 5 (^) - S.(X)\ = 

which will be less than an arbitrary < > 0 if 

l*”l < €(1 — x). 

lienee, 


or 

( 7 - 6 ) 


n log \x\ < log 6(1 - z), 


n > 


log e(l - a;) 
log \x\ 


Again, it appears that the choice of N will depend on both 
X and e, but in this case it is possible to choose an N that will 
serve for all values of x in (—^4, }4). Observing that tlio rat io 
og«(l a:)/log \x\ assumes its maximum value, for a fix<‘d * 
wnen a: = +}4, it is evident that if N is chosen so 1 hat 

^ > ^og ^(^2) _ j _ log e 
logi^ log 2’ 

then the inequality (7-6) will be satisfied for all a 5= N 
Upon recalling the conditions for uniform eom-m-m-n’r-e U : ■ 
^en that the series (7-5) converges uniformly for ^ :S r 1 

formlyln the^X*rtd (- f *^1) 

XsTi“ ?be^r ';:.ppn.ai::; ti;:: 

f7 r Siyeii above shows that. Ih.. sm-ie. 

(7-6)^is umformly convergent in any interval ^h;...: 

If -1 < a: < 1, (7-5) defines the function 
the value ^ when a; = — l. 


1 — a:’ 


which takes 
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As is often the case with definitions, the definition of uniform 
convergence is usually difficult to apply when the behaviro^ 
particular senes is to be investigated. There are available 
^veral tests for the uniform convergence of series, the simplest of 

W^eratrl^s.'’"' mathematician 

Theorem. (Weierstrass M Test). Let 

(7-7) ui(x) + Ui{x) + • • . + u„{x) + • • • 

he a series of functions of x defined in the interval (a, h) If there 
exists a convergent series of lyositive constants, ^ 

Afi + ilfa + • • • + i|f„ 4. . . . ^ 

^h tfwi |t,(x)| ^ Jlf, for all values of x in (a, b), then the series 
(7 7) IS uniformly and absolutely convergent in {a h). 

tlie series of ilf’s is conve’rgent, it follows 
r any prescribed e > 0 there exists an N such that 

Afn+i + Mn +2 + • • • < € for all n ^ N. 

But |M.(a;)| Mi for all values of x in (a, b), so that 

|wn+i(:r) + un+,(x) + • • . I ^ M„+, + M„+, + • . . < ^ 

values of a; in (a, h). Therefore the 
^^tT f* ^^'>«olid.oly convergent in (a, b) ’ 

The fact that the Weierstrass test establishes the absolute 

thr'if i^T’ I '’"''vergcnce, of a scries means 
that It Ls applicable only to series which converge absolutely 

icn, ate other tests that are not so restricted, hut these tests are 
more complex It should he emphasixeil that a seri^: mTcom 
verge uniformly but not absolutely, and vice vensa. 

Example 1. Consider the .series 


sin X sin 2x 
12 + “2~ + 


, sin 71X 


Suieo |sm nx\ ^ 1 f„r all valuo.s of a:, the convergent series 


+ 2., + 


+ .... + • 


hxample 2. As noted earlier in this section, the series 
1 + « + *- 4- • • • -f. a;n ..J. . . . 
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converges uniformly in any interval (—a, a), where a < 1. The 
series of positive constants 

1 + a + 

could be used as an M series in this case, since this series converges for 
a < 1 and \x*\ S a* for x in (—a, a). 

PROBLEMS 

1. Show that the series (7-4) is uniformly convergent in the interval 

(0, H). 

2. By using the definition of uniform convergence, show that 

1 1 1 

X I {x + l)(x + 2) {x + n — l)(rc + n) 

is uniformly convergent in the interval 0 < x ^ 1. 

Hint: Rewrite the series to show that Sn{x) = and therefore 

X "T” n 

i«») - ».WI - 

3. Test the following series for uniform convergence: 

, ^ cos a; , cos 3a; , cos 5a; , 

W p 32 ' 52 + * ‘ * J 

. sin 2a; , sin 4a; , sin 6a; 

(6) -3^ + -yr^ + yry + • • • ; 

(c) 1 + a; cos 6 4- x^ cos 26 + cos SB + • • • , |a;| ^ a;i < 1 ; 

. cos 2a; cos 3a; cos 4a; 

\®) 2 ® 3“ 4“ 

(e) 10a; + lOV + lO^a;^ + • • * . 

8. Properties of Uniformly Convergent Series. As remarked 
in the preceding section, the concept of uniform converg(;nc(‘ was 
introduced in order to allow the discussion of certain propc'.rtic^s 
of infinite scries. This section contains the statements* of three 
important theorems concerning uniformly convergent series. 
Theorem 1. Let 

Ui{x) + U2{x) +•••-{- Un{x) + * • * 

be a series such that each u,{x) is a continuous function of x in 
the interval (a, h). If the series is uniformly convergent in (a, b), 
then the sum of the series is also a continuous function of x in (a, b). 
* For proofs, see I. S. Sokolnikoff, Advanced Calculus, pp. 256-262, 
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Corollary. A discontinwus function cannot he represented 
by a uniformly convergent series of continuous functions in the 
neighborhood of the point of discontinuity. 

Theorem 2. If a series of continuous fimctions, 

Ui{x) + U^ix) + * • * + Un{x) + • • ' , 

converges uniformly to Six) in (a, h), then 

Six) dx — uiix) dx + U2ix) fix • • * + Unix) rir + • . . ^ 

where a < a < b and a < ^ < b. 

Theorem 3. Let 


Uiix) + U^ix) + - • • + Unix) + * ■ • 
be a series of differentiable functions that converges to Six) in 
iOj b). If the series 

uiix) + Uzix) + ‘ ^ + K(x) + * ' * 

converges uniformly in (a, h)^ then it converges to S'ix). 

These theorems provide suffieient condii.ioHs only. It may bo 
that the sum of the series is a continuous fun(*tion vvhtm th(‘ series 
is not uniformly convergent. It is iinpossibh' to discuss neces- 
sary conditions in this brief introduct ion to \iniforni convergence. 
It may happen also that the sericss is dilT(U’(‘ntiabl(‘ or integrable 
term by term when it does not conv(*rg(‘ uniformly. In tlu^ 
chapter on Fourier series it will be shown that- a discontinuous 
function can be represented by an infinite H<‘ri(^s of continuous 
functions. In that chapter, it is (\stablishe<I t.hat th(' s<‘ries 


/ . si 

I sin X — 


sin 2;r sin 3^* 
2 3 


) 


represents the fum^tion x for — tt < x < tt. Hut, if this series 
be differentiated t.(‘rm l)y t(u*m, th(^ ^^sulting s(»ri(‘s is 


2((^os X — cos 2.r + cos ,3,r - • • • 

which d()('s not c()nv(M-ge in (— tt, tt); for iJi<» n<»<*(*ssHrv (‘ondition 
for convergcnc(‘, nanu'ly, that liin |//„| 0, <io(‘s not hold for any 

n > no 

valuo of .r. 

Tlic ,s(M-i(‘.s MKod in t.ho fir.st, oxninplo of S<'(‘. 7, 

Hiii£ sin 2x sin 3x sin ttx 

p -I- - 22 ■ ■ ■32- + • • • + 


(8-1) 


-f • • • , 
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is uniformly convergent in any interval (a, h) and as such (Iefin<‘s 
a continuous function Six). Moreover, the series can bo int,<^- 
grated term by term to produce the integral of 'Pho 

term-by-terir derivative of (8-1) is 

(8-2) ,cjs X cos 2a: -f- cos 3a: -f- • • • , 

which is convergent in (0, w), but the M series for (8-2) cnnnot, 
be found since 1 + 3-^ -f- -f • • - is divergent. This mendy 
suggests that (8-2) may not converge to the derivative of Suj, 
but it does not say that it will not. 


PROBLEMS 

1. Test for uniform convergence the series obtained by terni-hy-h'rm 
differentiation of the five series given in Prob. 3 of Sec. 7. 

2. Test for uniform convergence the series obtained by term-Iiv- 
term integration of the five series given in Prob. 3, Sec. 7. 

9. Power Series. One of the most important types of iiifinil <« 
series of functions is the power series 


(9-1) 


00 

^ s Co -h Oix -(- oaa;* o j.n ■ 

It =0 


in which the are independent of a:. Some of the reasons for 
the usefulness of power series will become apparent in th.‘ <lis- 
cussion that follows. 

Whenever a series of functions is used, the first ciuestion whirh 

anses is that of determining the values of the varial)l(> for wluel. 

the senes is convergent. The ratio test was applieil for (l.i.s 

purpose in the examples discussed in Sec. 5. In general for a 
power series, “ feoneiai, loi a 


lim 


W'n+l 


Ur,. 


SO that the series converges if 


= lim 

> oo 




and diverges if 


lim 


lim 


an 

<Xn~l 

Ctn 

!a^_i 


X < I 


> 1 . 


Therefore, the series will converge for those values 


1^1 < lim 

n — > 00 


of a; for whicli 
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If iim 


dn-ll 


= r, it follows that the series will converge when x 

lies inside the interval ( — r, r), which is called the mtcrval of con^ 
vergence, the number r being called the radius of convergence. 
This discussion establishes the following theorem: 


Theokem. 


If the series S is such that 

n =»0 


lim 

n— ♦ w 


an—i 

Un 


= r, 


then the series converges in the interval —r<x<r and diverges 
outside this interval. The series may or may not converge at the 
end points of the interval. 


Example 1. Consider the series 


i + ^ + + i + 


+ 5" + 

n 


Since lim 

n— > 00 


On — X 


On 


= lim 


n — 1 


= 1, the Hories c.onvergcH for 


— 1 < X < 1 and diverges for |a:[ > 1. At the end point — — 1 the 
series becomes 

1 — i + i — i + i- ••• 

^2 3^4 


which is convergent. At the end point x ~ 1 the (liverg(^nt Horics 

i + i+i + i + -l + ••• 

2 d 4 

is obtained. Hence, this power scries is convergent for — I ^ x <, 1. 
Example 2. The series 


1 + ^ + 2!a:^ + * • * + n\x^ ^ . 

will serve to demonstrate the fa(d. that there an^ i)ow(M‘ H(‘ri(ss wlii<di 
converge only for the value x = 0. For 


lim 

n—*’ 00 


'(In-l 

On 


lini 
* 00 



liin ^ 0. 

N V 


Obviously, the series converges for x = 0, as <1 o(*h (wery power series, 
but it diverges for every other value of x. 


Power scries in x - h are freqiKmtly inoiv uH(‘ful than the 
special case in which the valiK' of h is z(‘ro. A s(*ri<*H of this typo 
has the form 


ao + ai{x - h) + a2{x - hy + ■ • • + a^{x 
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In this case the test ratio 5 aelds 


lim 

n-4 00 ICfi 


lim 

n—* ao 


an 

an—1 


\x — h\. 


If this limit is less than 1, the series is convergent; if greater than 
1, the series is divergent; and if the limit is equal to 1, the test 
fails and the values of x, which make the liniit equal to 1, must be 
investigated. Thus, if the series is 


1 + (* - 1) + + . . . 

4 - ~ 1 ) 

then 


^n+l 

= lim 

|(a: - 1)“ (n - 1)^ I 

Un 

n— + 00 

T 

1 




Therefore the series converges if |a: - 1| < 1, or 0 < a; < 2, and 
diverges for |a: - 1| > 1, or a; < 0, x > 2. For a: - 1 = 1, or 
a: = 2, the series becomes 


1 + 1 +^, + ^,+ • • • + 1 + • • • . 

which is the p series for p = 2 and is therefore convergent. For 
ora: = 0, the series becomes 

+ • •• + • ■ •, 

which is an alternating series of decreasing terms with lim = 0 

and is therefore convergent. Thus the series is convergent for 
0 < a: ^ 2. 


PROBLEM 


Find the interval of convergence for each of the following series, and 
determine its behavior at the end points of the interval : 


(a) l+a; + j:2 + x3+---; 

(b) l-x + ^ - ^+ 

' 2! 3! ^ ’ 

(c) 1 + (x + 1) + k +1)^ + + . 

2 3 
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(i) 1 - 2® + 3x2 - 4a:3 + • • • ; 

.^ + i + ^ + 2^ + • • • ; 

(/) (® - 2) - 1 (® - 2)2 + I (® - 2)2 - • • • ; 

( 3 ) a; _ 5! + 2 ! .... 

\yj ^ 3 5 

10. Properties of Power Series. The importance of power 
aeries in applied mathematics is due to the properties given in 
the theorems of this section, as will be evident from the applica- 
tions discussed in succeeding sections. 

Theorem 1. If r > 0 is the radius of convergence of a power 

00 

series S UnX"', then the series converges absolutely and uniformly for 

7i = 0 

every value of x in any interval a < x ^ b that is interior to 
{-r, r). 

Since the interval (a, h) lies entirely within the interval ( — r, r), it 
is possible to choose a positive num])er c that is less than r but greater 
than \a\ and |/^|. The interval (Oj h) will then lie entirely within the 
interval (— r, r); Jind it follows that, for a < x < bj 

00 

The series of ])ositive (M)nstants S |a„6-”| is convergent, fore < r, and, 

11=^0 

a(a*.or(lingly, can l)e used as a Weierstrass M series establishing the 

00 

al)solut(^ and uniform convergenc.o of 2 < 7 «;r'* in {a, b). 

n ^0 


Tiieokem 2. .1 power series 2 a defines a continuous func- 

// = 0 

lion for all values of x in any closed interval (a, h) that is interior to 
(he itUerval of convergence of the series. 

This stat(‘in(‘nt is a (lir('(‘t (a)iia(uiu(uic(‘ of the procoding theorem 
and of Th(‘or(un 1, Soe. 8. 

Tiieokem 3. If the radtus of convergence of the power series 

CO ^ (O 

2 OnX^' IS r, then the radii of convergence, of the series 2 nanX^~^ 

7l-{) „=() 


and I -r"' obtained by term-by-term differentiation ord 

»< -0 ‘ ' 

integral ion of the given series, are also r. 
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If the radius of convergence can be determined from the ratio 
test, then the proof follows immediately from the fact that if 


lim 

n— > CO 


0>n-l 

an 


= r, 


then 


lim 

71“+ 00 


(n — l)an-i| 


nan 


= r 


lim 


and 
(n + l)an-ii 


nan 


— r. 


Since the series obtained by term-by-term differentiation and 
integration are also power series, these processes can be repeated 
as many times as desired and the resulting series will be pow(n' 
series that converge in the interval ( — r, r). It follows from 
Theorem 1 that all these series are uniformly and absolutely 
convergent in any interval which is interior to ( — r, r). How- 
ever, the behavior of these series at the end points x = —r and 
X = r must be investigated in each case. 

For example, the series 




+— + 

n 


has unity for its radius of convergence. The series converge ‘s 
for X — — \ but is divergent for x = 1. The series obtaincnl by 
term-by-term differentiation is 


which has the same radius of convergence but diverges at l^oth 
X = 1 and X = — 1. On the other hand, the scries obtaimnl by 
term-by-term integration is 


X -[- 


1 • 2 2 • 3 


+ 


3*4 


+ 


+ 


Xn+l 


n{n -H 1) 


which converges for both x = 1 and a; = — 1. 

This discussion leads to the conclusion stated in the following 
theorem: 


Theorem 4. A power series S a„x» may be differentiated and 

n = 0 

tntegrated term by term as many times as desired in any closed 
interval (a, b) that lies entirely within the interval of convergence, of 
the given series. 

Theorem 5. If a power series S vanishes for all values 

n = 0 

of X lying in a certain interval about the point x = 0, then the 
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cto =■ 0, ai = 0, a2 = 0, • ‘ , an = 0, • • • . 


The reader may attempt to construct the proof of this theorem 
with the aid of Theorem 2 of this section. 

11. Expansion of Functions in Power Series. It was stated in 
Theorem 2, Sec. 10, that a power series defines a continuous 
function of x in any interval which lies within the interval of 
convergence. This theorem suggests at once the possibility of 
using such a power series for the purpose of computation. For 
example, the values of sin x might be obtained by means of a 
power series. Accordingly, it becomes necessary to develop 
some method of obtaining such a power series, and this section 
is devoted to a derivation of Taylor’s formula and a discussion of 
Taylor’s series. 

One of the simplest proofs of Taylor’s formula will be given 
here,* It assumes that the given function /(a:) has a continuous 
nth derivative throughout the interval (a, h). Taylor’s formula 
is obtained by integrating this nth derivative n times in suc- 
cession between the limits a and x, where x is any point in (a, 6). 
Thus, 


\a 

(dxy = r dx — \ dx 

Ja Ja 

= - (x - a)f-^\a), 

m x 

{dxy =/(-3)(a:) - (x - a)/(— 2)(^) 



= /(t) - /(a) - (x - a)f'{a) 


(x — a) 


-/"(a) - ■ • 


{ x — a)"~^ 
(n - 1)1 




For other proofH, hoc I. S. Sokolnikoff, Adviinced Ualcuhis, pp. 291—295. 
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Solving for f{x) gives 


(11-1) fix) = m + ix- a)f'ia) + ^-^f"(a) 


where 


+ • • • + 


(a; — 

(n- 1)! 


f(»-v(a) + R„, 


(11-2) f 

The formula given by (11-1) is known as Taylor^s formula and 
the particular form of Rn given in (11-2) is called the integral 
form of the remainder after n terms. The foregoing can be 
stated in the form of a theorem. 

Taylor’s Theorem. Any function fix) that possesses a con- 
tinuous derivative f^^'^ (x) in the interval {a, b) can be expanded in 
the form (11-1) for all values of x in (a, b). 

The term Rm which represents the difference between f{x) 
and the polynomial of degree n — 1 in a; ~ a, is frequently more 
useful when expressed in a different form. Since* 

dx = (x — a)/^^^(f); where a < ^ < x, 

repeated integration gives 

(11-3) R.= ■ ■ ■ £ /W(a:) (dx)" = 

The right-hand member of (11-3) is the Lagrangian form of the 
remainder after n terms. 

The special form of Taylor’s formula that is obtained by 
setting a = 0 is known as the Maclaurin formula. In this case 

( 11 - 4 ) fix) = m +fio)x +rio) + • • • 

+/‘'‘-“(o) + lin, 

where 

Rn = /«(?) g. 0 < ? < X. 

* The student will recall from elementary calculus that 
<p(x) dx = (h — a)<p(^)j 


where a < ^ <h. 
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Taylor’s formula with the Lagrangian form of the remainder 
is often encountered in a somewhat different form, which results 
from setting x — a = h. Since a < ^ < x, { can be written 
in the form a + eh, where 0 < 5 < 1. Hence, (11-1) becomes 

(11-6) /(fl -h A) = /(a) +f(a)h + r{a) + • • ’ 

-|-/(’»-w(o) -I- /'“’(a + eh) where 0 < 5 < 1. 

In this derivation of Taylor’s foimula, it was assumed that 
f{x) possesses a continuous nth derivative, and as a result it 
appeared that then f{x) could be expressed as a polynomial of 
degree n xax — a. It should be noted, however, that only the 
first n coefficients of this polynomial are constants, for the 
coefficient of (x — a)" is a function of f and the value of f is 
dependent upon the choice of x. It may happen that f(x) 
possesses derivatives of all ordera and that the remainder Rn 
approaches zero as a limit when n — > oo regardless of the choice 
of X in (a, h). If such is the case, the infinite series 

(iwi) m +/'(o)(» - a) +rw + ■ • • 

+ /»(,.) 

is converg(^nt and, in general,* it converges to/(x). 

The seri(\s given in ( 1 1-G) is called the Taylor’s series expansion, 
or rei^resentation, of the function f{x) about the point x = a. 
The Hi)(M*ial form of (1 !-()) that is obtaincnl when a = 0, namely, 

(11-7) m -b/'(0)x +/"(()) • • • +/w(0)|-|4- • ■ ■ 

is (^alh^d Maclaurin’s series. 

Example, Find the Taylor’s series expansion of cos x in powers of 

IT 

Since 

fix) = (loa X, f = 0; 

fix) = - Bin *, f = -1; 

* Kor a further disfuissioii of this point, see T. S. Sokolnikoff, Advanced 
(-lUculuH, pp. 296~29S. 
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= — cos X, 

r 

Q-o- 

/'"W 

= sin X, 

r 

(2) “ 


= cos X, 

r 

11 

0 


it follows that the result is 


cos*= + • 


Since it is often possible to obtain a power series expansion 
of a function f(x) by some other method, the question arises as 
to the relation of such an expansion to the Taylor's series expan- 
sion for f(x). For example, a power series expansion for the 

function r— — is obtained easily by division, giving 

= l+ rr + a;2+***+a;^+.*.. 


The reader can check the fact that the Maclaurin expansion for 
this function is identical with the power series obtained by 
division. That this is not an exceptional case is established in 
the following theorem: 

Uniqueness Theorem. There is only one 'possible expansion ‘ 
of a function in a power series in x — a; and, therefore, if such an 
expansion he found in any manner whatsoever, it must coincide with 
Taylor^ s expansion about the point a. 

Suppose that /(a:) could be represented by two power series in 
X ~ a, so that 

f(x) = ao + ai(x — a) + a2(x — a)^ + • • • 

+ (in(x — a)“ + • • • 

and 

f(^) = &o + bi(x — a) + b2(x — a )2 + • • • 

+ bn(x — a)”- + * ' • . 

Since both these expansions represent f(x) in the vicinity of a, 
there must be some interval about the point a; = a in which 
ooth the expansions are valid. Then, in this interval. 
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^ a^(x — o)" = 5) “ ®)"» 


n-O 


n -»0 


or 


(an - bn)(x - a)^ = 0. 


n-O 


It follows from Theorem 5, Sec. 10, that 

an - K = 0, (n = 0, 1, 2, 


), 


or 


). 


dn hfi) ('a 0 , 1 , 2 , 

Hence, the two power series expansions are identical. 

Taylor^s formula is frequently more useful in a slightly modified 
form. Let 

X — a = hj 

so that 

X = a + h. 

Then 

r(a) 


fix) = /(a) +/'(a)(x - a) +■ 


2! 


(x — a)^ + 


becomes 

(11-8) fia + h)= f(a) +ria)h + • ■ • 

+ /,»-! + + eh) 

^(n-l)!'^ ^ n! 

in which 0 < 0 < 1, so that a < a + dh < a + h. 


PROBLEMS 

1. Find the expansion of each of the following functions in power 
series in x: 

(a) e*, (h) sin x, (c) cos x, (d) tan“^ x, 

(c) sin"‘ x, if) sec x, (g) tan x, (h) 

2. Expand 

(a) log X in powers of x — 1 ; 

TT 

(&) tan X in powers of x — 

(c) c® in powers of x — 2; 

(d) sin X in powers of x — g; 

(e) 2 + x^ — 3x® + 7x® in powers of x — 1. 
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3. Show that sin x can be developed about any point a in a series 
(11-8) which converges for all values of h. 

4 . Differentiate term by term the power series in x for sin x and thus 
obtain the power series in x for cos x. What is the interval of con- 
vergence of the resulting series? 

x^ x^ 

6. Divide the series sin a; = a; — + ^ — • * • by the series 

qj2 ^4 

COS ^ = + **“) ^bus obtain the series for tan x, 

6. Differentiate the series for sin”^ x to obtain the expansion in powers 
of X for (1 — x^)~^^. Find the interval of convergence. Is convergence 
absolute? Investigate the behavior of the series at the end points of the 
interval of convergence. 

7 . Establish with the aid of Maclaurin’s series that 

(a + b)^ = k(l + x)^ = A; 1^1 + m ^.2 - J, 

where m is not a positive integer. 

This series is convergent for |a;| < 1 and divergent when |a;| > 1 , A 
complete discussion of this series will be found in Sokolnikoff’s Advanced 
Calculus. Some facts are: 

If X = 1, convergence is absolute if m > 0; 

If a: = 1, convergence is conditional if 0 > m > —1; 

If X = —1, convergence is absolute if m > 0; 

If X = —1, series diverges when m < 0; 

If a; = 1, series diverges when m < — 1. 

00 00 

8. Let/( 2 /) = 2 bny^a.ndy— 2 be convergent power series. If 

n=0 n—O 

■^(y) is a polynomial, then the powers of y in terms of x can be determined 
by repeated multiplications and thus the expansion for f{y) in powers of x 
can be obtained. But if/(^) is an infinite series, this procedure may not 
be valid. Inasmuch as the power series in x is always convergent for a: = 0 

and since the value of y for a; = 0 is ao, it is clear that the interval of coii- 
00 

vergence of 2 6n2/” must include ao if the series for /(?/), in powers of :r, 

n = 0 

is to converge. But if ao = 0, then f(y) surely can be expanded in 

power series in x by this method, for the point 0 is contained in the 

00 

interval of convergence of 2 bny\ 

n = 0 

Apply this method to deriving the series in powers of x for ® by 
setting 

2 / = sin a; = a; - - • • • 
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and 

- v® 


Explain why this method fails to produce the series in powers of x for 
log (1 + fi*), where e* = y. 

12. Application of Taylor’s Formula. In this section two 
illustrations of the application of Taylor’s formula will be given, 
and in each case the remainder will be investigated to determine 
the error made in using the sum of the first n terms of the expan- 
sion instead of the function itself. 

1. Calculate the Value of sin 10®. Since 10® is closer to 0® 
than to any other value of x for which the values of sin x and its 
derivatives are known, the Maclaurin expansion for sin x will 
be determined and evaluated for x = 10° = tt/IS radian. Then 


m = m +/'( 0 )x 4--^-^ + 


+ (n- 1)!^ 


where 0 < ? < 


18 


Since 


fix) = sin X, 
fix) = (iOS X, 
fix) = — sin X, 
f"'ix) = — COR X, 


+ 


m = 0 ; 

/'(O) = 1; 
/"(O) = 0; 
/"'(O) = -1; 


£1(|) 

n\ 






t.iuinifon!, 
1 loro, 


sin 


/c>‘>(0) = sin 


. .1 I ' I 

sin j = T - -t- + 






Unix) = ~ /'"'(f) = f^ex), Q<d < I, 


= rr!‘"‘"r-" + 


I*" + - 2 } 


If only the terms through xl (or :r^) are used in computing 
sin 7r/18, the error will be 
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so that 


<(f8T^’ 

iL - JL _ (X\' i _ (iX i 

18 “ 18 \18y 3! \18/ 5! Vl8/ 7f 


with an error less than. 


(iXl. 

\18j 9! 


2. Compute the Value of It can be established readily, by 
expanding 6® in Maclaurin’s series and evaluating for a: = 1, that 
e == 2.71828 • * • . In order to compute the value of the 
expansion of e® about a; = 1 will be used. The expansion is 

m = /(l) +/'(l)(x - 1) (a; - 1)!^ + . . . 


/‘“HO 


Since 


and 

therefore 


n\ 


{x - l)^ 


/(*) = e*, 

fix) = e» 


/(I) = e; 
/'(I) = e; 


/(n)(a;) = e*, 


/(«)(!) = c; 


e* = e + e(x - 1) + {x - 1)^ + 


+ 


e 


Here 


(n - 1) ! 
n\ 


{x - !)”-• 


+ ^,ix- 1)”. 


B. - - 1)-, 


SO that the error made in using only four terms is 


If a; = 1.1, 




S4 = 1)^ 

i + o.i + (2^V(0-i)’ 


2! 


3! 


4- [j (0.1)^ 


= 1.105166e + e«. 
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Thus, = 1.105166e with an error of (0.0001/24)6^. Since { 
lies between 1 and 1.1 and since is an increasing function, is 
certainly less than e^. An approximate value of is 7, and the 
error is certainly less than 0.0007/24 = 0.00003. Therefore, 

6^*1 = 1.10526, 


correct to four decimal places. 

13. Evaluation of Definite Integrals by Means of Power 
Series. One of the most important applications of infinite series 
is their use in computing numerical values of definite integrals, 
such as 6“®’ dx, in which the indefinite integral cannot be 
found in closed form. Moreover, the values of many tran- 
scendental functions are computed most easily by this method. 
Several examples of this use of infinite series are given in this 
section. 


Example 1. Consider 

log (1 + •) - X" - X' <1 + »)-■ *■ 

Since 

(1 + 2)-l = 1 - 2 ; + ^2 2;3 ^_ . . . 


for I 2 I < 1, it follows that 


log (1 + •) - X' iTi ■ X’ * - + X' * — 

, x^ 

=^“ 2 + 3 " — 

Example 2. Since 


dz 


sin“^ ^ ■ y 

Jo Vl - 2“ 

— (1 + ^ 4- ^ ^ z* 4- ^ ‘ ^ ^ + 

~ Jo V^ + 2*^ ^2-4 ^2-4-6 + 

if l^l < 1, therefore 

• 1 , 1 , 1 ■ 3 , 

^ = =^ + 23 5 + ■ ■ ■ • 



It is evident tliat this method of obtaining the expansion of sin"^ x is 
much less complicated than the direct application of Taylor’s formula. 
Example 3. In order to evaluate the integral 


1 = 



2a dx 

'\/2g(h -* x){2ax — x^) 
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express it as 


ja dx 

\ Jo -y / hx — ^ 

and then replace 

yj^fo [l + l(^)+l4© 




— X • • 

by its expansion in powers of giving 




dx 


‘s/kx — x^ 


If this integral is expressed as 

j[r " 


y/hx — o;^ 


+ 


fif-V 

Jo 2v2o/. 


dx 


's/hx — 

^Jo 2 -4^.20/ 

and each integral evaluated, there results 


dx 


\/hx — x‘^ 


+ 


...] 


+ 




This expression gives the period of the simple pendulum. By making 
the change of variable x = h sin} the integral reduces to 




sin^ d(p, 


Example 4. The integral 


where = h/2a. 

This is the form used in the discussion of the simple pendulum given 
in Sec. 71. In this illustration, h denotes the height of the pendulum 
bob and a the length of the pendulum. 

^1 gX g"”® 

dx cannot be evaluated by tlie 

usual method for evaluating a definite integral, for the indefinite integral 

cannot be obtained. Moreover, the expansion for j if obtained 

X 

directly with the aid of Maclaurin’s formula, would lead to an extremely 
complicated expression for each derivative. The expansion is most 
easily obtained by using the separate expansions for e® and e”®. Thus, 

x‘^ x^ 

. e* = 1 + X + ^ ^ + • • • , 

1 , a?* a;® 

e » = 1-» + 2 !"^+ • • ' > 
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§13 

and 


e» — e“» 


Hence, 


J f*l ga _ e-» 

0 X 


dx = 


2 


- 2 (® + + • • . 


( 


1 + 


3 • 3! + 5 • 51 


+ 


) 


2.1146. 


Example 5. In order to evaluate the integral Jo recall that 


. w 


so that 


«“ = l + “ + F! + 3l + 


* 11- I sin^ X , sin® x . 

* = 1 + sm x + + 


Then 


31 




+ 


21 ^ 3! 

r 

o ( t i • I sin® X , sin® x , 

= 2 Jo {1+Bmx + -^ + -^+ . . 

whi(di can be evaluated with the aid of the Wallis formula 


) dx 

* ) 


sin’‘ X dx = COS'" x dx = 


(n — l)(n ~ 3) 


2 or 1 

n(n - 2) • • • 2 or 1 ‘ 


whore a = I, if n is odd, and a: = if n is even. 

Jj 

In order to justify the term-by-term integration, it is sufficient to 
show that the series in the integrand is uniformly convergent. That 
sucli is tlie (^ase is obvious if one considers 

1 + 1 + ■ 
as tlie Weierstrass M series. 


PROBLEMS 

1. Oahmlate cos 10°, and estimate the maximum error committed 
by iK^glecting terms after x*'. 

2. hind the interval of (uuivergencc of tlie expansion of e® in power 
s(U’i(\s in X. Dete.nniiie the number of terms necessary to compute 
a(Miurat(^ to four decimal places from this expansion, and compare the 
nisult with illustration 2, Se(\ 12. 

3. Compute sin 33°, correct to four decimal places. 


46 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §1S 


j *® ds . . . 

0 rr®* power series in x, and 

integrate term by term. Compare the result with that of Prob. 1(d), 
Sec. 11. 

6. Compute = 2(1 + H 2 )^> correct to five decimal places. 

6. Develop the power series in x for sin“* x and hence establish that 

, i.i/iV+Lj.i(iy+ . . . 

6 " 2 ^ 2 3 \2/ ^ 2 • 4 6 V2/ ^ 

7. Show, by squaring and adding the power series for sin x and 
cos X, that 

sin^ X + cos^ a; = 1. 

8. Evaluate by using series expansions of the integrands 

/ V . / os /»s sin X dx 

id) Jo sin (®2) dx-, (6) Jo ;7==; 


, . f 1 sin a: 

W Jo — 

(e) cos (a:^) da:; 


\/l — X'^ 

fo 

(/) (2 - cos x)-^» dx 

= ^[ 2 - 

= ^ i) 

/cl ^ = r w f: 


« f: 


gtan ar 


9. Show, by multiplication of series, that 

(1 + a; -f + ■ ■ • y = I 2x + Sx^ -\- 
= (1 - x)-\ 

10. Expand to terms in x® 

(a) \/cos x; 
sin X 


ih) 

(c) 


e* - 1' 
e® 


1 + e* 

11. Determine the magnitude of o:, if the error in the approximation 

sin a: = a is not to exceed 1 per cent. 

^ 0£ — sina ^ . a® . a® 

Hint: = 0.01 and sma = Q:— ■^ + ^— • * • . 

* See form 787, B. 0. Peirce, A Short Table of Integrals. 
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14. Rectification of Ellipse. Elliptic Integrals. In spite of its 
importance and apparent simplicity, the problem of finding the 
length of an elliptical arc is not usually considered in elementary 
calculus. This is because the integral that arises is incapable 
of evaluation in terms of elementary functions. However, the 
evaluation can be effected by means of series expansion of the 
integrand function, as will be shown in this section. 

Let the equation of the ellipse be 


?! -L ^ 
62 


= 1 , 


a > b. 


The length of arc from (0, b) to (xi, yi) is given by the integral 


(14-1) 




dx. 


Computing dy/dx and substituting its value in (14-1) gives 



Recalling the fac t that the numerical eccentricity of the ellipse 
is fc = ■\/a^ — b^/dj the integral given above can be written as 


(14-2) 


s = 



dx, 


where < 1. 

Let a: = a sin 6] then dx = a cos 6 dd, and (14-2) becomes 


(14-3) s = a sin2 6 dO. 

The scries expansion of the integrand function is most easily 
obtained by writing it as (1 — k'^ and expanding by 

use of the binomial theorem. Then (14-3) is replaced by 

$ = a ^ sin2 e — ^k^ sin^ 6 — • - - ^ d6, 


and term-by-term integration* gives 


‘ Term-by-term integration is valid here, for the series 


1 + 2 *’ + 


• 2n 


serves as a Weierstrass M series. 
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(14-4) 5 = a ^ A® sin® 6 d6 — ^ sin^ 6d6 — 


1 -3 ■ 5 


(2n - 3) 


2 •4-6 • 


2n 




sin®" edd — 


]• 


If (14-4) is used, it is possible to evaluate s for particular 
values of k and (p. However, the integral in (14-3) is so impor- 
tant that there are extensive tables* giving its value for many 
choices of k and <p. This integral for the value of a = 1 is 
called the elliptic integral of the second kind and is denoted by 
the symbol jB(fc, <p). If ^ = x/2, the integral is called the com- 
plete elliptic integral of the second kind, which is denoted by the 
symbol E. 

The elliptic integral of the second kind having been defined, it 
seems desirable to mention the elliptic integral of the first kind, 
although the latter arises in considering the motion of a simple 
pendulum and will be discussed in more detail in Sec. 71. The 
elliptic integral of the first kind, F(kj <^), has the form 


(14-5) F(k, <p) = P iL=- 

Jo 's/I — k^ sin^ e 

The complete elliptic integral of the first kind, which arises 
when <p = 7r/2, is denoted by the symbol K. Values of F{k, <p) 
and of K are also tabulated, but the evaluation can be obtained 
from (14-5) by means of series expansion of the integrand. 
Thus, one has the expansion 


(14-6) F{k, (p) = ^ ^ I Jo ^ 


dd 


+ 


■ + 


1 -3 


{2n — 1) 


2 • 4 


2n 


‘”‘X’ 


sin®" 6 dd + 


16. Discussion of Elliptic Integrals. The elliptic integral of 
the first kind is a function defined by the integral 


(15-1) 


Fik, 



dd 

\/l — fc® sin® d 


< 1 . 


* See the brief table in B. O. Peirce, A Short Table of Integrals, pp. 
121-123. 
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If sin e is replaced by 2 , (15-1) becomes 

dz 


(1^2) 


< 1 . 


Z^){1 - k^z^) 

This is an alternative form of the elliptic integral of the first kind. 

Similarly, the same change of variable transforms the integral 
of the second kind 


(15-3) E(k, <p) = i" Vl - sin* e dd, < 1, 

. , Jo 

into 

(15-4) Sik, z) = dz, fc* < 1 . 

It will be recalled that any integral of the type 

/ R{Xf Vax^ + bx + c) dx, 
where 22 is a rational function of the variables x and 
\/ax^ + bx + c, 

is iii(,egral)le in tomis of the elementary functions, -i.e., power, 
trigoiiomc^tric, and logarithmic functions. It can bo shown that 
the integration of integrals of the t>^)e 

(lo-f)) J R{x, cx + d) dx 

( 1 o-b) J R{xj V ar^ + hx^ + cx^ + dr + e) dx 

r(Miuir(\s, in general, the introduction of new functions obtained 
from th(^ (bliptie integrals. 

The (‘Valuation of (15-5) and (15-()) ean Ik^ rediu'.ed to the 
(a'aliiation of intc'grals of tlu^ ehmientary types and the following 
luav typ(‘s: 

a. hlliptie int(‘gral of th(‘ first kind: 

or 

(t,,). f'- 

Jo \/l — A;2 sin^ S 

1l Illlipt.ie intd‘gral of the s(Ma)ud kind: 


.r) - r 

JO 


dz 


\/(i — 21“) (1 — h“Z“) 


F 


V?(A-, r) 



or 


Fik, <p) ^ 



— sin^ d dd. 
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c. Elliptic integral of the third kind: 


n(n, k,x)= \ ' 

Jo I 

n(n, k, <p) = 


(1 + nz*) V(1 - z^)(l - k^z^) 


(1 + ^ sin^ 6 ) V 1 — sin^ 0 


The problem of reducing the integrals of expressions involving; 
square roots of cubics and quartics to normal forms is not difficult, 
but it is tedious and will be omitted here.* Integrals involving 



Fig. 4. 


square roots of polynomials of degree higher than the fourth load, 
in general, to more complicated functions, the so-called hyper- 
elliptic functions. 

The graphs of the integrands of the integrals of the first and second 
kinds are of some interest (see Fig. 4). For k = 0, 



both become equal to 1, and the corresponding integrals are both equal 
to (fl. For 0 < < 1, the curve y = 1/A9 lies entirely above the line 
y - 1 and the curve y = Ad lies entirely below it. As <p increases, 


* For a detailed account see Goursat-Hedrick, Mathematical Analysis, 
vol. 1, p 226. A monograph, ElUptic Functions by H. Hancock, may also 
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F{k, <p) and E(kj tp) increase continuously, F being always the larger. 
As k increases, <p being fixed, the value of F(Jk, <p) increases and that of 
E[k^ (p) decreases. Also F{kj tt) = 2K and Eik, tt) = 2E, for the curves 
are symmetrical about 6 = ir/2. If 7r/2 < ^ < -tt, it is obvious from 
the figure that 


(15-7) 

Moreover, 

(15-8) 


F(k,<p) =2K -F{k,ir - ip), 
E(k,ip) =2E -E(k,7r-(p), 

F(k, mw + <p) = 2mK + F(k, <p), 
E(Jc, mir + ^) = 2YnE -f- EQz, <p), 


where m is an integer. 

Since the values of K and E, and of F{k, p) and EQo, cp) for p ^ 7r/2, 
are tabulated, the relations (15-7) and (15-8) permit the evaluation of 
FQcy p) and E{kf p) for all values of p. 

The discussion* above was restricted to values of k^ < 1, If jfc* = 1, 
y = AS becomes y = |co8 d\ and y = 1/A^ becomes y == [sec d\. 

Consider 


(15-9) 




dz 


V(1 - a')(l - A!»z») 


-s: 


dS 


V^l — q [^2 0 


where x = sin p. 

For a fixed value of A;, (15-9) defines u — F{x) or u = F(p). The 
function resulting from the solution of (15-9) for p in terms of u is 
called the amplitude of v, and is denoted by am (t^, mod k), or more 
simply by p = z.mv„ It will be assumed that the equation u = F(<p) 
can be solved for p. Since p = am 


Moreover, 

Finally, 


a: = sin ^ = sin am w = sn u. 


cos 


p = \/l — = \/l — 


sn-^ u = CXI u. 


Ap = y/i — k^x^ s (In u. 


The functions sn w, cn *?/, and dn u are called the elliptic functions. 
From the definitions, it is obvious that 

am (0) = 0, sn (0) = 0, cn (0) = 1, dn (0) — 1; 
am ( — -lO = — am -w, sn { — u) = — sn w, cn ( — u) = cn u, dn (— -w) 

= dn u. 

The elliptic functions are periodic functions and in some respects 
resemble the trigonometric functions. There exists a complete set of 

* See Prob. 1, at the end of this section. 
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formulas connecting the elliptic functions analogous to the set for the 
trigonometric functions.* 

An interesting application of elliptic integrals to electrical 
problems is found in the calculation of the magnetic flux density 
in the plane of a circular loop of radius a carrying a steady 
current I. 

Upon applying the law of Biot and Savartf to a circular loop of 
radius a, the flux density B at any point P in the plane of the 
wire is given by 

where C is the circumfereace of the loop, r is the radius vector 

from P to an element of arc 
ds, and (r, s) is the angle 
between r and this element 
(Fig. 5). 

If the point P is at the 
center of the loop, then (r, s) 
= 90°, r = a, and the integral 
is easily evaluated to give 

a familiar result. 

If, however, the point P is 
not at the center, the evalua- 
tion of the integral is not so 
easy. Consider the triangle RQS, where the side RQ = r dd 
makes an angle a with ds. It is clear that ds cos a = r dd', and, 
since o: = 90° — (r, s), it follows that 

cos a = sin (r, s). 

Hence, 

^ rdd 
^ ”■ sin (r, s) 

* See Appel, P., and E. Lacotjr, Fonctions elliptiques; Peirce, B. O., A 
Short Table of Integrals; Gebenhill, A. G., The Application of Elliptic 
Functions. 

fThis formula is known to engineers as Ampere’s formula. See, for 
example, E. Bennett, Introductory Electrodynamics for Engineers. The 
system of units used here is the “rational” system of units used m M. Mason 
and W. Weaver, Electromagnetic Field. 
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(15-11) 


T- 

47r Jo r 


for the magnetic flux density at P. 

Now, from triangle OQA, it is evident that 

\/ — (r sin 6)^ = r cos 6 + hj 
which, after squaring both sides and simplifying, becomes 
+ 2rh cos 6 + {h^ — (P) = 0. 

Solving for r gives 

r = —h cos 6 ± cos^ 6 + 

and, since r is always positive, the radical must be taken with the 
positive sign. Substituting this value of r in (15-11) gives 


B 


^ I r2r 

Jo -h 

ationalization ( 

= L ^ cos^ e A- 

47r Jo 


cos 0 + \//i“ cos^ 0 — Zi^ 

or, upon rationalization of the denominator. 


Zi2 - a2 


de 


47r(a' 


^ hcoB e dd + siii^ d dd ^ 

The first of these integrals is zero, and the second is an elliptic 
int(^gral of the second kind, so that 

X 

where k = h/a. This integral can be evaluated for any k with 
the aid of the tables of elliptic integrals. 


PROBLEMS 


1. Prove that 


dtp _ 1 

0 sin'-* ip ^ Jo \/ 1 ”■ 


da 


oc 

Hint: Change the variable by setting P sin^ (p = sin^ a. 


l> 1 . 
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2, Plot, with the aid of Peirce’s tables, F{kj <p), where k = sin o:, 
using a as abscissa and F(kj <p) as ordinate. Draw 10 curves on the 
same sheet of rectangular coordinate paper for ^ == 0, = 10, ^ = 20, 

^ = 30, ^ = 40, <p = 50, ‘ ‘ ' i <p = 90. 

3- Plot four curves representing F{kj (p) on the same sheet of rectan- 
gular coordinate paper. Use (p as abscissa and the values of k as 0, 
H, \/3/2, and 1. 

J f^ip d(p 

■ _ for the values of ^ = 0, 

0 Vl - <P 

and 1. Use <p as abscissa. The areas under the curves give the 
values of the elliptic integrals. 

6. Compute the value of F{0, t/2). 

6. The major and minor axes of an elliptical arch are 200 ft. and 
50 ft., respectively. Find the length of the arch. Compute the length 
of the arch between the points where a; = 0 and x = 25. Use Peirce’s 
tables. 

7. Plot with the aid of Peirce’s tables E{k, v?), where k = sin a. 
Use a’s as abscissas and E{kf <p) as ordinates. Draw 10 curves on the 
same sheet of rectangular coordinate paper for if = 0, 10, 20, • • • , 
90. 


8. Plot on a sheet of rectangular coordinate i)ai)er the four curves 
representing E{k, <p). Use (p as abscissa. The four curves are for k = 0, 
H, \/3/2, aud 1. 

9. Plot the integrand of \/l — k'^ siii'-'ip (ip for the vahiCH of 

k = Oj and 1. Use (p as abscissa. Compare the result with that of 
Prob. 4. What can be said about the relative inagiiitudes of F(kj (p) 
and E(k, (p)? 


10. Show that 
kind. 




dip 


a/1 k'^ sin**^ ip 


is an elliptic integral of the first 


Hint: Change the variable by setting sin v? = ^ tan x, 

11. Show that 


*2 — ^ — = ■ y /2 . 

) \/ cos X Jo a/I — * 2 ip 

Hint: Set \/cos x = cos p. 

Note that the integral is improper but that it is easy to show its 
convergence. 

12. Show that 

^5 sm^edd 1 
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Hird: sin** 0 = p - p (1 - ifc» sm= S). 
13. Show that 



dB 

— sin^ B 



(2-4) ^ ■'■(2-4-6) * 


• ] if A* < 1. 


14. Find the length of one arch of the sine curve. 

16. Find the length of the portion oi y — sin x lying between x — 1 
and X = 2. 

16. Given: 

^ G’ “ X VI - K sin“ 6 

Find K and sn %K. 

/ dB 

. —1 where a > 1, is an elliptic integral. 
— cos 0 

18. Show that the length of arc of an ellipse of semiaxes a and h is 
given by 

T 

s = 4a \/l — sin^ 6 dB 

✓ g2 3 \ 

= 27 ra where e is the eccentricity. 


16. Approxiinate Formulas in Applied Mathematics. It is 

frequently necessary to introduce approximations in order to 
inak(^ readily usable the results of mathematical investigations. 
For example, an engineer seldom finds it necessary to us(^ the 
(‘xact formula for the curvature of a curve whoso equation is 
y = /(x), namely, 


( 1 (^ 1 ) 



since in most applications the slope dyjdx is small enough to 
permit the use of the approximate formula 


(16-2) 



Many such approximations are obtaimnl by using the first few 
terms of the Taylor’s series expansion in place of the function 
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itself. Thus, the formula (16-2) is obtained from (16-1) by 
neglecting all except the first term in the expansion of 11 -f 
(dy/dxy]-^ in powers of dy/dx. 

1. Small Errors. The values of physical quantities determined 
by experiment are subject to errors due to inaccuracies arising in 
the measurements of the quantities involved. It is often neces- 
sary to know the size of such errors. 

Let a capillary tube contain a column of mercury. The radius 
R of the tube can be determined by measuring the length L and 
the weight W of the column of mercury. Let L be measured in 
centimeters and W in grams. Since the density of mercury is 


R = 



0.153 



The principal error arises in the measurement of L. Let L be the 
rue value and let L' = L + e he the observed value. Then, 
if R IS the true value of the radius, \et R' = R + ^ be the eom- 
puted value. The error in measuring W is negligible because of 
the high accuracy of the balance. It follows that 



Therefore, 


« + = 0.153 yj. 


W 
L + 


Since e is small compared with L, it follows that ,, is approxi- 
mately given by ~ 2 ^ Clearly, e can be either positive or 
negative. 


2 . Cranfc ar^ Connecting Rod. If one end of a straight line 
(see hig. 6) is required to move on a circle, while the other 
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end moves on a straight line which passes through the center of 
the circle, the resulting motion is called connecting-rod motion. 
This kind of motion arises in a steam engine in which one end of 
the connecting rod is attached to the crank PB and therefore 
moves in a circle whose radius is the length of the crank, while the 
other end is attached to the crosshead and moves along a straight 
line. 

Let r be the length of the crank, I the length of the connecting 
rod, and s the displacement of the crosshead from the position A, 



Fia. 0. 


in which the connecting rod and crank lie in a straight line. 
Then, 

AB == I + r, 

and 

AB = AQ + QD + DB = s + J cos <^ + r cos d. 
Moreover, 

PD = I sin <p = r sin 

so that 

sin <P ~ j fiin d 

and 

cos ip = 

'I'lu'reforo, 

s + l(^l — + r cos d = 

or 

1 - ^1 - ^ + »•(! 

(l - F 



= I + r 
— cos 6). 



If 
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be replaced by its expansion, it follows that 


5 = z[^^^sin*0 + |(^) sin^0 + 


• j + r(l — cos e) 
^ + r(l — COR e). 



if r is small compared with I, the displacement of tlu^ rrosslu^acl 
is given approximately by r(l — (‘os 6 ) . 

3. Surveying. In railroad surv(\ving, it, is frc'- 
quently useful to know the amount of difh^nnu’C’? 
between the length of a circular arc* and i,}u' 
length of its corresponding chord. 

Let r be the radius of curvature of tlu^ arc 
AB (Fig. 7), and let a be the angle' intc'reept.c'd 
by the arc. Then, if s is the Ic'iigth of the* arc 

45 and c is the length of chord AB, s = ra and c = 2r sin 
Since ^ 

sin ^=^-|5 + 2 -jCos I, 

where 0 < J < a;, the error in using only the first two terms of th<^ 

expansion is certainly less than If-I- Then 

|5 !| ’ 

C = 2r sin I = 2r U _ 
with an error less than ^ 


2r 


Therefore, 


\32 • 120/ “ 


Ta}" 

1920’ 


■- c^roL-m A- ^ = 

24 24 


mth m error that is less than raVl920 
4 y«rticalMoti<m under Earth’s Attraction T .+ -f i • , 

to determine the velocity of « hoA / '-ociuin'd 

a height So above the center of tCor-tr I' 

earth’s attraction alone. subject to tlu; 

atblwa ‘Jk '»> *■'“ 

aistance h from the surface (Fig. 8). Then 
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F = 


kmmf 


and 


kmmf 
(r + 


where m' is the mass of the earth, k is the gravitational constant, 
and r is the radius of the earth. Hence, 

F _(r + hy 
F' 

Also, let g be the acceleration at the surface of the 
earth and g' be the acceleration at a distance h above 
the surface, so that F = mg and F' = mg'. It 
follows that 

F _ g _{T + hy 
F' g' ~ r^’ 


and, therefore, 


But 



so that 


y o2 


. d^s 


— ^ ^ oil 


Fiq. 8. 


This equation can bo solved for v = (U/dt by i-hc^ following 
device: Multiplying both memluTS by 2ds/dt and inh^grat-ing 
give 

where C is the constant of int(‘gration. If tli(‘ inithil vcdcxniy 
{ds/dt)s^aa ts zero, then C = —2gr-/.si) and lunieci 

(s)’ ’ (j “ ii)' 

But s = r + h and ds/dt = v, so that th(^ (Kiuation IxHiomes 

This formula can be used to caleulat(‘ tlu^ l.(M*ininal v(‘l()eity 
(i.e.j the velocity at the earth’s surfatxO wluui th(^ body is r<‘l(‘}is<‘(l 
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ft-om any height. Thus, setting A = 0 gives 

(16-3) = 2gr^ 

Upon denoting by ho the initial height above the earth surfaces, 
so that So = r + ho, (16-3) can be written as 


= 2gr^ 


or 

(16-4) 

Now — r-T- 
r + ho 

is permissible, so that 




= 2gr ^1 — 

; = (i+7)" 


r + h 


.)• 


ho 

; and if — < 1, then scries expansion 


-*-F + (7)’- 


r + ho 

Hence, if ho/r < 1, (16-4) can be replaced by 

•’-^[7 -(7)’ +(7)’ ]. 

if r/T’if V® compared with r, then the powens 

ho/r higher than the first can be neglected* and 

= 2gho, 

-in.. ...dty to being negiltoJ^tlCIlnlMr 

= 6.95 miles per second 

-- a <.irre,.ent 

the e«rtl,>= ^ projected outward from 

•8b,Le ^ nho™ that, if „i,. 

“™ “ ““-“ins. th. e™, rti b. 1 .. ,i„ 
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resistance is neglected, the body would travel an infinite dis- 
tance. This velocity is called the critical velocity or the velocity 
of escape. 

It may be recalled that the earth's rotation exerts a centrifugal 
force on a particle which is falling toward the earth and that this 
force diminishes the effect of the force due to the earth's attrac- 
tion. For a particle of mass m on the surface of the earth at the 
equator, this centrifugal force is 


mv^ __ 
r r 


^ dynes, 


where to = 0.00007292 radian per second is the angular velocity 
of the earth, r = 6,370,284 m., and g = 980 cm. per second per 
second. At a distance s from the center of the earth, this force is 


TYUxi^S 


mgs 


But the earth's attraction at this distance is F = mg'. Since 

g' = 

p ^ mgr^ 


If the particle is to be in equilibrium, 


mgs niqr^ 

so that 


s^ — 289r® or s = 6. Or = 20,000 miles approx. 

Thus, if all other for(u\s are iK^glected, a part.i(4(^ would Ix^ in 
equilibrium at apin-oximatcdy 22,000 miles abovt^ the (‘arth's 
surface. This gives a very rough approximation t.o th(‘ (‘xt.ent 
of the earth's atmos|)h(U’e. The a(*tual thie.kiusss of tlui atmos- 
pheric layer is supposed to be coiisid(u*ably smaller. 


PROBLEMS 

1. The mass of the moon is nearly one-eighty-first that of tlie earth, 
and its radius is approximately three-elevenths that of the earth. 
Determine the velocity of escape for a body projected from tlie moon. 
Acceleration of gravity on the surface of the moon is one-sixth that on 
the surface of the earth. 
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2. Show that the time required for a body to reach the surface of the 
earth in Illustration 4, Sec. 16, is 

^ Vso , So 2s — So\ 

t - gj. 7 + 2 cos j- 

Hint: 

3. If the earth is considered as a homogeneous sphere at rest, then 
the force of attraction on a particle within the sphere can be shown to 
be proportional to the distance of the particle from the center. Let a 
hole be bored through the center of the earth, the air exhausted, and 
a stone released from rest at the surface of the earth. Show that the 
velocity of the stone at the center of the earth is about 5 miles per 
second. 

Hint: 


where s is the distance of the stone from the center of the earth and r 
is the radius of the earth. 



CHAPTER II 

FOURIER SERIES 


17. Pre l i min ary Remarks. It is frequently necessary to find 
the equation of a curve that passes through a certain number of 
given points lying in the xy-plo^ne. This can be accomplished in. 
an infinite number of ways. Thus, if there are three given points, 
the coefficients of 

(17-1) y = ao + aix + 

can be chosen so that the resulting parabola will pass through the 
three given points. This is accomplished by solving th(^ three 
linear equations, in ao, ai, and aa, that arise when the (coordinates 
of the given points are substituted in (17-1). If there are four 
given points, it is impossible, in general, to determine ao, ai, 
and 02 so that the parabola (17-1) will pass through all four 
points, since the four linear eciuations in Oo, Oi, and a. will be, in 
general, incompatible. Howcwer, it will be possible to determine 
the coefficients of 

(^ y — Oi.r + -f" ci[\X^ 

so that the curve defined by (17-2) pass(\s through all four points. 

The determination of tlu^ ecpiation of a curvHc passing through 
a set of given points is not uniciuc^. TTius, if four |)oints an' 
given, it is possible to detennine a curve' whose' (‘(luai-ion is (17-2) 
which passe's througli them. Ihit it is also possibles l,o dete'rmim^ 
the coefficients of 

y ~ ho + hix -f- ho sin .r + 

so that the curve dc'fined by this oeiuation will pass througli the 
given i)oints. Obviously this curve will not coincide' with that 
d('fined by (17-2). The ty])(^ of curve can be vari('d at will, but- th(^ 
number of coefficients to be (Udermined must ('ciiial ilu' numlx'r of 
given points. 

If a curve is defined by the (xpiation y = /(.r), it is possible', 
as indicated above, to make the curve whose ecpiation is 

63 
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(17-3) y Uq ai cos a; +■ a 2 cos 2a: • -1- cos nx 

+ bi sin a: + &2 sin 2a; + • • • bn sin nx 

pass through any 27^ -f 1 points of y = f{x) in the interval from 
a: = 0 to a: == 27r. The question arises as to whether it is possible 
to make the curve y = j{x) coincide with that defined by (17-3) 
at all points of the interval (0, 27r) by increasing indefinitely the 
number of terms in (17-3) . It is already known that it is possible, 
under rather severe restrictions, to represent f{x) by an infinite 
series in powers of x. This was accomplished with the aid of 
Taylors series. .The analogous problem of representing /(a;) by 
an infinite trigonometric series was developed by Fourier and 
will be discussed in the succeeding sections. 

Whereas the representation of a function /(a;) in Taylor’s series 
demands that f(x) possess derivatives of all orders, the develop- 
ment in a trigonometric series 


(17-4) 


^ {an cos nx + hn sin nx) 


is possible for a much larger group of functions. In fact, many 

periodic* functions having a 
finite number of ordinary dis- 
continuities can be represented 
by infinite series of trigonomet- 
ric functions. The term or- 
dinary (or finite) discontinuity 
is used to describe the situation 
that arises when the function 
J{x) suffers a finite jump at some 
point X = (sec Fig. 9) . 
Analytically, this means that the two limiting values of /(:r), as 
X approaches x^ from the right-hand and the left-hand sides, exist 
but are unequal; z.e., 



lim j(xQ + e) 7 ^ lim /(ro — e). 

e-^O €— >0 

In order to economize on space, these right-hand and left-hand 
limits are written as/(xo-|-) and/(a;o— ), respectively, so that the 
foregoing inequality can be written as 


/(a;o+) 9^f{xa — ). 

* A function is said to be periodic of period a if }{x) = fix a). 
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Inasmuch as each term of (17-4) is a periodic function of 
period %r, it is necessary to restrict the discussion of the repre- 
sentation of functions by series of the type (17-4) to those func- 
tions which have period 2nr. Or, what amounts to the same 
thing, the problem of representing a non-periodic function can be 
restricted to some interval of width 2 t, and the function defined 
outside this interval so that it is periodic. For the present, it 
will be assumed that the interval in which f{x) is considered is 
the interval (— tt, tt) and that outside this interval the function 
is defined by the equation f{x + 27r) = f{x). Of course, any 
interval (a, a -f 2 t) would do equally well. 

The theory of Fourier series is one of the most beautiful 
developments of analysis, and it serves as an indispensable instru- 
ment in the treatment of nearly every physical problem. Solu- 
tions of such important problems as sound vibration, propagation 
of electric currents and wireless waves, heat conduction, and 
mechanical vibrations give but a mere indication of its value. 

The following section contains the celebrated theorem giving 
conditions ouf(x) that arc sufficient to permit its representation 
by a Fourier series, and also a derivation* of the formulas for 
the Fourier coefficients (that is, tlu^ coefficients in the trig- 
onometric scries). 

18. Birichlet Conditions. Derivation, of Fourier CoeflBLcients. 

’'rniooHEM:. Let J(x) be a function defined arbitrarily in the 
interval and outside this interval defined by the 

equation f{x + %r) = f(x). If fia-) has a finite number of points 
of ordinary discontinuity and a finite number of maxima and 
minima in the interval then it can he represented hy 

the series 

OO 

-h 2 

with 

ctfc = i I f{t) eoH kt dt, 

TT J —IT 

h = - I f{t) sill Jd dl, (fc = 0, 1, 2, • • • ), 

re ^ —TT 

* For a nior(‘ oxtoaded troatinent, soc I. S, SokolnikoiT, Advanced <^al(*.u- 

lus, Chap. XL 
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which conoerges at every point x = Xo of the interval to the value 

f{Xo + ) +/(aJo — 

2 

The restrictions imposed upon the function f{x) in this ttic'on in 
are known as the Dirichlet conditions. ^ ^ . 

The following demonstration that the Fouricu- (‘cx'fncu^nts (ik 
and bk have the form given in the theorem assuin(\s that thc^ 
Fourier series development of the function /(.r), namely , 


(18-1) fix) = f ^ («* cos kx + h sin kx) 


can be integrated term by term in the interval {-it, it). TIh^ 
proof that if a function f{x) satisfies the Dirichlet conditions 
th en its Fourier series expansion actually conviu'gi^s to fix) is 
too involved to be given here.f 

In order to determine ao, multiply (18-1) by dx and int('g:rat(^ 
term by term from — tt to ir. Since 


J*’" cos nxdx ^ sin nx dx 0 for = 1 , 2, • • • 
andj hence, 

/(^) dx = ttoTT, 

there results 

(18-2) Uo = - I f{x) dx. 

The coeflSicient of the general cosine term can l^o ol)t<aiiu‘(l 
by multiplying both members of (18-1) by cos nx dx and p(M-- 
forming term-by-term integration from — tt to tt. Since, for nil 
integral values of m and n, 


and 



sin mx cos nxdx = 0 
cos mx cos nx dx = 0, 


for 771 9^ 7lj 


* If/(x) is continuous at the point a; = then fix 0 +) ~ /(xo — ) 

so that at all points of continuity the series converges to fix). At the 
points of ordinary discontinuity, it converges to the arithmetic inc'an of thc^ 
values of the right- and left-hand limits. 

t Knopp, K., Theory and Application of Infinite Series, p. 350; Cakslaw, 
H. S., Fourier’s Series and Integrals, p. 207. 
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cos nx dx = a« cos^ nxdx = Onir. 

Therefore, 

~ T J* 

It should be observed that (18-3) becomes (18-2) for ?2 = 0. 

Similar!}?', by' multiply'ing (18-1) by sin nx dx and performing 
term-by-term integration from — x to t, one obtains 

bn = - \ f(x) sin nx dx. 

J-T 

It can be shown that if the values of the function are not equal 
at the end points of the interval (— x, x), that is, if /(— x) 9 ^ /(ir), 
then at these end points the Fourier series expansion for f{x) 
converges to .^ 2 [/(-x) +/(x)]. 

The student will convince himself that, if the function f{x) 
is defined in the interval from 0 to 2x, then the coefecients an 
and bn in (18-1) are given by the formulas 

1 

X jo “ Iq /W 

19. Expansion of Functions in Fourier Series. This section 
contains some illustrative examples of expansion of functions, 
satisfying the Dirichlot conditions in the interval (—x, x), in the 
s(‘ri('s 

oo 

y {dn COS nx -h bn sin nr), 

7i= 1 

when^ the coefficients an and bn are given by the formulas 


(iy-2) 

1 f"" 

o>n — - \ fix) cos nx dx 

X / 

and 

%J —Tf 

(19-3) 

1 f”" 

&n = - J fix) sin nx dx. 


Illustrative Exarnple 1. hlxpand /(r) = r in Fourior scries in 
the interval — x ^ a; ^ x. Calculating the coefficients and 
bn gives 
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and 


Hence, 


an 



X cos nx dx = 


0 , 




X sin nx dx 


2 

~ cos mr, 
n 


X = 2[(— 3^ cos if) sin x + (“3^ cos 2m:) sin 2x 

+ cos Stt) sin 3a; + • “ • ] 
or 

. sin 2a; , sin 3a; \ 

x = + . . . j. 

In this particular case, only the sine terms remain. It may be 
noted that whenever the function /(a;) is an odd function, that is, 
when /(—a;) = —/(a:), then == 0, for n = 0, 1, 2 • • • , since, 
for such a function, 


/(^) cos nx dx = f(x) cos nx dx. 

Similarly, if /(a;) is an even function, that is, when/( — a:) = f(x) 
then bn = 0, forn = 1, 2, 3, • • • , since 

f(^) sin nx dx = sin nx dx, 

so that the function would be represented by a series of cosine 
terms. 

If in the foregoing illustration the first four terms be plotted by 
composition of 


y = 2 sin or, y = — sin 2a;, ^ sin 3a;, y = sin 4x, 

the curve 

2/ = 2 sin X — sin 2a; + ^3 sin 3a; — J"2 sin 4x 

is obtained. It is represented on Fig. 10. As the number of 
terms is increased, the approximating curves approach ?/ = a; as a 
limit for all values of x, — tt < o; < tt, but not for x = inr. 
Since the series has period 27r, it represents the discontinuous 
function shown in Fig. 11 by a series of parallel lines. It should 
be noted that each term of the series is continuous and the func- 
tion from which the series was derived is continuous, but the 
function represented by the series has finite discontinuities at 
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X = ± (2k + l)7r. At such points the series converges to zero, 
which, is one-half the value of the sum of the right- and left-hand 
limits. 



Fig. 10. 



Illustrative Example 2. JJ)ovel()p f{x) in Fourier series in the 
interval ( — tt, tt), if 

J(x) = 0, for — TT < r < 0, 

= TT, for 0 < a; < TT. 

Now 

ao = “ ^ 

1 

= - I TT = 9, 

^ Jo 
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1 r"" 1 

5 = - I a- sin na: cfcc = - (1 — cos nv). 

TT Jo n 

The series is then 

IT . „ /sin a: , sin 3a: , sin 5a: , ^ 

The graph of f(x) from —w to tt consists of the aj-axis from 
— JT to 0, and the line AB from 0 to tt (see Fig. 12). There is a 
finite discontinuity for x = 0. For a; = 0 the series reduces 



Fig. 12. 


to 7r/2, which is equal to half the sum of lim /(O — e) and 

€-►0 

lim/(0 + €). It may be observed from the series that every 
« — >0 

approximation curve will pass through the point (0, 7r/2). The 
figure shows the first, second, third, and fourth approximation 
curves, whose equations are 

TT TT , ^ 1 O / • I 

2/ = 2' = ^ / 

TT , ^ . , sin 3a: , sin 5a: \ 

y = ^ + 2{smx + -^ + -~^), 

as well as the graph of J{x). 

At a: = ±'ir the series reduces to 7r/2, and again every approxi- 
mation curve gives this same value for the ordinate at ±t. 
This value is one-half the sum of /(— 7r+) and /(tt — ). 

Illustrative Example 3. Let f{x) be defined by the relations 

J{X) = — TT, if — TT < X < 0, 

= 0:, if 0 < .T < tt; 
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then, the Fourier coefiBicients for f{x) are given by 

Oo = i J* fix) da; = ^ ^ J* — ir dx + J x 

.!(_,= + 1 ’). 4 
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1 r i / r ° 

a„ = - J fix) cos na: da: = - ( 1 —t 


cos nx dx 


+ 


cos nv 


L-if 

^ J-TT 


f(x) sin nx dx 




J X cos nx 


- s ) 


cos mr — 




sin nx dx 


+ 


— 1 __ TT 

TT \n n 


a; sin 


cos ut cos nr 

n 


) 


Therefore, 


fix) = 


= - (1 — 2 cos nr). 


2 cos 3a: 2 cos 5x 


4 


cos X — 


52 


, ^ . sin 2a: , 3 sin 3a; sin 4a; , 3 sin 5x 
+ 3smx- 2-- + - 3 4 ~ + ~r“ 


When X = 0, the series reduces to 

+1 + 

4 w \V^ ^ 3=‘ ^ 5‘^ ^ 
which must coincide with (see Fig. 13) 


) 


/(0+) +/(0— ) _ V 

2 2 ' 


y 


4 ttVP 3=2^52^ / 2 


'rims. 



72 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §19 


Hence, 


12 ^ 32 ^ 52 


I. 

T 


Also, for a; = ±7r, the series gives 

+ i + • • • ) = 0 , 


since 


/(-7r+) +/(^r-) ^ 
2 


= 0. 


This example suggests the use of Fourier scries in evaluat ing 
sums of series of constants. 



1. Show that 


PROBLEMS 


2. If 


then 


“ "s + 4 ^ (-1)» — y , (-TT ^ x<ir). 



for — TT < a* < 0, 
for 0 < X < IT, 


f(x) = - _ ? V (2n — l)a ; ^ ( — 1)'‘ sin nx 

4 2»-i)- ' + S 

3. If 

/W = 0 for — TT < X 

= sin X for 0 ^ a; 

then 



n = 1 


COS 2?2a; 

4n^ - 1 


1 , 

2 sin X. 


VI VI 
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4. li Kx) = e® in the interval (0, 27r), then 
- 1/1 


_ — 1 / 1 ^ cos nx ^ n sin nx\ 

T V2 2v 1 + n2 “ Z 1 + n2 / 

n—l n=l 


6. Deduce from Prob. 1 that 


6. Show that 


12 

n = 1 

sin to: , -A . ^ . 2o: sin to 

cos «a: = — + y (-l)"- (^ - , - cos na;, 

n»“ 1 


if — T ^ o: ^ T. 

7. Deduce from Prob. 6 that 


cot^a = -f-- 

TT \a ^ — cr) 


2ol 


71 = 1 


8. Deduce from the expansion of f{x) = a; + in Fourier series in 
the interval (— t, t) that 



w = 1 


9. Expand x sin x and x cos x in Fourier series in the interval (0, 2t). 

10. Find the Fourier series expansion for /(a*), if 

j{x) = ^ for — T < a; < 

= 0 for 5 < ;r < T. 

20. Sine and Cosine Series. The Fourier expansion for /(a:) 
in (— T, t) has the form (19-1), in which the cooffieicmts a„ and hv, 
are giv(Mi by (19-2) and (19-3). AkS previously observed (Sec. 
19), if /(j*) is an oven function, (19-1) reduces to a scnies contain- 
ing only cosine tcn-ins; and if /(.r) is an odd function, (19-1) 
reduces to a serh's containing only sine terms. Now suppose 
that it is dcvsired that/(j') be expanded in a Fourior series which 
will 1)(^ uscmI for tlu^ interval 0 to t only. In. that case, it is 
freciiKuitly eonvenieiit to ol)taiu the expansion in tcTnis of sines 
alone or in terms of eosiiies alone. For this purpose, define 

F(^x) = j{x) for 0 < a; < T 
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and 

F(x) = fi—x) for —TT < a: < 0, 

so that F{x) is an even function identical with/(x) in 0 < x < tt. 
For an even function: 


1 

~ I F(x) sin nx dx 

^ J —T 

” ^ Jo (— nx)(--dx) + F(x) sinnxdxj 


F(x) sin nx dx + I F(x) sin nx dx 


j: 




-if - f 

^ L Jo 


Jr 


F{x) sin nxdx + I F{x) sin nx dx 


t = 0 , 


and 

an 


1 

TT 

1 

TT 

1 

TT 

2 

TT 




F(x) cos nx dx 


j: 


r 


F(x) cos nx dx + 
F(x) cos nx dx + 
F(x) cos nx dx. 


X'n*) 


cos nx dx 
cos nx dxl 


Hence, in the expansion of F(x) in the interval — tt < x < tt, only 
the cosine terms appear. Moreover, F{x) is identical with /(.r) 
for 0"< X < TT. Therefore,* 


(20-1) / (x) = ~ + ai cos X H- as cos 2x • • • -j- a„ cos 7ix + * • • 
in the interval (0, tt), where 

(20-2) an = - \ /(x) cos nx dx. 

TT Jo 

Similarly, if F(x) be defined so that 

Fix) = /(x) for 0 < X < T 

and 

F(x) ^ — /( — x) for —TT < X < 0, 

* If fix) has a finite discontinuity at the point x == xo, then the left-hand 
member of (20-1) is defined to be }4lf(^o+) +/(xo-)]. 
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then the Cn all vanish and 

(20-3) f {x) = bi sin x -j- b 2 sin 2a; +•••-!- 6^ sin tix + * • • , 
where 

(20-4) bn — - f f(x) sin nx dx. 

TT Jo 

Thus, f(x) can be represented in the interval 0 < a; < r by either 
(20-1) or (20-3). Frequently, one series is more desirable than 
the other. 

Fjxam'ple. As has been determined already (see Illustrative Example 
1, Sec. 19), the expansion for /(a;) = a; in a sine series is 

^ ^ . sin 2a; , sin 3a; \ 

* = 2 (^sin * - — + -3 ). 

Tliis series represents /(a;) = a; in the interval (— ir, tt). If one is inter- 



cssted in the values of the function in the interval (0, tt), the same func- 
tion can be expanded in a series of cosines. 

In fact, in the interval (0, tt), 


since 

and 




4 / cos a; c(^s 3a; cos 5a; 

x \ 1 ^ 


32 


52 


■). 


czo 


= 1/0 = T 


2 2 


The sine series represents the odd function shown in Fig. 14 and the 
cosine series the even function in Fig. 15. The two graphs are identical 
in the interval (0, tt). 

PROBLEMS 


1. Show that if c is a constant, then, in 0 < a; < tt, 


4 / . , sin 3a; , sin 5x . 

+ -5- + 
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developments of y = a; sin a; in the interval 

3. Show that, in (0, t), 


” I [(t “ p) - I'sin 2a: + (^ - |) sin 3x 


" • 

sm 4a; + 


•■]■ 


sum IS any function of x, it can be expressed as the 

sum of an even function of x and an odd function of x 

./'< *" -*'»«<»< '/2 •»<! /W - » - » for 


5“ 


IM =- - - /^ I cos 6a; . cos 10a: 

4 ar V p +“3^-4- 

6, Show that 

l«g(2sm|)--2; 

n = 1 

7. Find the expansion in the series of sines, if 


' + 


)■ 


cos nx 


n 


■> if 0 < a: < ar. 


f(x) =^x, 


= 4 (tt - ®), 


for 0 ^ a: < |, 
for ^ ^ X < IT. 


8. Expand f(x) - e* in the series of cosines in the interval (0, x). 

oned un'^Irtv" Expansion. The methods dovid- 

oped up to this point restnct the interval in which f{x) can lie 

expanded in a Fourier series to (-x, x). In many problems. 
It IS desirable to develop f{x) in a Fourier scries that will be 

that “ expansion 

t will hold for the interval (-1, 1), change the variable by 

replying x by b. Then /W - / (b) „„ be developed 
Fourier series in z, 


in a 


(21-1) ■b^a.eoenr-b^i.Bin,., 

in which ^ 

«» cos nzdz 


§21 

and 
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bn 



sin nz dz. 


The expression (21-1) will be valid for 
z = TTx/l SO that (21-1) becomes 


< z < t; but 


( 21 - 2 ) fix) = I + 2 cos ^ 2 

n*l n-1 

Also, 

1 j 1 ^ j 

an = - J j I ~ I cos nzdz = -j I ^ f{x) cos -y- dx 

and 

On = ~ J / 1 ~ I sin nzdz = \ ^ f{x) sm — p da;. 

Example. Develop /(a;) in Fourier series in the interval ( — 2, 2), 
if/(a;) = 0 for —2 < a; < 0 and /(a;) = 1 for 0 < a; < 2. Here 


1 / ro ^ nTra; , , i nwx , \ 1 . nwx^ 

o I I ^ * oos da; + I 1 * cos -pr- da; i = — sin = 0, 
2 \J -2 2 Jo 2 J mr 2 o 

^ r ^ 1 * sin da;'^ = — (1 — cos nw). 

2 \J- 2 2 Jo 2 J mr 

•)■ 


Therefore, 

r/ N 1,2/. Tra; , 1 . 37ra; , 1 

/(*) =^ + -(H.n-+-s:n-^-hg 


. Sara; , 
Bin — -h 


PROBLEMS 

1. The oximnsion of f(x) is desired for 0 < x < 1. If F{x) = f{x) 
for 0 < X < I and F(x) ^ —fi — x) for —I < x < 0 [that is, F(x) is 
(lofine(i as an odd fuiictionl, show tliat the expansion of F{x) and /(a;) 
for 0 < a; < / is 

J . nTra; 

2^ bn Sin -y I 

71= 1 

where 

bn = I /W sin dx. 

I Jo L 

If (p{x) ^ /(a:) for 0 < X < I and <p{x) ^ f(—x) for — Z < a; < 0 [that 
is, (,c)(a:) is defined as an cvcmi function], show that the expansion of (p^x) 



1 
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and fix) for 0 < a; < Z is 


Co 

"2 


+ X ““ 


cos • 


nirx 


n = l 


where 


Cn = 




cos “j“ ax. 


2. Using the results of the preceding problem, obtain the sine and 
cosine expansions of the following functions : 


(a) fix) = 1 in the interval (0, 2) ; 
ih) fix) = X in the interval (0, 1) ; 
(c) f ix) = x^ in the interval (0, 3). 


3. Expand /(a;) = costto: in the interval ( — 1, 1). 

4. Expand 

m = H- x, if 0 < a; < 

- if H < a; < 1, 

in the series of sines. 

6. Find the expansion in the series of cosines, if 


fix) =0, if 0 < .r < 1, 

= 1, if 1 < a; < 2. 

6, Expand /(a;) = |a:| in the series of cosines in the interval ( — 1, 1). 

7. Show that the series 


Z A 1 . 

- > - Sll 

TT n 


2mTX 


represents j4l — x when 0 < x < 1. 

8. Find the expansion in the series of cosines, if 

fix) = 1 when 0 < a; < tt, 

= 0 when t < x < "lir. 


22. Complex Form of Fourier Series. The Fourier s(u-ies 


(22-1) f{x) = ^ + 2 

n<=l 

with 

if’" if’" 

Un = - I fit) COS nt dtj bn = - I /(Z) sin nt dt, 
TrJ-’ir TTj-r 

can be written, with the aid of the Euler formula* 

(22-2) = cos + i sin w, 

* See Sec. 73. 
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in an equivalent form, namely, 

(22-3) /(a;) = 

n =» -- oo 

where the coefficients Cn are defined by the equation 
(22-4) c„ = ^ J* /(«)e-‘"‘ 

The index of summation n in (22-3) runs through the set of all 
positive and negative integral values including zero. 

The equivalence of (22-3) and (22-1) can be established in 
the following manner: Substituting from (22-2) in (22-4) gives 
for n > 0, ' 


1 f'" 

" 27r I- ~ ^ 

^ ^ ~ ^ 


fln • hn 

^ 2 ~^Y 


A similar calculation for < 0 gives 


while 


C-n - 2 ^ ^ "2 ' 


do 

Co - 2' 


Now (22-3) can ho written in the form 


/(•»■) = Co -1- ^ CnC”*^ -|- c-ne-*"*. 


/t = 1 


Making us(^ of the expressions for the c„ just found giv(‘s 


/(•^) = o + "S 


(In 'Zhn 






+ v/>„ 


_ do I 

- 2 ^ 2 ~ ^ ^ 2 


fi- 1 


2 
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ReoaUmg th&t 

«*• + •» 2 000 tt ond e** — tr** «= 2 » sin i* 


/(*) - ^ (om cofl fl * + 6 . mn to), 

whioh eatabllahea the identity of ( 22 - 3 ) with ( 22 - 1 ). 

PKOBLXH 

Bliow tbnt the Fourier aerus In tlie intervid (— 2 , 2 ) can be written 1 
the form 

n^+ •• 1mw9 

/(*) - X 


1 imti 

c,~^f_^f(t)e—rdL 


88. DUferentUtion and Integration of Fourier Series. Some 
gonersl rules ooncemuig didorontintion and uitegmtiun of itihnih 
miles iraro givon in Sco 8. It may be added hero timt, if tlx 
Founcr aonce ropresents a function /(*), then tho torm-by-tonn 
integral of tho soiiee will converge to tho mtcgrni of fix) Tliim, 
in Sec 20 it was found that the function x can bo ox|inndc<l in n 
casino BonoB in (0, ir) to pvo 

(23-1) + __- + -g5_ + 

'IIk' trrm-by-tenn integral of this sonce givca 



/nan\ r* "■ j 4 r* cos X , , f' coa 3x j 

, r ' C 08 fe , , \ T A / sm X . Hill Hr 

+ i-sr-^+ ;-2*-j(,-.-+ j.- 

, 81 D 6x , 

+ ~P- + 

On account of tho proseneo of the term rx/2 m the right mom- 
bei of this equation, the icsultuig senes is not a Fourier Hcnes 
However, if the sine seiicsdevelopment for x (Illustrative Example 
1, Seo 10) be aubatitutod in this term and the hko tornis collect^, 



rouarMR bbbiwb 


B1 


tha iBBuItlug nriaa win be devdopmoit of 0*/3 in (0, r) In a 
doe Boln. 

'Hie aorkiB lomltlnf from tarm*4}7-taRn dUTaontlailaii ol • 
Fourier eoriee eanTergm man eiowly tbnn the origlnml n *!**, 
■ad, bi foot^ It mey dlvergo. 'num, tann-by-tonn dlfferootUUoii 

(rf 

a( _i rin fie , ^ 8s \ 

glm the nria 

i^ooB j^ooB&i + ooaSs— )i 

whloh Ifl dlvof^t, BH wu olworvod hi Boo, 8. Aeooidincly, giuat 
flUidon mniit bo tu clifoicntlAtlnf Fourier aoiiee 

tormwlim.* 

9^ Orthogooal FnnotknB. A eol of oontlmimiB fimedane 
(W-1) ■ • » *.(*), • • , 

wtililh do not viuilnh idontbafly in tho Intorval a ^ x ^ b, la 
Htld to Im cniJkOQimal with mpoeb to tha tnterval (a, b) it tho 
runobloiiH Ui(3;) aablHfy tlio roUtloriii 

(w-a) jr«<(*H(*) d* - 0, if < H i 

For i ^ J, Ixmmai 

j]* («<(»)]• d* ■ of, 


whom o) rortolnly 1 h not aoni, 

If nonh of tho orthognuil Tuontiona Vf(x) bo dirldod by Oi, 
Uinm wlU In obtalnod a Hyntom of normal orUiogoiuU fuiintlonHp 


^i(») 





I 


Umt am ohomnUirlnl by tho pn>|)nrty that 

(3*4-3) jT d* - Op if ^ H ij 

- ip If ^ - i 

CoRKldor a nt of nomiAl orLhogoniU fiincUoDti if(«)p and 
ttwonin that rui arldtmry funotion J(x) oeui bo axpandod In a 
wrioH 

* ^kmnQ lnj[nriviL UMornni b rnipird to Ihb wUl ba foand b I B. Hbicol- 
alkoffp AdTUflod CalMiloa, 1Q& 
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(24:4) fix) “ «if 1.0*) + a*»i0*) + 
■i ^ (Mit{x), 


+ a^(x) + 


vhidh can be intognited toim by term. Multiplying both tnili' 
of (244) by «f(x) and integrating term by term betwonii I In 
bmite a and b yield 


fix)t>,{x) - ij jf die, 


vhiohj by vlrtuo of (24*8), givoa the formula 


(246) 


/(x)ei{*) dx, (» - 1, 2, 3, ■ • ). 


Hie numbeie aixi known aa the Fourier coefBoientH of tin 
funotion/(x) asBoomted with the aystom of normal and orfchogoiiul 
funotJone 

i>i(»), , Vnix), 


The aot of funotiona 


1 ooa X am X ooa 2z am 22 cos nz mii nz 

v^’ v^’ V^’ -yA ' V? ’ ’ ' -A ’ -A ’ 

la obidoualy a normal orthogonal aot m the Inturval (— ir, r) 
and the dovolopmont of a function f{x) with the mil nf IIih 
partioulaj' aot of orthogonal funotiona is prerisely the Fniiin'i 
development of fix) Among many other uacfiil seta of nrlliog 
onal funotiona oro the functions of Bcasrl and Legrndm, iiliii'li 
(ire of frequent ocoiirreiice in apiihecl mathematicH and will l»o 
used in the duouaaioa of some important probloma m Senv* 101 , 
US, and 114. 



OHAPTna m 

SOLUnOH 07 BQUlTIOirS 

Btudantfl ot enf^Becaia^ phyHlaa, ehamlfltiy, and otbor aolonoeB 
moet tho pnhlam of tho aohiUcHi of oquatioiia at erwj ataco of 
Uiolr work. lUfi ohaptor flroa a brM ouUlno of Bomo of the 
olgnhrale, grEphlool, ^1 numorloal metJioda of obtaining tho 
loa] roota of oquothnu with nal oooffldon'tni of typoe that oooiir 
fniquoatly In the applied wwlofwwK, It alw oontalnfl a diort 
Mimmary of thono iiartB of the thoory of dotonninaata and tho 
Lhnory of matrleoe that an Immediately appUoehlo to tho aohitlun 
of HyHtomn of llnniu ' o(iiiatlon& 

IS. OiaphJcal SohiUoos. Tho aubjoet of the aohitlafi of aqaa- 
UoiiH will Im Intfodiiood by oonaldarlDg a dmpla probkni that 
uiy onginnor may In oallod upon to iMdvn 
It 1m nviulml Ui (lodgn a hollow ooit-lron nphon, 1 In, In 
Uuoknnw, that will Juat float lii water It la aHaamod that the 
ojr 111 the oavlty In complotdy oxliauatod Hio epodflo gravity 
of osHt Iron will In doootod by p, for oonvonlonoo 
l)y the law of Anhlmralo^ tho wnlght of tlio apbun mtut 
(MiiiaJ tho weight of tho dbfplaeod wabw Thin glvm Iho otai- 
(lltlun on tho mdluM of tho nplicn], naiooly, 

^ - (» - 1)1 

Hlinpllfylng glvnn 

(as-l) *• - 3px* + 3p» - p - 0. 

It will bo oonvunlent to rontuvo tho noouiul-dogrou torm In (Sft'l) 
To aooompllHh UiIh, lot * — y + i, giving 

+ + + + + +apCi +*) ~p -0, 

Of 

Chootdng h — p makoM tho oquatlon rnduoo to 

(a&-2) y* + (3p - 3V)y -ih>' + 8p»-p-a 
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For oaBt iron, p » 7.6, and (26-2) becomes 

(2M) y* - 146 26y - 082 6 = 0. 

If (26-8) Is solved, the solution of (26-1) is also cletermmed, sin 
X - -h 7 6 

A graphioal method of solution will bo usod. Tlio soluti- 
of (25-S) is equivalent to tho simultaneous solution of tho systr 

{p- 140.261/ -I- 082 6 

The aooomponying dgure (Fig 10) represents the graplis of t 
two funotionB of (26-4) , since tlioy int< 
sect at V — 14,0, this value givns i 
approxunate solution of (25-3) The c( 
responding solution of (26-1) is x 21 
From tho gmph, it is clear that there 
only Olio real solution of (26-4) and hen 
of (26-3) 

This graphical motiiod can Ixi appliod 
any cubic equation The gononil foiirl 
degreo equation (quortio) can also bo reduced to a form that 
convenient foi graphical mothods of solution 
Considor the quartio 

aH -h ax» -H + ox -h d = 0. 

J( 0 t X <=> y + k, as m the cubic equation. Tins siilmtitiitii 
gives 

y* + y’iik -h o) -h y*(0*" + 3oJk + 6) 

+ 1/(4** + 3oi> -h 26* -h c) -H -f ot* + 6** -H c* + i = 

In order to wmove the tonn in y*, choose * ^ Tins itvluiti 

tho equation to tho form 

y* + dy* + By + C "*0 

If A > 0, tho further tranaformation y ^ \/A < is made, and t1 
equation is reduced to 

AV + AV + BV^t + C ^0, 

g^ + M'+ps + q^O. 



or 
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Uto sohitioBi of thli oqoAtlaa an the Mine aa the eohitiafia of 
tho fllmulUDocFue ijBtam 

U - -p* - q 

'Hic graplM of then two funodoiu on eeaUj plotted, end the 
HoliiUunti oen bn nod Irom the gmpli In oaeo A < 0, tbo 
tramfonuatloQ would bo y — Aa,whlohloaditotlieoquattan 

end tlin grapliliial aolution of tho Hystom 

« — — f*, 

« - -pi - q. 

'HiIh method of noUitlcm for Ibo n«l mote of an equation In 
aJHo at)i)llaablo to many hranMoondontnl oqnatlona In on lor to 
Hilvo 

d» — hIh * — 0, 

wHto It fw 

ta — all) * “ 0, 

(uhI pUil Uh minrcM of the idmultaiuxniH lo^tom 

» - rin *, 

y - 03- 

HlmilnHy, Llio oquetlun 

o' — ** " 0 

rail lir Hoh <tl Kmidilrally ]>y [itoltlng tlio cnirvoa of tho nqulvalont 
nlmiilLaiiouiin Hynlrni 

y - <F, 

y - H 

raOBLBMS 

L Holvo KrajiliIrBlIy 

(fl) - jJ - 0. 

(6) - J - I - 0, 

(p) - 3 - llJi - 0, 

((0 I J -■ 0 

L 1^1, greiihlreJIy, tlu root of 

Un s K V 0 


Doenat H* 
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88. Algiebnilc Solution of Cubic The graphloal method of aolutioi 
Ifl porfeotl^ generali but Its aocurfujy depende upon the aooumto non 
Btruotlon of the graphs of the equations In the aimultaiioous syMtoms 
TUs li often eictremely laborious and, at moat, yields only an approxi- 
mate Tiiue of the tiMifl. 

In the (nee of the linear eqnatlxm (mj + & " 0, whoro a ^ 0, the aoht- 
thm Is A — A/o. For the qundratio equation ox* + As + c » 0 

whwt) a ^ 0, there are two solntlonfl given by* - ^ 


The quoablon naturaliy arises as to the posaibihty of obbaiiihig exproH 
sioDB for the roots of algebralo equations of degree higher tlian 2 
This BBotJon will bo devoted to a derivation of the solutions of tlic 
gonerai coble equation 


a#** + fli** + + fli — 0, flo 0 

Dividing tlirough by at gives 
(26-1) *• + A** + c* + - 0, 

and the term oan be removed by making the ohonge of vanablo 

b 

The resulting oquatiozi is 
(26-2) V* + py + * 0, 

whore 

and 


P-O^-g- 


, be , 2b* 

® 8 + W 


In order to solve (26-2), aasume tliat 
(20-3) y^A+B, 

BO tliat 

y*^ A* +B* + 3AB(A + B) 

Substitute m this last equation for A + Bt from (20-3), and tliora is 
obtained the oquation 

(2(W) y* - UBy - (A* + 5*) - 0. 

A (xunpansoQ of (20-4) with (20-2) shows that 
aAJ?--p and + 
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m 


or 

(aw) AV- tod !■ + - -f. 

If ^ k ethzitiifttod bj inbitiixiUiig from tbd raond of (3M) Infao 
the flnt, thore appan tho qujutmtlfl equaticsi hi A\ 


irhen rooti an 


CA*)* + fA* - Jj - Q. 


A*- 


-g ± 


“S 


7110 aohjllaii for ylekla prooMy the aamo TahiK Hommir, In 
order to mMj Bq, (90^i ohonoi* 


(M-O) 



If the TihMH nf y aro to 1)0 clotvinlniMl fnuu ( 3 tKf), lb hi noenmry to 
RjkI tliD cmbo nxihi of A* and /f* lloeall tliat If ^ Clian the 

Utm for j an) flrai liy a, w, ainl whnro ai — - j + aiid 


I \/3 

— 2 ^ i am Ww eomplni tTKitu of niilty. JToiiiB, If one ohIkj 

nui of A* be donotaJ 1^' a and one euho runt uf It* hj Lho dhIid nv>lii 
■rf A"am 


a, ttXp aoci 6^%, 
ahonw thw of ^ am 

a^p anl 

't wouhl a|)paaf that thorn am Liine obolroa for y, Int Lt nhonkl Iw 
-DTiirinliDml Uimt thn vaJm muKt ho pairml ho that AAff » — p, Tlw 
iiJy palm tliat Hnlkfy tlrln cumUtioii lira a aiid qm nrwl Cf19p ual 
iw1h 9 llonn?, thnraJitfii of y nra 
*J-7) fi“a+fl, yi-citt + Ifa “ 


Thom 



*7ho opfrala ohoh-D fur Lho valra of A* iukI U* tdnipij inLomfauigGB 
hc£r rob) La rhai foUoviL 
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Hio BoluUaiifl of (26-1) qed be obkained from tbo y&luw rIvoh 
( 2fl“7) by retnlhiig that j » y - 6/8. 

The exproflsloiifl for a aod are quito compllnaUMli ami wliftii 1- 
quantity uzKler the equnr&^root ngn haa a nogntlvu valuo tlin Yidiitm 
a and /9 oannot, m generali be dotormliUKl TIlIh \h tlin wih^Ui 
I rredudhle caae of the ooblo, which oan, howovori Im Holvod hv iiaiiia 
tngonoioetna method Tliln mntliod ^mII I 
deeonbod later in tlio Hontinn, ])iit flrnl U Ih ir 
portent to And a ontorlon that will dc^U^niiii 
In advanoo which luotliod hIiouM Iio iihcmI 
In ordft to dotonnino the nharaeUw nf 11 
roots of (20-2), whom ucwnioloiitM aro 
to be real, ooumder tlie funetinn 



ftv)^y^ + vy + ({ 

Fia. 17 and its nuudraura and minimum valuiv 

/'(y)-3y* + Pp 


him 


It appoan that, if p > 0, than/(y) la always ]s»4ltivo and /{ff) ih ji 
ioereaBang function Id this case the gmph or/(iy) Imn llin fonn kIhihi 
in Jig. 17, and there is evidently only ono roal valun fur Inch /( y) V 
If p < 0, however, f(y) is icro when y « ± \/~-p/\ Hum 
f*(y) - 6y, it folIowH that y - + V- p/3 glvw a minimum vnlin* U 

/(y), wharea* y ■ - V^p/8 funuBlwe a maximum value. Tin* mr 
rflaponding vaiues of /(y) are 


and 


«+jj> 




8 




The graph of /(y) wjD have the 
eppearaoce of odo of the currea in 
F1g.ia 

It Is evident that /(y) « 0 will 
havo only one reel root If the graph 
of/(jr) has the appearanro ehown by (1) «r (6), that w, if Ihn 
and minimum VHJuee of M nre of the mnio sign Hoiiw, 



- y 


MiHXiininn 


or 




> 0 , 


9* + +<7P* > 0, 



IM 3QLC/r/0?f or EQUATIONS 6Q 

it tfafl flOorflUnn UiAt (30^ hftTv only cu nil rooi Itmiy beobwvd 
thftt tfak OTiHltinn k mtmnitifJly iitkfifirl If y 0. It rimld bo 
Uiil, if p * Q, Bq (S&^ mfam to y* + f - 0, vhlfih oMooriy 
bM only QUO nil root 

If (90-3) hii thro ml tad (BsUnot ttxAm, then the in{)h of /(f) mivt 
hiT« thfl ippoiniiai ihown in (3), iod It foUovt thmt tho "Mjfrwnm 
Bod Tnlnlmani vmhiai m«t bo of oppodto aipL Hmn, 

f* + «7y*<0 

Li the Qondltkm for thm nml ind UDoquil tooLh. 

If + Hip* "" ^ oHhor the mizlmum or the mtiilTniim fthie of 
/(f) mist bo mm [lee (3) aod (4)1» iul (90-3) wfD hftTD thm rol ^oa^ 
of which kwD win be oqnil (i KHoillecl double root) 
urp roioo 

(30^ A ■ --37f* - 

li etlkxl the (hvliidaiot of the oabh] equation (3&-3), for lie Tifaie 
dotonnliin tho diinottwof themotflof theoqai4^ The (tijarbntnint 
for (90-L), oJ>tiltioil by mpliiiliif p tad q lii (30^) by thctr Tihiei In 
tonn of h, i, tod d, k 

(9M) A« J8M-4M + lrV-4o>-37d< 

It may In wortli noting thtt the lUusiinilritat of any aliDhnlo equt- 
tlon, with kndlriff ooDiHokml unity, k the iiraluet of the nqtiim ol 
thn (UlTarDTunH of tbo rooU ttkim two tt t tlrrn Jnuiniiieh ai 

(Ji - Ji)*(j^ - - Ji)‘ - (f 1 - f•)^Jrl - fi)*(fi - ri)*p 

tho dkorlrnlniat hu Un wno vtluo for (30-1) tod (30-3). 

In vlow of tin dnflnltlnn of A, It foflawa that 

If A < 0, one mot k rotJ tad two tn coinplai, 
if A - 0, til tin rnntn tn nml tnl two an oqutJ, 
ir A > 0, Urn thro rootn an rod toil uooqiid 

KnmpU, (^nfviikr the ouhk viUAikiii 

•* + ar* + fta -1 -a 

Krom (30-0), ll fntkm Uitl A - -SSfl3, and hnnn Lhoro wQl he one red 
mot tad two oompinx mMii. RdUIiik j - f — ] jkkk the mduoed eubls 

f- + fljr-8 -0, 

and puIntituUni f " 0 tad f ^ — 8 In (30-0) qjtrm A* ^ i +3 uul 
« 4 — 3 \/i Tbornforo, tho BDluLkn for un 

■^4 + a^ + ‘'>'4-9V5, *i'>>T+a-v^ + w*‘'^4 -aVa, 

and -^4 + a -s/H + 4» "'^'4 -Tvl 
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atioiu of the «qiiatioii oan lunr bfl obtalnod by nea 

- 1 . 

rho diinaaalon. of the edution of the oubto eqiutlQn will 
uioded by glvlnji the deiiTDtiQn of the expreealoiid for the roo 
oaso where tho rootfl are teal and unequal (that la, when A ■ 
~ 4p* > 0). 

Let 

Bud 

Then* 

a — (r oee 9 + tr Bin tf)M >■ rM ^ooe | + f "hi 0 
and 

3 - (r ooe 9 — *r Bin fl)W - f » ^oos ^ f nln 

If it la noted that 

« - OOB ^ + » Bn ^ 

Mid 

«• — CO 0 ^ < ab 

It IB aooly ahfioked that tho axprowloiia for 

ff I ■ « + ft * Btt + 0)^, j/, m «\jf + (afi 

boQomo 

(20-10) l/, - 2rM cxw i y, - 2rM ooe ? + 

d 3 

If. -2r>4oo8^:^ 

Smoe 



tho valuoa of yi, and y^ can bo obtained directly from tlio 
dento of {26-2) or (26-1) 

• By Do Molvro '0 tboomm (ooa 0 + * *ln B)" « ooa f aln 



BOLVTIOlf OP MQUATIONB 


gi 


IMmlDt tfai rml rata of 

^ + a - a 


A ^ -S7W 

Aul Um nMjU m iH iml uid imaqiml flbioD ^ 
liut r - 1 And a f p" — Homo, 


>0, 

— — 9 tad f ^ 1 , b Iblkim 


lad 


# 


9r 

"7* 



Ti - 


9 


L4^ 


Hu KilabonA of tho fonnl quArtla oqujUlun 

tmn bo foiuKlf bQfc tho mothod« of ohtaljilnK Uie {\xpr\mtom lor fJ» 
rooti (lepeiMi upon tho AohiUnD of §jx ouxflinjy oobio oqoftlioQ, Muro- 
ovoTp Ummo oxiimioiii uo, Ln ffotionjp ho IrthItimI Uut Uvsy m prmiv 
tioEliy U 0 kiB for amipatiiiDi] * It liu boon nliown tJiAt tho onbniry 
opomtlimA of Aljphrt htOi b gBocwml^ InMiifTlDiont ftir tho imrpiao of 
o)ytilplji|c onot mhiUoDA of dgetmlo oqnatkitiii < 1 ! <lDfipT« IdxLuir thtii 4 
HowwoTi It Ih prvfflbto to oJitiJn tlio axprcii4tHm for the nobtlooi of tho 
fonorm] oquatioa of tho fifth cUn^roo with tlio Ahl of olli|dlo bt^Kimh. 

'Hv) nA4lnr Ahmil<l not cinfiuio Um pnddom (»f cilitAlolnp^ ojipraiiloui 
for Uk) oMot nofnttnuo of Uiu ppioonJ Algoimilo wiimtloii witJi that of 
aleaUtliiK numorhml A^F^FPilniAUcHifi to tJm runttf of iquotfln oqUAtkmH 
wHJrh luLVD numurM m/TkkHitn. Tlio IntUv prtilik}!!] wUI Im 
owal In Horn, 2H aihI 90, aikI it wlU 1 hi tii&t Uw rail nK)U uT 

ffOfih oquaUniw ou Ira onniputod to anj dftdiTRl (loffmo of nminny 
Munuvnr, If tho rootn mm hiUcmiaI tliny ran alwayrt Ira (InLamiliioiL 
anMJy 


PROBLBMB 

Dobnuino tho niutM tif tho roltoudjii^ nc[uaUonH 

(ff) 1^' - a# - 1 - 0, 

(i) - Mnafl# - (Mi .5 - 0, 

(fl) j* - *• - ft* - ,1 - 0, 

(<0 »* - 2ji* - # + a - 

(1) *> - (ir* + ft* - 2 - 0, 
to I* + to* + .1* + IH - (», 

(f) to* + -u* + 3* + J - () 

* Hod DimtnN, U K., KIniL (>>iitiki In IfHiorj of KiiUJilkairs PPi 
BuajnuDi, W a_, Ami A_ W Pamtoh, Tfamry of KquiUong^Tul l,|ip 
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8T» Some Algebraic Theoremi. Tho abudont of iiny 

IB uflually intereetod m obtaining niiinoncwl viihii 
correct to a certain number of deolmal ploocWi for tli(> nM)lH 
eqiudionfl. UnleaB tbe roots are rational, tlio oxproHHiona for I 
emot roots, provided that they can be found at nil, aro uhiuiI 
oomplioated and the prooes of dotomniimg miiiuMual vulu 
from them la tedlona. Accordingly, It la cllHtliu'tly uHC^fiil 
oansder other methods of finding thoso niiiuoncal vahii 
Homer’s method, Newton’s method, and the nidluH] of iiiU 
polation aro the ones most frequently usod; blu^y will In) di 
cussed In Seoa 28 and 29. Howovor, all inrthudH a 
baaed on the assumption that a root has first btuui ihoIiiUuI, th 
la, that there have been detenmned two yoIikw of llio viuiali 
such that between them lies one and only one nnit In iiiai 
practical problems tho physical setup is a guide in Ihis iHoliihi 
process. Hus aootlon oontains a review of somo UiounMiiH* fn* 
the theory of equations that provide proliminarv inronnalioii i 
to the oharaoter and location of tho roots 
Thboeto 1, {Fundamental Thoorrm of Algid)! a) 
equQhon 


fix) m air* + aix^^ + + a^ix + = () 

has a root 

It should be noted that this thoorom (loos not hold for iiiii 
algebraio equations For oxamploi the cHiualioM () In 
no root 

Thboeim 2 (Remainder Theorem ) If U,r jMdifuoiiiial 
fix) - a^‘ + o,i^‘ + + n._,r + «. 


M dtatded by x — b mill the remmndfr m tiKU-ju-mlt lU of x, Hu 
Una renuander lute ike wdve fib) 

TaBOHmi 3 (Factor Theorem ) If fib) = (), ii„ „ r - h 
afador cf Ou polyTUinualfix) andhuarooi affix) = 0 
Thuj theorem followe dirooUy from 'niroivni 2 In nmn 
the easieet way to compute the viilm> of f{b) m U) iM-iron 
the divifflon of /(*) by ThiH w u pmlKuluHv uwfi 


th familiar will. t|„^ ll,r,.n....H .... 

«5-4fi8, and L. E DmIctoi, Hnrt Couiw m Uio Tl.oory of ( •|..i| 



1ST aonAJTioN or aQVA.TioNa 

mothod whoa tbo futor Uiearem 1a b^ng ued for the ptspoM ot 
detarmlnlng the roota of /(s) * 0 For If 9 — b li a ftotor of 
/(i), It folloin that /(*} ^ — b) s(a), vhen g{p) li a palj' 

Domlfll of decne one len then that of f(^) Obrlcmaly the rooti 

^*) ~ 0 vin bo the nmriAljitTig nnto of /(z) ■■ 0, ao that only 
s(z) — 0 need bo ooDddaRxl tn attomptfaig to fled tboe roate. 
Monover, when /(s) !■ dtrldod by z — b the quotient la y(a) 
If KynthoUo dlTleliin la oaod, the oofflpntAtlon la nauaUy quite 
uUnpla 

SxmfU, lf/(s)-o* + aa* + ftf + l la dlvlifad by a + 1, the 
qootiant la a* + a + 1 *od the nanalndor la »o. Hidib, a - — 1 la 
A nnt of /(a) ~ 0 and the nmahiliic nota an detambad by aotrleg 
a< + a + l -0. 

Tuhokw 4. ISteri algdrrode oqttaiiom ^ degm a Aea aaorfly 
H rooU a root miJkjikeilif n i* eoitnioii oa ai rooU, 

A root b of fit) ■■ 0 la nald to bo a root of multipUalty m fl 
(* — b)* k a fnotor of fit) Init (* — b)*^'^ la not a faclor of fit). 
It r^IoWH from 'nKumma 8 and 4 that tho polynondal of 
ilognn A oan bo faetorod Into A llnoar faetom, ao t^ 

fix) ■ a*X" + + ■ • + Om-lX + Ob 

- - x0(* - *1) • (» - aj. 

TnaoRMU A if 

fit) - arf“ + ai*^‘ + • + o_ja + o. 

htti tulrgml on^ftaeHlt and if fit) » 0 ku Ua raiiomd root b/ 0 , 
itfure b and e are ttUoffert wtUund a eommon duioffr, Mm b ia on 
esael dmaor of n. anti 0 fa oa exact rfmaor of 

(ixmmfte (Joaridor tho aquation 

Ax)-aa» + a* + a-l-a 

Tho only |Kn4l4a ntlooil aro ±1 a»I ±Jf Hdob /(I) — I, 
/(-I) - - -?i, ajicl/(l4) - 0, It followa that >4 k tfaa 

uidy mtlimal nmt. Ah a mattor of foot, lf/(x) la lUvldod by j — 14 the 
qiuitlont 1 h 2f* + 1-3 whom fantoni an 3, J-e, aodA-e*, 

wltpnwuidw'iunUinroiiiplQirontHofuDlty * 

TuHOiiKM (I f/m5«/(i) ■ *• + oi*^* + +a».i* + a, 

-0 IffiH)aHilfii)are^oppoM{U»gii,UumUi^exiMMailmM 
* H«i ffce 3B and Um numiiln foilowlBa Tbmnai 0 of Ihk aatJea, 



/ 
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fiM root qfA*) " 0 btheem aandb Moreover, Ihe nuinbcr Hud 

Toata ia aid. . , , 

QiftphioflJly this maana that y - /(*) must cross tlio anixb 

an odd uumbar of tnwftw bctwoon a and h, 

Stmuik If /(*)■«»•- 12i* - a* + 3 - 0, 

/(-!) - -1«, m - 8; /(I) - -8, m - 16* 

ainoe /(-I) ® “ poaltiYD, tlwro 1« ftt loant <mo hhiI 

botvmi -1 aod 0. fflmUMly, there Is a root bobwoon i) end I, wu 
ftoother betwoen 1 and 2, 

Thmebu 7, pOBOfliW Buie of Sigiin) TIw numln^r oj 
pon^tfe woZ roais of an algArmo equalion f{x) = 0 vnlli rail C4Hji* 
deniiii either equal to ike number of vanaitona in siqn /(/ ) or Ivm 
ikon {hat number hy a poaiZm earn inieger Tho nuiolur of myntipt 
real roala <^f{x) — 0 « eiiher equal io the number of tHiriaitonM ii 
rign /(— ®) or leis than that number by a pimlivr cMt nileyrr 

BeanrpU /(») ■ — 12** - 2j + 8 luw two hIuiuriw in hIrii, mwl 

thenfaiG there are aitber two or no podtive rootn of f(x) =*> 0. Alwi, 
f{—x) m —8** — ISkc^ + 2* + 8 hma only ono ulmn(iCi> in Hign, and /(/] 
nuit heTB one oesatiTO rooL 

Thhobw B Every algArmc equation of odd (IrgrrCf wiUi rtnu 
coqficunU, and leading eoqficiefU pomtive has <U Imd one real root 
vhoee sign ta oppostie to that of ike oonslanl term. 

Example Sbee f{x) ■ — 12** — 2i + 8 - 0 w of ixld ilitflnf 

end the ocBiBtant term b podUve, It follows Uiat tlicim niin^t I mi at 
OQft Dfloitlvo root, 

Thhobwu 0 If an aigebraie equalion f{x) = 0 miW* rail roiffi- 
etmUhoMaroola + bi,iidiereh 9^ 0,andaandbararfni,tl(ilm)/ia/i 
the root a ^ bu 

Example. — 1 ■■ Ohaa the root — H + H V^*»nud LlK»n^ 

fore it haa the root - H V3i ThbtheoroniBUiU« thatiniiigiJiary 
roota always occur la pain. 

PROBLBHS 

li Find all the roote of the following equationes 

(а) X* + lit* — 4* - 8 - 0; 

(б) 2s* - - 2 - 0; 

(c) 4s* + 4®* + Sj* - « - 1 i- 0; 

(d) 2rt*--3®*--8s»2-0 



acnJJTIOM OF EQUATlOHa 


OA 


L IioUta tbo rooti of the foUcTwliif oqnittnm beiwm oqQM wrti ii 
Intafn 

(•) »■ " 2 j> - • + 1 - 0 ; 

(b)aj- + 4 j*-ai-|- 0 j 

W j* + fij- + (to + 1 - 0 . 

(d)»*-ito" + a- 0 . 


1& Horntr*! MoChod. Many nnclm » fllnadj fmmfflgr with 
Honv'i mothod of datennliiing tho Ttlno, to uj iloalml mimbor of 
(kniiiial pbrai, of tho nwl rooti of ■J^sbraks oquatiofiL Hovmri the 
doToiopmont ilm hen b Mnnwhih eUiToraU from that ml In tho 
tBztB on ali^n, Ln that it dopoock cxi Tajlurb nrla 
Boppofi that the eqaation to 

(28-1) /(•) ■ €•*> + « 0 


umI tliat It to known that Um aquation haa a root Intwocn § and § + 1 | 
whore 0 li an intoKiBr If/(j) to axpandMl In Taylor'i aorkw In pu e iaa of 
i — 0, tluro win romilt'^ a poi3roQDilal In :r — o, namedy, 


M - A«) +/’(•)(»-«) +^^<* “ o)* + 


Now, blx — 6 


Ji attl 


r! 


i 4 


Hion (28-1) la roplaeod by 


{ 2 H- 2 ) /i(j|} ■ d. + Ab.lJi + “h + AiSi* ■ 0 , 

Hlnrr (28^1) limil a mot Imiwrvui e and 0 + L niMl Hlnin Ji » j — e, 
IL to nvklofil tluil (28-2) luia \i mnt Ixttvmnn 0 and 1 Hy tho urn of 
TluofTtm (V, Hnr J7j Uito nnt (mn Im toolatal iMitwmn d ami 4 + 0 
wliPfo rf liai^ Ufco fiHnn n/\i) ajul 0 ^ a < D Mnroiivor,/i(iri) “ /(j| + 0 ), 
aial IL fdlowH llmt, if /i haa u hmiL lattworm d aial d + 0 1, Um / haa a 
hhiL Imiwnon a + d and 0 + d + 0 I Tt hIkhxIcI In notal that c may 
In iwf^vn ImiL IhaL H will alwayH In imv^IUvd or aoro 

Hn furwiLkm /i(ji) eaJi In nTpuwioil In Taytor'n wirloa In p u wera of 
x\ — df amlf If xm ^ xi ^ d, tinro will Im nhlainni an oquatirin 


/■(*■) “ ^ " OL 


nut/i(f i) — 0 liail a nK)t Inlwnm d and d + 0 ] , aul HJnn] Xf — Ji — d, 
IL fdlhiwii LJiat/j(/r) - ft will hare a nxit ImLwonn 0 aixl 0 1, 

TIiIh jinnrw nui In rotiLainicvl om Um^ oa rliwiroil, nai4i Pitop dotor- 
nilnlriK amiUnr dnrlnuil |ilnn) of Urn nail (jf tin nHpdnai nquatlaa (28-1) 

* Hlnm /(j) to 1 pnlvmnitol uf Lho mill dofniB, Lho (lerivaUrv of ofdv 
blaJinr Lhaji h mn ill bdtd. 
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Thft solution of s spoolfio equatioii may help to olArify the procoduro. 
Lot It be required to And the valuee of the real roota of tlio equation 

j?(t) ■ *< + 1* - 8*» - 6® ^ 3 - 0 

Slnoe there h only one veriatloD in rign, F{x) haB at metet ono ixmlLivn 
root /(—a) has thm yariabous, and so tlioro 1 >o at iniwt LlinH» 
iiAffitlTe looti The only potflbnitiGS for rational motH aro ± [ hihI 
±3* Smofl P(— 1) - 0^ It foilowB that * » —1 In a r(K>t Morooviu, 
irF(%) tfldtrldadby® + Ij the quotient — 3® — 3. I[oiifM«, 

the re m a in i n g too^ of « 0 are the throe roots of 


/(*) 

It h easily oh e oked that /(^) - 0 has no rational roots. Almi, 
A - 108 ^243|eo thatjthare IB only ono real root w1iui1i,-hI nn3/(2) - -^1 
and /(3) ^ 16^ most lie bofcrreen 2 am] 3 Tlioppfort*, fir) will Is* 
expanded In powm of s — 2 Blnce 






m - fl, 

rm - 12, 
/'"(2) - «, 


f (x) «. 8** - 3, 

r(*) - te, 

rw - 6, 

the oxpanelon becoinee 

/(*)- ■'l + 9(x-3 )+lf(*- 2)' + |i(j!-2)* 

H®pUdiig X — a by xj htw 

/l(*l) ■ ~1 + tel + (b,* 4 - j;jS „ 0 

Race ^ rail looi of Lhla oquitmo lias botwwii 0 tind I , tho t,' hii >1 t/ 
do ut ootUributo voiy tnuoh to tbo voliio of llniii-. ii 

_ ^t*rtnliiixUDn to the root oan he obtained by wflinK Ibi — | - (i 
II K " 0 111 ■ , and BUfflofitH tliet tlii' nml iindinliK 

f I*l*ea*y to allow that/, ( 0 . 1 ) = -0 0 . 11 ) Mid 

u ?**!? * ””*' betwoon 0 I mid 0 2 , mid il ih 

end a ^ ^ Thewfoni, /(») - O hoe a niot Irntw CMUl J L 

Bxpandlng/ifxO hi powen of x, - 0 1 jpvoH 

/,(.,) - -ftos. + 10 sae,, - 0 1 , + 1|« 

and repUolng *i - 0 l byx. ywlria 

ftWi - —0 039 + 10 23 xi + 0 3 x,’ + jn* » |) 

t^nir Vroa **® approximation x. = tUHlW, and 

ng and 0.004 nyasU that f^Q 003 ) - -() (KW 20327'1 and 



aowTioN or equation a 


VI 


/i(lU)04) - +0,005l0!i0fifl4, TTiui, the root ba b e t w um (UW and (U)04 
aod !■ gIomt to 0i)0i. If It la dcdred to detmlno the root of /(■) - 0 
to thro deehiml pUan cnly, thb tiIuo will be SLlOi. If nun (kdoal 
pUeoi an (kainkl« the fwootm oan bo eoatinoed It ahookl be noted 
fehAt is eaoh nooeadlDf atop tho terma of the BDomiil bjm] thlnl defro 
oodtribote Iro, eo that the UneAr approxtiDayon boeomoa bettor, 

PftOBLBMB 

1, Apply Horw^a methori to flml the enbe root of 2A, oorreet to thno 
deehnal pUflOL 

^ DotonnlDO tho real roobi ofj"— 2e — l^Obj Honw*i method 
A Dotormlno the root of + — 7j*-e + fi-0, wUeh Qaa 

botwooo 3 and 3, 

L DotonnlDD tho roal root of V — + i ^ 1 ~ 0 . 

I. Dotemlno the roota ofe*^Se* + a-0, 
d Flndf oorroot to thro daeimal pkoea, tho Tilno of the root oi 
+ — 2i" + e + l- 0, which Iloa hetw«m — 1 and d 

T. A 3 ft, 1 q (llaznotor le fonneil of wood whoeo apooiAe grmTlty 
in fi 1^1 to thro digidfleaiib flf im the clopth k to which the aphm 

will dnk In watnr ^Tho volun»oofaiqilKd(adwi?ue^ ]t^vk* “ j) ] 

Hm Tulunko of Ibe Aibmonpil mfpnont In equal to Uio Totume of tho 
(IkphunI VBtor, wliksh muet wntidi ait much u tho apliwre. Hnoo water 
woifdM OSLA II) [wr cul)lr foot, 

and, alnoo f ■ 1| 

- 0 

89 Ifewtan’a Method HnnKiHn moUMxl of obLalr\lnf a 
iiiinKrlmJ Holntlon of tin ofpiaUoii ih pmlwJdy Llio rrHiii luWul 
m'lifinui for Hul^rlnx nJgrhmJn ix|iuUkjiih, IjuI 
It hi not A|)i)llnaJ)ln tu IrigiinomoLnCp ox- 
]HHini)UiiJ, or loffrunlhmio niuaLluiM. A 
ninlliod a{)])llriil)ln to Uhw ly\m nn well nn 
to «|iuUionn wiw (h»vdcn»d hy Blr 

Ikoiio Nowlon enmoLunn IWorD ICVTO 
Nowton nppllixl bin moLhixl to an nlun- 
hnur pqiifiLlcHi, IhiL It will l» UiLroduml 
lu*n^ in tlir hoIiiLIihi of a prublnm Involvliipc 
a lrlpp)iionirtnr fuiirUun 

l^t It 1x1 pp<[ulrTxl to Hnd Llm bjirIo mihtmulcxl nt Lho onntor of 
a pirdo by on orr whew kn^Ui in douhln Uin huiKLli of Ibi ohonl 
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(Ilg. 10) Lot the aro BCA be an arc of length 2BA Lot 5 
be tile (meanued in radians) snbtonded at the oontor of tl’ 
oirola Then, are BCA » 2xr and JA «<= 2 i)4 = 2r mn z. 
ftio BCA - 2flA, then a*r-4rBin*, orx-2Hmz“0 

Ihe graphical solution of equattor 
of thiB t3n>e was discuasod ui Sec 21 
A flist approximation onii be obtolno 
by grapbioal means. If v z on 
M 2 Bin z are plotted, it ap[}<Hii 
from the graph (Fig 20) that the 
Intorsoot for » lymg between 108* an 
lOO®, or, expressing this in nuhoni 



1 8850 < z < 1 9024 


If Zi = 1.8860 bo ohoesn as tho first approximation, tlio qiinstio 
of improTing this value will be duwuBsecl first from tlie followiii 
graphioal oonadeiationB. 

If the part of tho curve y z — 2 sin z In the viriinty of tli 
root be diawn on a largo soalo, it will have tlie npiK’iiiaiieo showi 
in Fig 21 It is clear from tho gra)>h that adding to Zi tli 



distoneo AB, out off by tho tangent Imfl to tlio ourvo at zi “ 
1 8850, will give a value zi which is a bettor approxinintioii to lhi 
actual root zo. But A£ is the subtangent at zi aud is oqtiul U 

— whore /(z) = z — 2 sin z Thus,* 

»i = Zi - 

* Boa, 11] Uns conneatJon, Pnb 8^ at tbs end of this loolHin, 


/{*.) 



aoLUTioif or squations 


90 


SlmilMrij, upoQ vuduf >■ oa tbo neoond appnudmttloii and 
obsoTTliig tliat — ^ siibtonflont SF, the third tppnnt 

maMon h fonnd to bo 

aud In pmonl tho nth approrlmalion r. la gtvon by 
(SO-1) 

Sbico ri — l.S8fi, tbo /ormnla glroe 




/(*i) _ _ *i - 2 ria Ji 

^ ‘ "7® 1 - 5^ *. 




1 H -0 01 BO 


I 8OJV0 
'80M 


- IJOU. 


Ill a tdmllnj way, 

A'f) _ , miw ^ 

^ — r-^TT^r 

It fullowH Uiat Uio ingki mibtoiKixvl by Uki \m 1 h 3 , 7 D 10 nuHAm 
'riio iwd of Nowton'H nintlHMl mqulmi »omo pnJlmliiiwy 
axomlmitlon <if tlio nciiinUon It niay Imppon tli&b tlio oqnmtkm 
k of mirh n rliAmrtor that tho miooml nppmxlmAtlon to will bo 
wnnm Uiaii Lhn flmL A cwjnful oxauihuiiioii of tho lullcTwlnR 
HkrLrboH uf Totir ty of runoLioim, 

Kki^trltfvl In Iho virinlly of Lliolr 
rnoLHp rrv(^ Uin fni't Uint Homo 
mm niiwL l)r nmrrlHnl hi upplyiiiR 
NnwUinV iiHtthoil h*or all Four 
nioiroH, It IH rutqinicnl Umt To liaa 
Ikth Im»L\vooii ji nnci t[ 

I'lio fpniplilmJ Inlrri’^taboii oT tho 

f(xi) 


n)rn»rU<)ii — 


rui) 


tui UtP Kilblun- 



giiiL niiwt Ui krpt In iiinul tiimugli(Hit tlibi (IlHroHHlon If xi v' 
iLHtnl riH Uio BrnL rtpi^niviniatloiip Uioii Ti will Imi oliUilnnl oa tiio 
Horoncl aiJpnixiiiiatHHi by iwiiiK NowUni'n ninUiwI; If 1 h uhcxI, 
1-hon xj Mill Ui oJ)(4unnl 

hi IHg. 23, IhiUi Ji fuul jg aro olnHOf to x« Uuui xi or r\ In thh 
uoHo lhn muUuxl would work m^^llctiH of wblnh vidun Ih rhcrni 
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as the flist appnximatloii In Fig. 23, xt is better than tlm 
flnt approximation xi, but x^ b worse thw x{ It appears from 



the figure that this oooura beoauso the curve is conoavo down 
botvesn »i and »{, and hence /"(*) < 0, wheroaH /(*i) < 0 anil 

>0 A Hiinllnr siliin- 


fMi 





Fid. 2d 


tion would obtain i f tlic run’n 
IS oonoave up, so that /"(/) 
> 0 (Fig 24). Tile rwuliT 
will roadily conviiico himw'lf 
from an mspootiun of Fig 23 
that caution must bn nx- 
orcised m the ehoioo of lh«' 
first approximatioii if llu* 
curve lias a maximum (or a 


minimum) In the vicinity of Xi. 

If the ourve has the appearance indicated in Fig 26, tlum it ih 
evident liiat the choice of eithor xi or Xi as the first apiirnximatioii 
will yield a second approvuno- 
tion which is woise than the ***1 
first one. This is due to the 
foot that the ourvo has a pomt 
of infieotion between xt and 

Fiom the foregoing discus- 
sion, it b apparent that I^ew- 
ton'a method should not be 
applied before making on mvesti^tion of the behavior of the first 
and aeoond denvabvea ni fix) in the vidmty of the root. Tim 
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eoQoludaiifl dnwn fram thii dliouBicm osn be mnnuriied In tbA 
fallowing pnotleal rule far detarmlniog tho oholee of the ftnt 
ipprazlmaUcHi donaiwmiiiiinijiegiotnijdmvi 

(xi, cO and ^ (md Ji^moppodU,ihm&fikU 

<ippnximaMmtkovMhtAemaMaalone^Outm)endj>oiiitafar 
MAf{3) ondrCs) kmetimumsBign. 

It OAO bo proved* that If tho linglo-vBlnad oanttnDoaa fnnotkiD 
f{x) k of mob a nataini that/Cx) 

« 0 Im only (Ete real not in 
(si, sO and bothy(c) tad f ‘(ft) 
an oontinnoai and do not 
vankh In (si, s'!), then npoatad 
applloatlona of Nowtoi'a 
mothod win dotonninotbovahie 
of tho root of f{») — 0 to any 
doolrod oiunhcw of dodmal 
plaon. 

Tho aaacii to whkh Nowtai'a 
mothod dodi not apply oan be 
tnntod by a inothofi of Intorpdatlon (ngidafaiaC) thiat la appll> 
cable to ony oquatlon 

]jot J bo tho vahio of x for whleli tho ohord AB Intonoota tho 
x-axh. From trlonglaH (Fig 30), 

f - X, _ x| - J 

Bolrlng for i glvon 

Tlin viliio J 1h oloftriy a bobier AppnixlmAtlon thmn olthar xi 
□r x'l 

PEOHLKKB 

L Mtq Proh, 7| Boa, 28, by Kowton’a mothcMl, Abn^ Apply Uw 
mLhi»l nf inbirpoUUoD 

L Dabrmlnn the uiAb BubUmclnl aJb tho eoctor of a dnilo liy a ohonl 
wfMi oiitH n[T A mfpncmt whcan btqa 1h cmo-qiLAiter of tliAi of tbo oirob, 

I. ¥\ai\ Un ruotH of r* — 4j — 0, mmot to four ^ladinBl piun, 

L Bolvo J — cm s — 0 

* ^ Wdhi, IT , 2d ai -vdI ],pi) HD-SSi Ooath, Cl TjOdUm 

CDPV ur py mxM of Nrrvlim'n Hdind of AppiralmaliiM), Amtr AimiK 
Tul 44, pp. 454-400, JQ37 
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fi. Solw 9 ^ tan t in tho Tiolnity of 9 » ^ 

Solve 9 + «■ * a 
T Solve **“ 9 - 1^0 

6 . Show with the aid of Taylor's eerioe that, if 9 — 9 i la an approxi- 
mate root of /(c) i" 0 , tlion tho nth approximation la, m gonoral, 
dotM^nhod from the fonnola (29-1) 

RinL Six) - y(»i) + /'(*!)(» - *0 + ‘ + (* - * 1 ) • + , 

and if/M ^ 0 , then 

so. Detennlzuuata of tha Second and Third Order. Tho aolu- 
tion of syetems of Unear equations involves the do termination of 
the partioulAi* valuee of two or more vanablon that ^vlll Hnblnfy 
sunult&neoualy a set of equations in tliose vanables Suioo the 
dbousaon is siraplifled by using certain propcrticw of dotor- 
irdnants and matrioea, the remainder of tlus clmiiU^ in devnt<xl 
to aomo elementaiy theory of determinants and iimbnrcs and its 
applloation to the solution of systems of linear ociuabioiu 
Consldor first a system composed of two linear cMiuutionN In 
two unknownSi namely, 

(80-1) (aa + b^^ki, 

^ ai9 +b^ t=z kt» 

If 9 IS eliminated botwoon those two equations, tliero is obtoinctd 
tho equation 

(30-2) (ai 6 , «- aA})x - iih* - kjji, 

and if 9 ta eliminated, there results 

(80^) (ai 6 i - aihi)y - oilfc, - oiii 

If the expression Oibs — (i« 6 i is not srro, tho two ('<]iiati()nK 
(80-2) and (30-8) can bo solved to give values for x and y 'riiiiL 
the values so obtained ore actually the sohitinim of the* synti'iii 
(30-L) can bo verified by substitution in Eqs (30-1) 

Tho oxpraaion Oiba — 0*61 occurs as tho oocliiciciit for botli 
X and y Denoto it by tho symbol 

(30-4) Oibi — Oflbi ■ 1^' 

Tins symbol is called a determinant of the second order It ih 
also called the detennniSint of the coeffloicnts of tho systeni 
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VO 


(30-1), for tho olinnenbi of it* Arab oolumn are tbo ooeffldenti of 
ff ami tho domoDta of Its ■ocoud oolamii aro tho nn wffiAwi ta of y 


UstriK thh acTtatioii, (30-2) and (80-3) boooou) 

00^ 


oi6i| 

fci bxj 


fli bi 


[ai jbJ 

OihJ * " 

kth. 


Otb, 

9 - 

Of ill 


Tho doAnJUon (30-4) provldai tho motbod of ovaliiatiiif tho 
BjmboL ir 


D 


«i hi 

at ht 


^ Of 


tho unique aoluUon of (80-1) oan bo writtan m 



If D — 0, aibi — Ofbi or fli/oi — bi/b^ Rut If tho corroHpond- 
IngoocifflclonlMof Lho bwDQ(|uatloD*aroprDiK)rtlonalf tho twoLLncSp 
wIkhi ociueUoiih ud by (80-1), am t’undinl (If ai/o# H 

or CMJuirldont (If ai/oi - 6i/f^ - In tho flnOi 

coLHn, the (InbormlnnnU apponrlnK am tho rigbt^uuid mombon of 
Uio ofiuotloiw In (30-8) will l>o (lUTnitint from aoro uid thorn will 
Iki no Holublnti fur x and y In Urn mmnd oiuv^ Uicm} dotor^ 
nilnaiilH, aH woU tw 7), aro airu fuid any imJr of viUiiui a, y Umt 
Hotwhcw 0110 cKjuaUiHi of tho nyKhmi vrlll Matiafy bJiu uLhur oquji- 
Lloii, abm 


KxttpU 1 For Uio nyatom 


X - 


1-4 -S 

3 -4 

1 

» 

1 

■=1 

1 

3 1 


- % 


KsampiM 2. For Lhci HyMtem 


lij ” 3f - 4 

a* - Of - ^ 


Inib 


n - 

2 -3 4 

D " -9 ^ 8 


3 -3 
n -D 


- 0 . 


Tho two llm whnc oquaUmw an givna im paroJloL 
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12 


ftompfa 8. Tor the ayaiAin 

ao — 8f - 4 
eb - Or - 12, 

2 

0 " -0 
Tho two Unef Are oolnokkot. 

Confllder next the q^ntem of throe hnear oquationB In thi^oo 
nnknowofl, 

i oiff 4" H" 

a*a? + 6(V + ^ 

+ 6iy + Cif " i| 

If thflfle oquatione aro multiphod, leapeotivoly, by 

fr»0a biCo, bfCi — bi^if hiCt — htCi, 
and tho resnltinK eqnationa aro added^ tho Hiim in 
(80-7) (<^jbtp% — Qihifii -h flfbjCi — Oibi^a + fiabict 

^ ibibiCt ~ kjy^i + kJ}tfiL ^ibiCi + kj)i^i “ 

Tho oooffldont of In (30-7) can be donotod by tho HyinlM)! 

at b 

(SO-8) Dm a^b 
Oa b 


l Cl 
B Cl "i 

a C| 


Cib|Ca eibi^i + Ofbai^L — (h/Mra 

+ aJ)iC% - nil>i< I 

Thifl aymbol la called a dotenmnaiit of the third ortlur It ih 
also the determinaut of Uio eocfflcienta of tlic^ Hyntoni (30-0) 
Ualng the natation of (30-8), Eq (30-7) oan be written iih 


D* 


Ai 6i Cl 
Ai bf Cl X 
Aa 6i C| 


*!lbl Cl 

ki bi Cl 
ki bi Cl 


Similarly H oan bo shown that 


and 


Ai bl Cl 

Ifli hi Cij 

AibiCi 

9 - Oi ej 

Ca bi C| 

jaa ii ej 

fli bi Cl 

lAi bi U 

Ai bi Cl 

«-UbiibJ 

Ai ba C| 

|ai ba fca| 



IM aOLUTION or MQUATIONa IM 

If Z) H 0, tho nnlquo lohitlonfl for y, and § oan bo obUtnod u 



In order to Hhow ttmt tho valuoB ot y, and §, flvoa In (BO-O)i 
actually aatkfy Bcp, (30-0), them vmluon ovi bo subntttatod In 
tho eIvod oquaUoM, 

If D 0, tho thim oquatioiu (SO-0) an dthor Inoonfllatofit or 
dopondmiL A dotallod aiialytlo dlBouankm of then owce tQI bo 
given In Boo. 8A, Slneo tho throo oquatlooii of (30-6) an tho 
oquatluna of throo pUnoi, a gDomotrioal Intoiprotatloa will now 
Iw given 

If tho throo oquatlom aro InoonalBboiit, tho throe planoa an 
all iMimllol, ur two an parailol and arc mt by the third plane in 
two paralhU liniw. In dthor eniw, thorn le obvlmidy no aolutlon 
fur T, Vi and i If blin oqu&Uone aro dopouilent, all throo plua 
liitorwct In thn Hnnio lltio or all tbnio planue oolnnldcL In dthar 
oano Uion will bo an Inflnlbo numbor of aututlrHU for z, y, and f, 

Ksmmple Vw tlm njatoni 

Jlr — f — J - 3, 13—1—1 

4j+ f + ai-4 k 1 a 



PEOBLlBfB 

L Kviluato 



L MtxI tho rulutjnne of tho fnllawlng ayKtaaifl of eqnmUona by udof 
rloionnloanU 
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(o) 6* - 4|f - 8j 

2x + 8y-7; 

(b) a* + 3v - Zf - 4, 

• + ff - • - 2, 

fc-Bv + a^-Oj 

(fi) 8s - » 7j 

ftf + 2i " B, 

!b + a#- 1, 

(d) 8. + av+a»-8, 

* - 4 ir + 2 « »■ 4 , 
Sa + y + f - 2. 


41. Detormliuinta of tii« ntfa Order. DotormirinntH of 11 
eeoond and third orders wore dofinocl in tho pnMtodliiK HcfUo 
These axe merely epecialoaMs of the doAnitiuii of tiKulnU'nniniui 
of ony order n. Inatead of a symbol with 2* or 3* oloinoiilH, bt 
determinant of the fith order is dofliied ns tlio HymlMil, with 
rows and n cxdunina, 



Oil flu * 


All On ’ 

1 

• (hn 


1 

' dnm 


which standa for the Bum* of thoni terms • • n*. 

where ki, hi, , A, are the niimbcrH 1,2, > , h in wni 
Older The integer k le defined as the minilx'r of i/ovrsoois 
order of the subecripta Ai, Aj, • ^ A, fimn Ihi' niiriiKil onli 

if 2| , where a particular arrmignniont ih hiuiI Ui Iuim* 

inversions of order if it is neocssaiy to nmko K hiii'(’<*nhi\(‘ mU* 
changes of adjacent elementsf in order to iiiako Lhc iiriniigi’iui'i 
afflume the narmal order There ore nl terniK hiiici' I hen- nn- t 
permutationB of the n first subsonptH hloii'ovi'r, iL ih evidor 

that each term coDtains as a factor onouiul only one i'I(>mh'iiI froi 
eaoh row and ono and only ono elomont from oncli cohiniii 


I ™ I" «fied tbo otpanaloii of Uii- ilolrmilnniil 

^ noMwary U> HiHsify Uu.t llio iiin 
StiT? ^ ^ adjnwmt oUmemU, for it am im.usl llml, ,r lu 

it infonl..mKrH of .uljnn., 
o Mwnti. and ^ bylK mtorohang« of aomo oti.rr ly,x,. iho.. t .m.l I' „ 

Jiirnrof H*™*. Ih' »r 11.0 lorni la ...d 

pondont of the parttoular laecaanon of iDtarohangoB. 
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Xmtmpif, OanMer kho thlnl-cvdeT dotomlnul 

E ll ail siij 
n On M* 

il Oil dj 

The Ax luma of Ihe «qaji4np arts, Aparl from dgn^ 

AnAttfij, 

1110 ftnt lerm, In vUeh Ibe ftnk nbeeripti hiive the lumal ordar, In 
onDoiL kho (Ua^pxiil term, uid Ita In poeiCiTn. In tlio amnd term 
Iho imiifcnienfc 133 reqnina the InborohAiign of 3 and. 8 to inakB U 
Mimo tho TKirmil onlor, bbemforo, k ^ 1 , uul fcho fcomi hea a Dec&tLT« 
SimiUrlj, tho Ihlrd brm hoe a no^Uhn ^IfO, Tbo fourth torm 
vfll havo a peritiro rippi, for tbo arrmDiOfDonk 381 req ul foi tho Inta^ 
nliAOff) of 8 awL ( rolLirwal hj the Intorofaaiijp of 3 umI 1 hi order to 
awinie Uw oiimial onlor fihiillarljp It appoaim that tho flftb tenn will 
JtATo a podtlvn Hiigi Id tho etibli borm^ It Im ao imr y to mako thm 
lntorrluui#« (8 and 3, 8 and and 3 a^ 1) \n ordof to arKm at tho 
TKimia] onbr p honeo, thk korm wUi liaro a nogatfri) Am a nmlt of 
thh bivciiticatiim, It foUown that 

D " ffifOf^ — aiiOffafi ^ ananOji + otAtfla + onaufla ^ Otiasan 

Tt Ih (irhiont tliab If h b miiml to mro or rui avim uiimbor tho 
innu will liuvo a immIUvo Hlgtip wIh^hh IT h ia cxid tho tonn will 
Ik‘ iicwtUvfi 

roOHIXM 

IHnd Lho HhoM of tbo tomiH Inyolviug tin In tho oxiiajidoo of tho 
dotn-mloant 

On Oii 011 014 

an Om ac •i4 
aji Oil au vm 

041 011 Om a44 

83. Propeilloi of Dotermlnanta, 1 TAn mhu qf a daforrm* 
jiiwt tM fUil rhoHffnl if in Iks ttymbol the rlnnrmlM qf eorroMpondirii 
rowt and evlitBuiM ars XHiavknf^gcfl 

jr Inii Rii aiJ 

jy ^ a J 


|a^ Omi 
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thea file detemdnaat formed by intorohanglng the oorreepondl 
ro^ and columns is 

Oil Oil 
Oil On ' 

Ou Ota 

Any term (— l)*a»,ia*,t - • a*^, of D, whore *1, hi, , k, t 

the numbom 1, 2, • • , n In some order, will oorrospond tc 

term (— < * ■ 04,* of O', for each determmant mi 
contain every possible term that is a product of one and 01 
one element from each row and eaob column But tho numl 
of inveraloDB Is the same for the term of i) as it is for the term 
ly, owing to the fsot that the corresponding first subeorlpts ( 
the same. It follows that each term of D ocouni also in jy, a 
oonToisoly each term of D* occurs also hi D 

Ssanplt, If 

2 6 31 

Dm 1-1 J . -ee. 

-8 -2 ll 

then 

2 1 -ai 

ly* 6 -1 -a - -00 

8 4 i| 

2. An itUerdianga of ana two rows or of any two columna o) 
delfrmkuint will inerAy changa tho aiyn of the deiemunanl 

If D is the onguial determmant and D" is tho dotorminn 
having the tbh andyth rows of D mtorohangod, thou tho oximuihi 
of jy* will have the first subsoripts of each term the snino os thi 
of the oorresponding term of D, except that 1 and 3 wdl bo iiiU 
changed. Since It requiree one Interchange to rostoro 1 and j 
thor original order in each term, tho sign of every term will 
changed. Thus, D" — ~D 




Baomjib. U 


then 


2 6 8 

Dm 1-1 4 _ - 08 , 

-8 -2 1 

2 6 31 

D '* - -a -2 1-60 
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& If any U§o mpt or an/ff h#o oolumna qf a deUrmimml m 
identical, iMs nitu of iMe deUrminonl iB tm 
7oT^ by property 3, If btuBo two ruwi (or Gohumui) im Intor- 
ohAJifod, the sign of D ahoold be oliAUgecL But slnoo then two 
rowi (or oqIqiiiiib) arc IdooLUsalj D romBlna unnhtJigwL Tboro- 
fopo, D - -i), and hanoo -D — 0. 

Xnpl*. If 


Uui 


D 


3-1 3 

« 4 a, 

-3 5 -3 


Z) - 0 

4 , If oac/i olemcni ^ oaf row or tsiy oohim b« wdtijjiied by 
M, iMc foluc qf Ac dtimniniaU u rntdlipliod by n. 

Thifl follown from tho di^ifelon of tho dutorminBiiL Bbioo ona 
and only our olomant of any row or ooliimu oooun hi oaoh borm, 
onoh tomi will \x\ mulUplliMl liy ui and tlitvoforo tho viluo of tho 
dotormlnanb k multlpIlDd by on. 


Xiojwplf 1, If 


uhI 




-M 


D 


3 A :i 
I -l 4, 
-(V -4 2 


whJnh 1 m oArh olcnionfc cif Ihn ImL nnr Iwlcr tlia oumwpomUnf elrnnonb 
i>f Un Imiti n)V (»f /), Ihoa 


B - -1*12 awl 7) - 30 


KmepU^l. ir 


I) 


H H H 

D J I 

-0 1-1 


Ukui 



1 

2 

4 



1 

2 4 

D m J 

u 

2 

1 

- 2 

3 

.1 

2 1 


-n 

3 -1 

1 


-3 

3 -1 


ft, Frwi pnrprrUrM H md 4, li fotloKm Iknl Ike naine of a doUr^ 
vniimi u zero tf nny Iwo ronm or any Im calnnw haoe oorre- 
trpondiug oUmmiB proportoHaL 
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9, Tha product too (tocrminantt D and O', both of order n 
ffl the nth-order iUertmrtant D" vktch hae aa the olemenl tn ti 
ith rouandjih eoktmn the turn 


n 



(kd)v + <iai>v + 


+ OtJ}^, 


tahtah ia formed bff multtjdi/ing each dement au<^ the tlh row qj 
by the correapendang element bhiqfAejih column of D' 

Thafl, if 


D 


ati au 

and 

D' - 

6u 


Oil Oafl 



|bii 

6ii| 


then 


D-D' mD" 


Oii&ii aiijbai Oiiiiii + Oit^n 
Oiihii + 0*1611 Oii 6 ji + 0*1611 


L 


fsoeqile. The product of the following detorminiuitH ir coaly found 
by expoiidliig the product detoniuiinnt 


ria 9 eoBX 1 


Aax BOO 

cao X 


wa $ t4Ui X 1 


oofl 9 — tan jp 

— ook X 


QiO s oob 3 1 


- 1 - 1 

- 1 


0 

tan X - Bin 9 — 1 

— one X cot X 

tan s+ dn3 

- 

1 0 


BOO X OHO X — a 

|oQB cot 0 

eec X C80 X 

- a 

0 


w 3 coa* a (2 — BOO * cm *) 

83. Minora. The method of evaluating a determiimiiL liy tlui 
11 BO of tbo doBnitloa of See 31 is oxoecditigly todioun, (wjM’i'itilly 
if n ^ 4. There are other eohemcnfor thiu ovidiintioii, and tiuwo 
require tho definition of Lho muion of a dcUTmiiuint 'I'lin 
simplest of these sohcmes will bo descnbed and lim’d hem 

If, m the determinant D, the itli row and tho jtli (‘oliinin lie 
BupprasBod, the resulting determinant A(, (whioli is of order oni’ 
loss than the order of D) is oolled tho minor of tho olemciit (ii>, 
which IS m the tth row and jUi column 

Saamjde If 

Cll Oil Oil Ou 
fltt All Ofl au 
All All Oil Oh 

041 All Oij 044 


D 



la x^uTiON or mvATioNa in 

thn 

E li ail aJ 

■ 1 Oft CftJ, 

4L 041 CiJ 

From fcho dofliilUon of a doUvmlnant^ lb b ovldoiii that k 
oompoHod of ill tho tofma of D ifliloh oontaiii tho okmoat bj & 
fiotorj cscoopb for the powlhllltT tiiot all tho Hlgna bo royemd, 
Thon tho axpmdon ( — l)*kiiiAii 1 m oiraiponod of all tho Uirmfl of 
D oontiiinbig an m a Taotor, (— 1 )^lA«l lii oompoood of all tho 
tomw oontolnbia Oii ah a raHor, h oompoiiod of aH 

tho UvTnHOoiitAlnlngOfiBHafQotor^ctc, DubDlfl oompomlof all 
tho tonuM (xmtoinlng am Otu * , a.i am a footoTi oikd lo 

■D " ( — l)*‘anAu -h (— + • -J- (— 

It oaii bo proral* that ii — 1 4- 1, jb| — 3 + 1, ti - 8 + 1| 

, ik. «■ ti + 1| w) that 

D — aiij4ii — oiiytij + + 

Tu tho abovo dovolupmuiit for I) Uia oloinootri am (Hh ' * i a«i 
aro tlio oloTKUiU of tho flrHl rnliimn of D Similarly , tho TBhio 
i)I I) mn Ivi fomuxl hy Lokbig tho uUmonbj of any oUmr oohimn 
or of any row 

Uidiig Uio f Lh ooluDin slvw 

H“ ( — l)**atiAu + ’ + ( — 

wlioro — t + 3, , hn i + n. SlmiUrly, 

ladtig Uio tLli row givnH 

D - (-l)NivMn + (-l)N^„ + + 

wlioro — i+a. It may bo 

olwrrvnl that oaoli kr Im cKpiaJ Ui tl>o raiin of tho KnlHorlptu of Ik 
Oij and 1 h Uum i^iudJ Lo Uio mini of Uio nunilxir of tlin ti)w and tho 
minilMir of Llio ooluinn In wlilrh LIiIh olomonb ooounL ^HiIh 
clnvnlopnu^nl In known oh Uio AjpoMioM feff Muwn, or tho nmpU 
lArptaa HmhpmflkL 

Hliinn Uio UTin niftieiar k rnM[iiniiUy iihcvI in ai>]dkaLloiui of 
UiIh ty|X) of dnvolopiiutnt, It will Ihi dc^incMl linro The cqfadar 
Cijqf OH rlcrntni Cfj u tfrfiunl oj Ific Ht^nai w wr, UuU u, 

a<y- 

L K., KlnU- (Ttiuiw In Tbflufj <4 KqnMtiom, pp. ini-]I7j 
Fimm, II IL,(UIqkd AlfHirn, pfi, 409-Aia 
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Thua, the expieaslon for D con bo written oa 


or oe 


Aaflipla. 

13 4 0 e 
0 A 2 1 
0 & 4 0 
12 7 1 


« ■ 


|6 2 11 
« al8 4 o| 
b 7 1 


-0 


4 0 6 


4 0 

01 


4 0 0 

3 4 0 

+ 0 

A a 

1 

- 1 

6 2 i 

2 7 1 


a 7 

1 


3 4 0 


-[-Pil 


+ 4 


II -»y] 


- -9(2 - 7) + 12(5 - 2) ^ 4(0 - 4) - 0(20 - 0) 

- la 


Hiare, kha flnrt azpuisloa la made hj uaiDg tlie olonioiiUi of tho fln^ 
oolumiii for it contains two aoios (the third row ih an wiually r(kii 
oholeo) The ezpansloo of tho first thlrd-ordor dotonnlimnt ih inniln l>’ 
ludng the elomontB of tho socoad row, but tho thml column oxiuld Ih 
used to oq[ual advantagn In bha expajuaon of tlio limt thinl-ordn 
(leiennliuuit the firat row was ohosen, but tlio thml row and the himhiih 
and third columns provulc equally oholcoa 


The following theorom ia given hero beenUBo of itn froqiK'iit uhc 
in many fields of poro and applied matliomutico 


Theorhh The sum aifiki m faro, if fc H » 


Each tenxL of this sum is fonnod by taking tho product of Lh< 
coTaotor of an element of the fcth row by tho corioHiionduq 
oloment of the ath row. Thia is the expansion of a clotrnniniiiii 
whoso ith and ftth rows ore Identical and whoso value ih accord 


mgly MTO Siinilarly, it follows that f 
Let 


D 


8 ^1 2 
i 2 -1 

4 -a -2 


0, If * j 


Then, 


('ll “ ^7, Oi% — —3, Cii * —11 



m 

tad tbs Miin 
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Umlliri/, 



I 

-28 + 8 + aa -0. 

-7-4 + 11-0. 


By uning tho thoory of dotormlnautH, bho nlatloa ol ■. ■ystom 
of H non-homotmoouM llnnir oquAtlonn In n unknowiu ou 
olitolnod 7111) nila for (footing tlu) Bolutlon will bo iitated 
not proTod • TTio proof for tlio oaacM whoo » — 8 And n — 8 
dioBilj 1)0011 glvon In Sno, 80 
Crtmer’i Hide Lot 

# 11*1 + Ol#)| + ■ ■ ' + <*!**■ “ i|j 

(38-1) Ol)*! + #M*i + ' + 


0 .1*1 + a.**i + + o—J. “ 

lx> D, Hyntcm of n nqu»Uoroi In thn nnkiinwin) Si, *% ‘ i *Wi 

Mjch tliat tbo (ktormluant 


D 


t il 
II On 


film 


[0.1 ’ Hu 


of Uio ooolBrbiitH 1 m not lopo 77ic HVMtmii (38-1) h*H a unlr[ijc 
Milutlnn givon by 


Di Ji, , _ D, 

*‘“ 77 ’ '*“ 7 )' ' ^' 77 


whon) Dt Im Uki <l(>Uin]iIruJil fomml liy miiliuTlng Uio nlcmontM 
rto, nti, Oti, , n.i of Uin fUi nolumn of D by ii, ki, , 

t,, rtwiirrUvolv 

AJjBWfWr Hnlvn, by Cmiiirr'M niln, llto KyHtotn 

.■U + y + a* - 1 , 

2 j — 3 # - * - - 3 , 

* + Sir + J - •! 

* Uicuon, lii K., nnt Coium hi Tlicwiry of KiiiallnH, pp. 1 14-1 IB. 


6 ‘§^ 8 ' 
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Hare 




(a) * + 2v + 8* “ (fi) 2* + V + 3« - 2, 

2a— tf + i-d, 3« — 2y-2?-l, 

Sa+y — 1-4 x^y + i^-\ 

(e) * + 2y - 1, (d) 2x + ^ + 3 j + w - —2, 

2s— y — 2i — 3, 6x+3y — a — tfj-l, 

—a + y + 8» — 2, X — 2if + -\- ^}fi ^ \f 

l>]x — y + 3 ^ 2 


84. Matrlcas and Linear Dependence In onUr to (Iih^uhh 
the ByetemB analng in the eucoo^ing Hrctione, it m (^onvriiuMit 
giyo a short introduction to the thoory of mabncf^ * 

An m X n matrix ib doflned as a iiysteni of inn (iiiiiJitilKM Utt 
arranged in a roctangvilar array of in row's and n coInninH If 
m ^ n, tho array i8 called a squoro nuitnx of ortlor '^Fln* 
quontibee ai^ called tho olomenta of the matrix '^I'Iuih, 


(84-1) A 


flu 

an 

• au 


^aii 

ail 


asi 

aif 

ail. 


Oil 

a» 

Ota 








Oml 

an! 

1 

Omn 

\ 

ia«i 

0.1 



* For dotailod trtxitmoiLt soa M Doehor, InlroductioD to Ilialinr AJgi^bm, 
pp 20-AS^ L E DkkBon, Modem Algebrale Thoaiiai» pp 30-08 
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where double ban or pareiiUioBOB aro uood to ouoloaB the amj of 
olamintfl IF the onW of tbo olemoDta In (34^1) la nhajued or If 
any olomoDt u diangnri, a dliTonmt nsultH Any two 

matrifXB A and B oro mid to bo oqual If and only if orory clcDiont 
of A Ifl oquel to the aorroRpomlliiK element of that If 
a</ “ fay for ovary \ and j 

If the nmtrtx k aqumro, lb h ixmlblo to form from the ohmoitB 
(/ the matrix a detormlnaiit whewo olemontA have the ■uno 
armnpHnoeb aa Uiono cif tJio m&trtx The dotarmlnaut k oalled 
tlio dolermnmi of moinx. From any matrix^ other matrieoa 
oon Iw ohtoliind by ntrlldug imt any immbor of rows and oolumna. 
Certain of them matrlecM will bo Mquaro miitrlocii, and tho 
detornilntuibH of Lheao mabrlooH am called the determlnnnta of tho 
matrix For an n X a motrlxi thorn am Hqoare matrleoa of 
unlrm Ip 2, , p, ^rhoro p b oqiiai to t^ smallor of tho 

uuniliorH m and a. 

Hxawtplr Hio 3X3 TriatHx 

an flu/ 

(UDlaJrm Uw flrKt-nnlor Hquam matrltw (an), (nn), (ta), oULp obtalDod 
liy HirLkiDg out any Lmi chJudiiw iukI any one row It ako ODotaliH 
tho moondHinkr rtqumjo maUirm 

/■ii flii\ /fill 

\flii «Ti/ vail nil/ \fim *>*/ 

ul^Uioorl hy nirlkliLff not any nilnnit] of A 

III many iippllntijniiit, It In UM^ful to employ Uin nuLlon of the 
rtuik of fi iiuiLrlx A TIiIh Ih 4 lrllnfMl in UmiiH oF Lho ilntrrmlnantM 
of i A mn(ni A iA HOfd io qf rank r tf Uu^ (ijiAU ai lead 
our wtTwrr/ (iHrrmHmt of A iknl w tu4 Mflra, wAorerw all dder- 
imtioHU qf \ of oftior ki^krr ihm t am xnro,* 

KmupU If 

( I 0 1 ,1\ 

2 1 0 -a). 

-i -1 I fi/ 

* In mm iii h Xu ihaItIk (mMiUlnji no dutfrrminAJiUi of onlar Uafatf IhaD Tp 
oJiTbHady r bi Uho HUiUkr of iha nujii 1 »Ti m and m, anl Llw duJAi k mid 
lo 1)0 of rmnk r 
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the third-order determlnAnto ere 


1 

0 

1 

1 

0 8 

1 

1 3 

2 

1 

0 - 0 , 

2 

1 - 2 - 0 , 

2 

0 - 2-0 

-1 

-1 

1 

-1 

-1 8 

-1 

1 6 


0 1 3 

1 0 -3 

-I 1 fi 


Seum 



there ia ai loiat one aeoond-order dotermlnent difTeront from sor 
wharBAE all third-order doiermlnaDta of A are uro, Thorofoni, tl 
TBOk of A Ifl 

It should be observed tliat a matrix is said to Imvn rank zvi 
^ dX of \U dememtB art taro, 

Tho notion of linear dopendonco is of importiuioo in coiuutIu 
with tho study of systema of hnear oquatioiiK, uud it will bo I'oi 
Bidored next 

^ ftrf fljf m, m i 2, /i, /i, /», , /. {whuh viay I 

ccntlants or funduma of any nuTJiber cf vnruMrH) %h mvl to I 
Unsarly dependent ^ ihcre md m constants c\, ci, , r., whu 
oreTioiaU tero^ iuA ihat 

( 34 - 2 ) ei/i + + + iW ". « 0 

If no such constants oxistj tho quantities aro wild to bo huran 
indeptndeni 

StampiB, If tho fg are tho polynomials 

/i(*i V,m) m2x' - Sxy + 4 Mj 
/■(*, y , t )^ x ^ + 2 xy - 2 t , 

/»(*, V, t)m4x^+ xy- 2j, 

and If the oonstanUi aro ohoeon as oi * ci - 2, - — 1 , thon 

Oifi + c^i + ■■ 0 

Thorofore, thefle three polynomials are linearly dopoiuloiit 

It is svidant that, whenever tho set of qiiaii titles is linrarl 
dopendent, at least one of the/f can be exproasod as a linri' 
combination of the othete. Thus, from (34-2), if Cy lA 0, thnii 

/i - aa/i + flafi 4“ ' + flW-i 
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wbaro 



Tlio doflnltton of ]\noAT dopoidenoo rcqalros the cxfatmoo of at 
loAHt own oonfftoiit ci H 0, thon/ora the solutlcm for ft fa 
oflomL 

Obvloimly, In mont cuum It vpDuJd bo oxtromely dtfflmilt to 
q)ply tiu (lofluiUofi In onbr to cBtablfah tho llnnu dofxnlofioQ 
(or imlniMmlonoo) of n glvnu not of quAnttblGA. In out tho 
qunjiUtloH fi oro Ibiw fiuinUonH of n vnrLablcWp thcTB fa t ^plo 
toit whloh will bo HtcUod without proof * 

Tuhoriul TMt m hnur funetionM 

fi ■ 0(1*1 + OaXi + ■ + 0(^„ <^ - 1, 9, , ■), 

nnr dffptmdtni {/ and only if Uu mains of Iks oo^fidenls 

u qf rank r < m, ormer, tkm are r of tks ft ikai form 

a htworiy tmUrpeRdtmi wi. 

ir « > obvlounly r < m, AJ\d lb tollowfi blmt any Mt of m 
lliH«r funcLlona In lew Uiui m unknowns muit bo IhuMuly 
dniKHulcMiL 

TIki fact Uiat bho polynunfafa 

/i - 2 j - Sf + 4i, 

ini llnwiy iIdidthUhiI nn lio iWonnliHxl liy oliorvlTif that the matrii 
ijf Uhi aiodWrloiiU, 



fa nf mnk 11 

35 RyMfaMTiM rrf ’RijnaHfiiiM A not 

(»f llml Imvo aL Imnl olio onnimmi HulutJon fa wdd to 

\m' n roNfos/rnl mi oF (‘<|iinUt>nH A nni For \flilcli thorn oxwUi nn 
roininoii huIuUoii fa ruJhnl mi atI 

Mlin iiumlltni of roiwfaU'orv ih FrwiuntiUy erf pnuiUoal Impor- 
tmino. Knr cxamplrp In MlUiip; up jiruliluniH in olootnoai not- 
workH, Uiorr um oFU‘ii mum mincimoiiH Uuui Uioro aro voriabloH, 

* Dkinin, li, h-, MckIot AlKDhrmlii 'rbwiew, pp. MHB, Ucxna, 
lalnxlufllfan Ui Ilijcfatf Al^idirmf pp< 84-38, 
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This to A aystam in which there ore more oqimtioiw tb 
there Are miknowiis. It ifl important to Imvo n inotluKl 1 
teatiiig whether all the conditions can be Batwflocl simultiuiooiiHl 
Thbqriu 1 CoMidst a 8i/tletn of in ItneoT ogwilunu in 


yinknowna, 

^ "h + ' * 


-TV 1 H" 

+ a«j»2;ji = 

(85-1) 

> 

+ 

“h 

wAsrf at Uad otu kt 9*0 If Uu malris of Ihfl eorfflcienis 

ronhr, Sqa (35-1) are eontialenipronded that Ike rank of 

/flu flu 

fliii ^ 

j^^Uifli. 

Of. ftf 

Wi fl>i 

* 


if ebor 

The matrix K is called the augnumied vuUnx, 'I'lio proof • 
this theorem will be found in any etandaitl wuik on hiftln 
algebra. 

Mxample 1 Consider the eyetem 

a* + 8 y - 1 , 

*-2tr-4, 

4* - jr - 9 

SbflB 



Is of rank 2, the equiUona are consistent if 



Is elKi of nok 2. TUs oondltwn is satisfied, for tlio dnUirmitmiil of I 
Is SOTO, end yieie exists a second-order deternmiant of K Lliat is dll 
ferent from laro 
Sxavtpli 2 The system 

a* + 3 v- 1 , 

»-2jr-4, 

4 s - y - 0 
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k Inonn^int, homma 



h of njik 3, wbefou tbo matrix A k of rmzik SL 

In tho oaao In wlikh thora &ro n oquatloiui in n unknown!, the 
thDomm on oonsktont oqiuitlonH d\nvm Uut IT tJio dotonnliumt of 
A h wm, w) that Llio nuik of A In r < n, them bho wik of K must 
bo r aho, IT thn sob of oqontkme k to be ooDrieteulL If the rmnk of 
K k KTOAbof then r, aob of oqumtionii 1 b luoonektoDb. Thk 
pruviden bho anAl 3 dJo dkeuarion that ihould mcoompoziy the 
goomotrio dlwjuBflon glyon for a » S in Boo. 30 

If bho nob of oquatloQ! k oonBkbenib and bho rmnk of A 1 b r, 
them lb oan bo ahown that m ^ r of tho unknowufl omn bo gtm 
orldbrnry vaiuon, and the vahum of the TemaJnlng r unknownfl are 
clotonnlnod unlquoly In tomiB of thoHo m — r arbitrary yrnhia. 
Tbewo m — r unknowiM cannob bo rhoHni ab random, for tho 

X r matrix of thn ooolfifdnntH of tlio rrmaliiuifl r unknownB miMrt 
have rmnk r If bhrw unknownn art) to bo uniquely dotormbuxL 

fimmple 3 Bulvo tho fjitem 

j- y + a#- 3, 

j+ f-2i- 1, 

j + 3 f - tk - - 1 

Stnra A uul K tn Itoih of rank 2, Uto o(|iiai]o<iB aro ooakitoiit. If 
Hthor n IK M \a rhiKm ariilLnirily Uio mabrix of tlm niolIUnctii nf tho 
rrmiUiihLg viuial4m will hiYo rmuk 2. Tf j - tbo oquatloiM to 
1r wilvnl an 

r - 3 -2k, 

x-\- M~ i+ak, 

X + 3f 1 -h flk 

HiiJvInK tho Unit two for r iml g glytM x — 2 anil ^ 2k — I TbiviD 
raJum an «mi to pwikfy tin Uilnl njujUlon 'n>ornrorn, Uu niutlona 
— l|X-k fwUjffy tin nriglnai Hynlnni for all raJun of k 

'riio prw'elhig illrtnittoon Iuih diwiJt with non-ljomofomxjuB 
llnnu (MiuatloiiH, In row Uin kt an all thn avHtnm booonm 
tlin ant of homomnnnoiiH o([uaUoiM 

4 " " Oj 

+ - 0 , 

1 

+ — 0 
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loualy, -x»-0«a 

jafh*ppeBOi*t than) are other sokttoiii^ \Uii,ni, ' 

. a aolutlon of (86-3), it la evident that tei, fcflt, . *»- 

t b UL ubiiwy oonatant, wiU be fl aolution, fllrf* i ho etwW^ 
fOT BohitloM dUferent from the zi - ®i = * • “ “ o »« 

ttonwfll be Btated without proof 
Thwebi 2. The (86-2) v>m have a eohUwn d#-. 
fnm ihe eolvUaa *!-*•- • • =■ i. =“ 0 , mnk oj 

taaira tif (he ee^fieiMe u leu Ihatin , , .i 

B Mow that if the nombor of wiuatione b hw Ihiui 
aumberof unknowne, that to, if t» < n, tlioro are alwayH nohitt 
othfif than the obvwua lero eolution. If n» — «» tlicio o 
otter eolotioiia if the determinant of tho wiuwv matrix of 
ooeffldentB to wre Aa m tho oaso of tho non-1i()m»«iniiT 
eyatem, if the fli X « matite of the oooffioioiitH w of mnk r, ll 
» — r of the unknowns can bo epooifidl nriiitranlv ftiul 

remaining r unknowns will bo uniquolydt'tt'miiiuwl, jirovitii'ii tl 

tho rank of tho matrix of the romauilng imknowiiH is f 


jSnsipto 4 Comlder the ayatom 

2* - y + Si - 0, 
a + 2y - « - I), 

8x + 4g + f - 0. 

Em 

2-1 3 

\A\- I 2-1-10 
a 4 1 

Tbenfon, s — 0, tr - 0, s - 0 u tho only Holiitiori 
ffptmple 6 Condder 

3* - 2y - 0, 

* + 4# - 0, 

21- y-0, 

tor whioh the matrix of the ooefflelentB la of rank 2 Hinon tlio niinil 
of anknowna is3, x-0, yMOlatho only solution. 

Example 6 Comnder 

2x - y -b a* - 0, 

82 -I- ay -h a - 0, 

* + 3y - 2f - 0, 
a* -I- y + 4c - 0 



lU 

Hbid, 


ooLUfioN or 


ISl 


A 



vhiflb li qT rmnk 2, Blnn the Durohor of Doknoinii b 3, Ifae i/itan 
hu ■olabkm oths bhu p-OpV^Ofi-O ~ ^ 

Any twD of tho oquAtloiiA for m tod f If Uio flrvt tvD tn aban, 
t ^ umI y - Jl By AuhAtltutloii, It k qaaOj Tvriiksd thAt m ^ — k, 

y - ^ i M y ■tkta aH four oqoAtim for Any ohdkA of k 
SaimpU 7 Condtlor 

2i-4f+ i-0, 

Si + f — 21 - 0 

Fur thk lyptomf 



vliloh k of rmnk 2 Snoe bho oumlxsT of uakunwnM k BroAtar UiAn tho 
numhor uf oquAUom, bhon oxkt other nolutioiiJi. Lnt f " k, iixl iolro 
t^ twu oquutlooi for c aimI f Thore mwlU j - H* y “ Hk 
'Hiia, A - y - likjM m k\M^ aolutkm for Axiy ohoioo of k 
KaarntfU B. Cuo^itor 

* - y + i - 0 , 

2i + 3y+ j-0, 

aj + ay + ^ - 0 . 


Iforo, 


|dl- 


I -I 


I 

I 

'i 


(I 


hUnnn Ihn (lotormlnant of X In nra, Uimi am ■uliiUora dllTRtnl Tmiii 
X > 0, y - 0, j - 0. I«l f - t, uul witvD uiT^ two of tho oquatfon*. 
If Iho llmt Iwti are ohfwoo, j — If “ i — k. It ta TBiiflablo 

hy nilHtlUithm Uiat than vdiKW mthfy all Uinn oqiiatlam, wfaatow 
In tho pIhiIm of h, 

pboblxmb 


L Inwliflato Uio fulUnrlog ayatoina aiiil QimI wlutlom whaunr tho 
Hyntafuii are cnaMonl 


(fl) r-if-a, 

•ir I- y - I, 

a* — f - ^ 

(a) aj + 2 y - 4 , 
j-:iy- I, 
2* + /lf - -I 


(6) 2* -I- 1/ - j - 1, 

J - 2i/ + J - 3, 

- 3y + J - 6 

(rf) 2* - y + ai - 4, 

* + y - aj - -I, 
Ri - f + 3i - 7 
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S, LnssUgato for oimilBtanoy, and obtajn ood-ioto aolublonB w 


(6) !i-2y-0, 


ImyoxlBt 

(a) • + 8»-2i-0, 

a* — y + a - 0 

(e) Sx - aif -I- a - 0, 
s + ^ - a» - 0, 
2 z- y + ai-0. 

(a) 4a — fly + f - 0, 
2a — V + 8a ^ 0i 
2a — V - 2a - 0, 
a* — 8y + 4a - 0. 


8 a + y 0 , 

2 a — ■» 0 

(d) 2 a - 4 y + 3 a " 0 , 
a + 2 y — 2 a ■ 0 , 
aa- 2 tf + a - 0 
(/) a + 2 |f + 2 a- 0 , 
8 a — V + I ■■ 0 , 
2 a + % + 2 i - 0 , 
a + 4 ff - 2 a - 0 . 



CHAPTEn rv 

PARTIAL DIPFEILBFTIATIOII 

88. Ttmdlaiu of S«Tartl Vtrliblet. Most of the faDodinii 
Domilikirad In the pncotUng oheitton depended on t ringlo 
Indepomleot veriidila lUa ohnpUir fa devoted to e etudy of 
runflUaofl dopondlng on man than one Indepondect vsilihle. 

A simple CDiuiplo of s fonotlon of tm> Independait Yiriebles 
X end y fa 

I - xy, 

which ocui be thoii^t to rapmont tho sjm of a notuiglo wfaoHO 
hUos an t and y Again, Iho volumo * of a rootanfuUr pandel- 
optpod whoHQ odgm an x, y, and t, namoly, 

» - 

fa au axam]>lo of a function of thrao Indopoadont variables x, 
y, sjid a A function a of a Indopnudont vnrUblnij X|, x% , 
Sm can bo doiiutod by 

1 * - A*i, rv . *•) 

A mol fiiiirUon uf r nlngln 
IndoiMuidcnt viuHflJdo j, nay 
rqiiTOnJitrtl 
nm|)hlnflJly hy a rurvn In thn 
ArmingDiiHly^aroii] 
ruiirtlon I — f(x, If), of tin) 
liido|xHidiuit vnrlnJ)lm ^ Riid 
f, rtfui 1)0 UiiKiidit U) mprcwiiit a Hiirfiux) In ilio thrwMllmon- 
HlnnnJ KiJnro rofcmtl tn ft Hot of ooortllniOn iLxiti x, y, J (FIr. 
27) Howrvnr, oiin miwt not iHiooino Loo inuoh dopondnnt 
on i^pumotrin Inton^rotatlonH, for wioh intorpmUitl*nin may 
|)n)Vo to 1x1 of mom lilndnuioo tluui licdi) For liixtiuior, 
Lhr FuiinUon • - xpx, mproHontlng Uio volumo of a roetuiRular 
pfLraJlc4cpl[)od, dopoiultf on throo Indopondont varlRbloa J, y, 

123 
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and s and hnnoe oaimot be oou voniently roprosonted geomotneully 
In a space of throe dimenaiona. 

Corrasponding to the definition of continuity of a funotioii 
of a Binglo independent Tunable x (soo Soo 7), it will bo said thnl 
a funetaon t f{z, y) is oontinuous at the point (xt, Vo) provuhsi 
that a mnall ohaogo in the vbIuqs of x and y produces a Hmiill 
ohango in the value of s. More prooisely, if the value of the 
function e » f{x, y) at the point (zi, v«) is u, then the oontimillv 
of the function at the point (z«, y*) means ^at* 

(86-1) lim /(*, v) = /(ii, y*) - to. 

In writing the loft^hand member of (30*1) j it la aaaumed that thr 
limit la Inclopendont of the mode of approach of {x, y) to (xi, yt) 
The atatement ombodied in (36-1) is another way of aayiTig 
that 

/<*. V) - /(»o, yt) -H i, 

vrhere lun f « 0> that is, if the fundton f(z, y) ts corUtnuoiut at 

(xoi Vo)i then tU talue tn the neighborhood of Ihe point (x%, yn) ntn 
be made to differ f^om ihe value at the pctnl (xo, !/•) by ae Ml< «« 
denred. 

If a function la oontinuoua at all pomta of Romo rt^gloii U 
m the xi/-plano, tlian it is said to bo conlintioue tn the regvm It 
The doflnitiou of ooDtimuty of a fiinotion of more than h\o 
independent yariablcss is similar Tbiia^ the continuity of llu^ 
fiinotion u ^ /(x^ c) at tho point (zi, Vo, ro) means that 

lim fix, y, t) = f{x», yo, to), 

9 > J i 

Independently of tho way in which (z, y, t) approaches (zo, y*, zo) 

PaOBLKH 

Dceonbe tho BurfscoB reprosented by the following oquetions 
(a) E + 2y - 3, (A) z — y + z - 1, (c) z - 2, (if) I - y, 

(«) a* - 3y+ 7z - I, Cf) »* - V* - 0, { q ) y* + x» - 25. 

(*) y* - 2z, (0 z* + y* - lOz - 0, (j) I* + y* + f* - 1, 

<i) z» + «« - y, (0 z* + 2y> + z - 0, («) z» + y* - i*. 

* For dotaJlij loo L B. Sokolnlkoff. Advanood Caloiiliu, Chap ITI 



PAJiTIAL DIVrMBMSriATlON 


ur 


U 0 


(*) ^ + if “ y “ i» (•) T “ ? “ y " 

W j + iJ " *“i w 5 ^ 


8T. Partial Dadratina. Tho acalyUoal HnftnttlfTn of tho 
(lnrlvatiro of a fuiurtlaQ y — /(x ), of a single varlablo t, la 

^ - lim ^ - Hm + -/<*?. 

09 Aj A3-*0 Aa 

TUn doiiv&tivQ cmn bo loborprctod gDomotrl(Mll7 lui tho riope of 
tho miiTo ropnsaitod ]iy tho oquitUon y — /(j) (Dig. 28), 



IL 1 h nnUiroJ to nxtond the doflnllion of tho dorinUlvo to 
fiiin'tJoriH of Hnvnmi varioJdtw In Uin follnwlug wiiy Connklor 
thn funaUnn I » JXr, y) of two |[Kk)ixni(lnnt viirhiblnH x bjhI y 
If y 1 h hold rn^t, i liooomm it function of Uio iriiiKlo vorliLbio x 
tuid ILh dorivaUvo with rmiMxt to x onn bo oompuLral In tho 
iMinJ way liot Aij dnnoLo Uw Inommont In thn fuiiotlon 
* ”” y) when y 1m kcfit flend and x bi chiuigod by an amount 
Afp Umi 1 ^ 

Ai, - A* + A*, y) - A»I »)• 

Timn, 

||„, -f • . + 

Ax-pO ^ Ax-*0 A9 

h rallud tho pofiuil dcrmih^o qf i rmpod io x OJid h donotod 
In tlin H) nilMil or 9^ or/^ 
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Simllai'ly, the putUi derivative of e with i-espeot to y la doflnod 
by 

^ /{J, y + hy) - fix, v) 

dV ^ 

In general^ if u ■> f{xt, ^ii ‘ i z») is o function of n indo- 
pendifflt VBiiablos Xi, Xa, , x„ tlion duldxt donoton tlin 
dorivativo of u with rcapeot to xt whon tho remaining vanablm 
aro ti-oatod aa oonatonta Thus^ if 

a = *■ + + U*, 

then 

^ - 8®« + and ^ = ** + 3y* 

Alao, ifu™mn(ox + ljy + ct), then 

a COB {ax + hy + cz) (both y and z hold oouHtunt), 

b ooB {ax + b]/ + cc) (Iwlh x and e lioUl cunHtant), 

0 coe {ax by + a) (both x and y liold (’onutant) 

In tho oaHo of f =• f{x, y'}, it is easy to pnivido n Himplo gi'o- 

motrie interpretation of partial dorivutives (Fig 27) Tho (filia- 
tion B ^ J{x, y) is tho equation of a mii'faoo, and if r is given the 
ibcod value Xo, t = f{xo, y) is the (Hiiuilinii of tho onrvo AH on 
tho Butlaoc, formed by tlio inb'rsnctioii of tho suifaeo and tho 
plane x = Xt Then btj&y gives tho vahio of the slope at any 
point of AB Similarly, if j/ is givon tho oonstant value j/n, 
tium t — fix, ya) 18 tlic eciuation of tho oiirvo CD on tlio Hiirfiioi*, 
and Bm/Bx gives tho slopo at any iraint of CD 

PB.OBLBUS 

1. Find dt/dx &ud Bt/dy for each of tlio rullowing fuiictioiiH 

(a) B - v/x, (6) I - z'y + tan-' iy/x), (r) i = mn xy + x, 

(d) # - «• log Vj («) X “ x*y + Bill-' X 

S. Find du/dx, du/dy, and dv/de for ouoii of tlio follownig runotionH 

(o) u - x*y + V — XX*, (b) a - ijy* -I- log xy, 

(c) u - f BUI-' {x/v), (d) u - (** -I- V* -1- §•)»*, 

(fl) « - (j* -I- v* -I- 1*)-** 


Ax 

8u 

dy 

du 

Be 
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S8. Total DtflarantliL In the o«ae of a funotloa of ono 
vanablo, y * /(a), tho (leiivotlvo of y wltli raopoct to a la Heflnxl 

■a 


Urn ^ 

AJC 




HO Umt Ajf/A* — f{x) + f, whrni lini i — 0 Thoroforo, 

/(» + Ax) - /(*) - Ay - f(x) Ax + 1 As, 
wltoro i In rui IjifloltoidinAl which yuiiMiai with Ax T^ion, 
fix) Ax - fix) fix 
iH (Lcfljiotl on the (UffoTNiUhl df 

Knr ilvo liulqKmdniit Yariai)li) x, tlw tonriA ^'Incntnnmt'' ood 
'MlfrrmntljU" im' KYnmivmom (UuU 1 h, Ax ■ rfx) Eoweyi^p 
It Klinuld br noU^l tlirvt the (lUTnmoUal fiy (of tbn dopomlcnb 
vnnoldr y) wiul Lhc‘ liiemoniit Ay clifirr bv lui unicnint « Ax (hpc 
Fifr 28 ) 

Tlie (lifTemUuil of a ruooikm of HovomJ Induixuidont varlAhke 
iH drfliuHl nlinlliidy, j fix, y), ajul Int x and y acquire tho 
ithimtUvo liicri'nicnln Ax tui<l Ay llieii, 

Ai *:./(/ + Ax, y + Ay) - /(x, y), 

If X <*• J(j, n) tL rtHiUiuiooH riinrU(H], I-Ihui, an Ax and Ay 
at)l)nictoh irn) lii aov nmniu^r, Ax lUno a|)]m>ar|]rH um iin a IlmIL 
IL nlll Im^ a>^uin(Ml lien^ blial /(x, y) In ofNiUnuniiH uhI that 
df/Oi aJid n//^ nUi nnilimicHiM. 

'Hie cxpnwhHi for Ax mo [iiil lo a nicm^ uw^iil rnmi hy 
tulding and nnhLmeUiig Llin U^nn fix, y + Ay) llirn, 

Ax /(r + Aj-,y + Ay) - fU, [i + Ay) + /(r, y + Ay) - /(a, ») 
lint 

fti + Ar.y + Ay) - /{/, y +_djr) _ {if{x, y + 
aj- 41 Ax Bx 


HO thnt 

f(r + Ai,y + Ay) - /(j, » + - j + ‘i j 

0 Morwjvcr, 

V Ay) 


wlirit) lliii ii 

4 r-aj 


Ihu 


ds 


•yf-r, y) 

Ox ■' 
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rinn A the dciivBtlvB Ifl oontltiuouB. Therofore, 


a/(a!. y + Ay) _ 6f{x, v) , 

A— I 


dx 


ds 




where Jim ii ~ 0. 

&f-iO 

In Uke manneri 


where Hm e' 

Aff-kO 


/(*, ff + Aff) - /(a, + •'j Ay, 

■ 0 lb follows thfit 

y) 


An 


Ai ^ 


Al/ + « A* + i' A|/, 


In which i — «i + ci, 
Tlie expression 


6 x ay dz dy 

B defined as the loUd d^mmiial of * and donotod by (iz In 
general, if « » xt, , £•), tho total diiforontial le glvoii l)Y 


( 88 - 1 ) du 






Tho orproaflion for the total differential ifl callocl the pniicipal pat I 
of the inoromont Au, and is a cIoao approximation to Au for 
fin Scion tly Rmalt yaluofi of dxi, dx^, , and rlr. An in ilio 
case of a function of a slnglo iiulopeiulonb variable, blin cliff ('mitiiil 
of oaoh indopondont variable \h identical with tho incnniirnb of 
that vaiioblc, but the difforential of tho depondont vunablu 
differs from the incremont 

If all of the variabloB except one, say Xt, orr coiiRldnnKl nn 
oonabanta, tho itssultiiig difforonbol ih oallod tho partial diffcM*- 
ontiol and la denoted by 

dafli ^ dx{ 


Tho partial differential expressefi, approximately, tho ohnngo 
in u duo to a chango A:ec h dxi m tho indopondcnt vana])le Xi 
On blin other hand, the total difforontial du oxprcHHCM, appmxi- 
matciv, tho chango In u duo to changee dxi, dxt, * , dx^ in all 
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ihn indepoulflnt TarlAbla xi, , x.. It mxy be nated 

tbftt the totel dUTomtlil ta eqiud to the sum at the pertiil 
(UflertutliiA. Fhyirifliill;, this eorrspoiuls to the prinetple of 
■uperpodtion of affoote. Wlun s number of ohsinas sni tikfaif 
piece ilmulteoooaflij In toy lyitaiii, eoeh one proceeds si If it 
Indcpomlciit of the othcn sad the total ohsnce la the sum 
of the oSoota duo to tbo indepandeot nhengiis. 

B— fh 1 A iimU ben vtUmat s top hsa tmtde dhnsn^oiis 
0X4X9ft- Iftho mntil is 0 I ft. tlitA, Hod the sotosl nfaime of 
tbo motel laed ukI eompen It vlth tlM eppraxhiiste Tofanne found 
by iMof tho tlUTareotlsL 

Hio sotuil Tolnmo h AV, wfatn 

AF-8.8X4JXa.l-flX4X9-W884 - 4a - AAMeo. (V 
Ooeo V - s»<i whom 

dV -tada + mdf + mi*i 

- 8(0.3) + 19(0.2) + 34(0 1) - ft.4 on. ft 

ItMmrie 3 Two rids* of s trienfulsr pbee of 
Iiuid (idu. 20) sjra moijmrwJ u 100 ft ud 138 ft, rta. a. 
tod tlw Innimlnl seflo b* mosaunil ss 00* If the 
ptvUJo «Tor« tie OJ ft In mossoriiif tho ridoa sod 1* b mesmliif 
the snidei whet h tho approiiiusto amr tn the sneT 
HlnfloA - “» 

dA - K(# t4n a (to + f rin a dr + af «■ « **)i 
■ m l the sppfoxliiiltD orror is thtrofore 

dA - ^ [lM (^) (OJ) + 100 (^) (OJ) 

+ 100(138) ( 3 ) 3 I 5 ] - 710 sq ft 
pnOBLUB 

L A rl««l nyllnilrhed tack h 4 ft hlfh «i*1 3 ft In dlsmetar (Inddo 
(IlmniHihini) \VI»l tho nHiniilniato anuHiDt of motel b the well 
■m l Um e]i(b< of Uw leiik If Uioy ere 0.3 In UilckT _uk 

9. Ttw anirfr < nlrvalioJi ol Uw lop nf » Ukwar b found to bo 3^ , ▼tw 

e imdIdnnrniridOfl* Tho (IbtUom to tho Im of tho toww h fonnd 
Ui Iw 1000 ft , with e iiciJliloaiTiirofO.1 ft Whet li the pomihle - .-f 

In tlm bobdit of tUi tower w oomimteil from tho« meMuremeotaT 
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8. Wlmt Ifl the possiblo error in the length of the hypotenuse of » 
right trbmgle If the legs ere found to be 11 6 ft and 7 8 ft , ^vlth a 
ponlble error of 0 1 ft in oaoh meaBuroment? 

L The oonehuit C m Boyle^e In^r p9 -> (7 la ooloulated from tlio 
meaiumnente of p nod t;. If p le found to bo fiOOO lb xm equaro font 
\Tlth a poflBlblQ error of 1 per cent and v ie found to bo Ifi on fL witli n 
pQBable error of 2 per oeat, find tho apprnximato poodble error In 0 
oomputod fL'oni thoso meoaiiremeiitfi. 

fii The volume s, presuro p, and aheoliito temporaturo T of a porfcHifc 
gpfl are oonneotod by the foamula p9 RT, ^rlioro 12 ia a oouBtant 1( 
T fi(Xr, p 4000 lb per aquaro foot, and v » 15.2 ou ft , Ond thr 
appradtnate ohange In p when T oliaiigoa to 503^ and r to 15 25 eii ft 
6^ In eatkinatlug the coat of a pdo of bnoka meaaurod na 0 X 50 X 
ft,, tlie tape ia atretohod 1 per oont beyond the oetlmatocl length K 
the oount Is 12 brioks to 1 ou ft and bricks cost S6 por thouHaiul, find 
the error In caat. 

7. In dotonnlning specliio gravity by tho h)rinula a ^ ^ — ~ | p’ 

\irtien3 A ib the weiglib in air and is tho ^volght m water, A oaii Ix' rniul 
witlim 0.01 lb and W witliin 0.02 lb, Find appn)xbnatoly llio maxi 
mum error in a if the roadlngs aro d - 1 1 lb and If ^ 0 (1 lb hind 
tlio maximum roUtivo orror As/s 

8 The cxiuation of a iwrfoet gna la pv « RT At a eoi Lam mstiinl 
a given amount of gas has a volumo of 10 eu ft and is under a prnwiirr 
of 30 lb YKiT square inoli Aitajninig It « LO 71, find tho tonqMimtun' 
T If the voluiuo is InciuAsing at tlio rate of lu ft. ]K*r koi ond and 
fho proHure is doernaHliig at tlm rate ll> \iot fuiuaru liidi |)or hoi ond, 
find tho rate at which tlie temporaturo is nhaiiging 

0i llu) period of a simple pendulum with Binall uHoillatioiis is 

T - 2i- 

If T IB oomputod uring 2 ^ 8 ft. and ^ — 32 ft. per sooond ixir wcoiid 
find tho approxhnato orror m T if tho true values aro 2 — 8 05 ft and 
g ^ 32 01 ft. per aooond per soranid Mnd ai^K) tlio iwrcontagn orror 
10. Tho difunfitor and altitude of a can in tlw Hlmiir of a right ( iniulni 
oylm^lnr are maasurod as 4 in and 0 in , rcapoctivoly Tho ixmHilili 
error in oaoh moasuroinont is 0 1 in Fmd approxunatoly thr nmxi 
mum p^wsiblo error la tlie valuee oomputod for tlio voluinr and lln 
latoml Burfaoc 

88. Total Derlvatlvefl. Thus far, it has boon a^ffuimrd bluit j 
and p wore independont variables It may bo that x and t 
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iM 

UQ both fuiutioDs of ooe Indopandont nriahlB i, m tli»t $ 
booonuiB a funoUon of thh indepondait rulahlB. In 

moh a CBHo, f may hare a ckjrlvatiw nopeet to i, 

* - M 9), whnro * - iKO uid » - iKO, thaw funotiona 
an onumiKl to be dUTorantlahlo. If t k giv wt ui liumnumt Ai, 
than t, y, and i will haro aofTaqnudliii liumsnsitB Ax, Ay, 
and As, whlob approoeh aoro with AA Aa in th« (wiw x and 
V wero tmlopoudont vadabtcH, 

As *^Ax + -^Ay + fiAx + iiAy 

TliaD, 

A1 AjAl^dyA/^‘Al^'Al 

and 

from (30-1) it appoam thjU 

A - 

au dy^ 

^v(>H Uki (iX])m«doii for tlio dUTcfmiitlAl in Uil« oue m well u 
wluui * euul y iiro lii(lri>oo<lnnt vuldilntt 
Tlio gDiionil oiufG| In wKloh 


J - f{Xi, Ti, • • , 

*0 

wlUi 


wi(0i 

» *• “ ^(/ 

riU\ Iky Ln'al-nd nlnilliirly io kIiow Uiat 


f/x d/ dll , V ^-Tl , 

iri ill Ax-a dt 

' + 5 ^ 

iukI 




In rnw 1 — f (UU-1) l)or«»nHV 


(/i ^ a/ fl/ df ^ to 
ds ^ Ox Oytix to 



'HiIh fonnnlfi mn Iw iwnl U) cuilculiiLn tho dorivstivo o/ a fuiio- 
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ed impluntly by the equation f{x, y) “ 0 Lot 
that 

ax dx dydx 

I f(x, y) aa 0, it followB that dg/dx ~ 0 and 



provided that 6f/dy H 0 
Ab an example, let 

**v + ~ 1 " 0 

define y aa an impllolt function of x Then, 
dy ^ _ 2ey + y» 

3S ” *• + ixy 

for cdl valuee of x and y for 'vrhloh the donomlnator dooe nob 
vanish. 

It Traa noted that the total differential of a function 
t - /(*i, whero ■= *><(0. 

is grvon by 

* -^^d»i + ^dx,+ 

It 17111 be proved next that the same formula onn bo applied to 
ealoolate the differential oven ivhen the vanablos xi are fuiirtiutm 
of Boveral independent vaiiablee h, t*, * * ,1.. Tliiw, conridc*!' 

* “ fi»i, *si • I *»), where tt, , U) 

In Older to find the partial derivatiTo of f{xi, x^, ••,*.) witli 

respect to one of the vanablee, say k, tiio romalinng vamblw oro 
held fixed eo that f(xi, «i, • • • , i.) beoomoe a funotiou of tU« 


single variable ft. Then, 



/ V „ V to, 32, 

1 ati dxi dh 3xi 3lj 

, 3^3*. 
Ox, Oil’ 

(39-2) 

J ^ V toi , 3/ 32, , 

< 31, ail 31* ^ to, 31, 

, 3/ Ox, 
Ox, Bit’ 


( ^ ^ to, 3/ di, 

\ 31. 32, 31. 3x, 31, ' 

1 3/ Ox, 
Ox, OU 
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If tho flnt oqojitlan of (30-3) la muldpUod by dii, tha HBonmri 
by dif, otfl., and tha nMiltlng oqutloua are nddedf ihoo Teaultai 



+S*-) 

I 

+ ^±.) 


or 

(3(V3) + • ' 





ThlH cwUblMKB kho validity of tlin fonnnlA in ill oun 

whoro tbo Arnt portinl ilorlvntlvoH arc cx^ntlniioiifl funotlaiiii, 
jrnw|)ootivo of whoUmr the Incloiwidoiit varlAblcw md *i, x %, 
I nr < 1 , ^ 

An imi>ortAJib FiporrUd oa*o of thn formula (80-8) arfan In 
QorDdyiiAmlrH anil othcir lmnelin4 of Appllud mathornAtiau 
CJonHldnr a fii notion h — /{x, Vt*p0 ^ varlflbks J, §, and L 
Tlin total dlfTomnUnl of v 1 h 


( 31 M) **" 

dtt , 1 f I J I ^ Ja 

"S*’ + ^‘'» + 'S* + 

liot It In mipixwitil UuU t, y, itiid J urn not iiuh^KUHlniit wlaUm, 
iMit funntlonH of Uio vnrlaJtlo f. In wirJi n nnwi, t* will dotninl on 
I rxpIldUy, nml ulno ImpllriUy Uiroiigli x, y, Mid J DIvklliiK 
IkiUi monilnrH of ( 3 tM) |jy til glvw 


(30-3) 


dw ^4 </j ^ rfy Oh f/j . cht 

ill “ aj-f/i ^ fly "(ft ’•* 'fl» (ft W 


On tho oUinr lituid, If Uhi viiriivhliv t, y, nud t am funotloiM of ( 
and of wnno oUior not of Indnpciidnnl vaniililiw r, a, ' • , onn 

inuMt n^jilnm Hx/tll, dy/dl, and tU/dl In Uio riglit-liiuHl inrmlnr 
of (30-3) by ftr/W, Ay/W, lUid Ai/flf, nw]KnUvolv, and dv,/dl in 
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the lefthand member by du/M. The partial doriTatlve with 
leapeot to i whioh appoors m the left-hand member differs from 
thaii appearing In the right-hand member, amoo the latter ia com- 
puted /(s, y, t, () by fixing the variables z, y, and « 

and differentiating the resulting function with respect to In 
order to Indicate the distinotlon betwooii the meanings of the 
two partial derivatives with reepoot to t, one eon write 

Du ^ to , , flu 

« “ &B w w Ai fli at 

'Rie fact that the total diSerential of a composito function 
has the same form irreepootive of whether the variables involved 
are independent or not permits one to use the samo formulas for 
oalcnlotlng differenttols os those established for the functions 
of a ain^ variable. Thus, 

d(tt -b ») — d« dr, 

■i vdu + udVy 
eto. 

MxampU 1, Ifu^xv + yi + ix, and a; - y « and « ^ (ton 

(V + «) If +(* + ») ^+(x-l-»)^ 

+ ooft 0(1) + {i + m 0(-fl"') + (i + o-0(- Jn 0 
*■ «^ + cos i ooi ( - i an i - fr' nlti / 

TUb Gxompie HhistmteB tiio fact that this method of computing dn/ttl 
1b often Bhorter than the old method m wbiah the vnliicH of x, find t 
in termB of I are Bubabtutod In tho oipfroBBion for u bofora tho donvntno 
II oomputed 

Sxam^ 2, If /(*, y) " a* + y*i where x — r oo« ^ niul y = r m\i v?, 
then 

df dfdz,didy ^ 

M — 2r* GOB ^ lin w + 2^* oofl ^ am ^ — 0. 

AIbo, 


<if™2rdr or <(f~2isdx-|-2ydy 
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Smmtfb S. IjA * ~ when ■ « log (s -|- ») ud f 

'Hion, 

- u»-^ (*/i) 

fli __ «i fa 1 , i 

f* - ' 

dm iy ' 5am + f' ““ J 

m p> -|- 

■UuiOO| 

fa fafa fa*! . si^ 

K"d»5a'^5y5a"m + i''' H + a*” 

BbnUarijp 

di ^ *p«»a 

S"uH-f f* + m" 



Tho 

Bab 

mod 

Hcmcn, 

But 


rmlti mii ho obtainod by luyof 

df - ii + ar« % 

+ — — T~ dll ^ dv 

Bu ' df n + i « + i 

**» “ ^ * + ^ * - KTV' ^ *■ 


' + 1 I*J 


. * j , a* . 


ami rinro du and Hf arr IwloimnckHil illiTonniUali, oquadnc Uia oodB- 
rln]iLH 4if aiul dw in Um tru 0TpnM44)nH Tor df (Ivv 

da " n + f H +'a* 

am] 

df |fH» 

d? ^ m + f f^+ »■ 

peobumb 

L ir a rifi bjkI x - a am I, y - a tda I, j — Wj And d«/di 
L ir a - ami y - r nln # ami J - r ooi I, And Su/dr and 

da/dtf 

S. If a - jf — yj anil x-r + a, y-r — i, t-J, find da/dr 
da/d», ami da/dC 
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i. U >- 

da/dt 
0. If *- 
- dt/df 

e. Uv - 


«■», X — log V** + o*» wid ** 

/(« V + v), show tiiat da/dx » 

#*y + if*f + verify that 

du , du , du , , ... 

to §s + Si " • 


^ find to/to and 
dM/du and di/dy 


T. (a) Find du/di^ if t* — «• an and * — i — 1, « — 1/i 

(A) Find du/dr and If i* - »■ — and a-raootf, y-rtaiifl 

8. (a) Hud du/dx ami du/dx^ if « — x" + y* and y — tan x 
(A) Olvan V — /(x, y, n), wlioro x — rooeO, v-ramf?, i-i Com- 
pute dV/er, dV/de,dV/dl Ui tenna of dV/dx, dV/dy, and dV/dM, 

0. If / Ifl a funfltlon of i* and whore u - V** + 1/* “^d 9 - tan'‘ -i 

And ^/to, V/«y, and Vi&f/dx)* + W/to)* 

40. Buler'B Vormnla. A Xunotion /(si, xi, , x.) of n 
varmbloB xi, Xi, * • x. la snicl tu bo homogeneous of degree tn 

If the function la multiphod by X" when the argil inojitn xi, 
Vi, ' , Xm arc ruplaoocl by Xxi, Xx«, , Xj., nwin'otivoly 

For exomplo, /(*, y) ■■ »•/ -y/x* + y* is hoinogoiieotm of dogriHi 
1, booauHQ the subutitutioii of Xx for x and \y for y yioldx 

XxVV** + V* Again, f(x,y) 

V ® 

genoouB of dogroo —1, wUcitoh f{x, y, t) ■» z*/ \/x* +y* in 
homogonooiis of dogroo 

Thore IB on important tlioorom, duo to Eulor, oonconiing 
homogonoouH fiinotioriK 

Eulee’b Tqsobch // u ■■ f{xi, Xt, , Xm) w konwgeiuioua 
Off degree m and haa conhnuoua find parltal demalwca, thou 


Tlio proof of tliB thoorem follo^VB at oiioc upon nulmti tilting 
Xi *■ Xxi, X| = hjJij , xi = Xx* 

Then, auire f(xi, xg, • , x.) is liomogonooiifl of dogroe m, 

/(*!. *1. • , *1) - *1, . ».) 
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DtflenmtUtin£ wHh nspeot to X glvn 

^*‘ + ^**+ +^*- - ■ ,*o 

IT X la Bok oqual to 1, toon Si ~ s'!, ai » j^, , x. - uiil 

Uu) Uisonnn foQovB. 

peobuh 

Vorily Eulir^i thooram far ouh of tbo foUxiwlnB fanotloua! 

(•) M ».■)■■»*» + V + 2i»*F 

(6) /(«i ») - Vf* - ■* 

(•) M »,*)-(»* + r* + 

(/) A*i f) - _ 

(#) A».>) 


4L DUenmtiaUon of Implicit TonctUma. It 'vraa mtod In 
Roc 3U thnk tlin ilorivnllvo of ii funrUon of x irhich b< do&tinl 
{m|)llciUy by Lhc niunUoii /(x, If) ~ 0 ootibl l>c naloulatod by 
iq)|)lybij( Uk) nx])nM<lon for Iho UitoJ donvnUvn 'Hilii HooUon 
onnUUiw u mnro «li‘lall(«I (IIhcumiIoii of lliln nioUioct 

The oiiiuiUnn f{x, y) — 0 mny dollno odthor x or y ni an ImpUdt 
riiiioUun of tlio uUkm' If Uio otiuiUion mn Iw Holvnl for y to 
ppvo y « ^(x)i Llun Uio milMllUitiim of y ~ ^x) lii /(x, y) ~ 0 
KivcH ail liInnULy Hoiioo, /(x, v) — 0 may bo m^inlod mi 
a »iiu|>ciilUi fiinrtloii of x, wlioro x oiitofH ImpllolUy In y If 
« - /(*i y), iJion 

Ko UinL 


(41-1) 


dy _ df/Ox 
^5 “ V/^>y’ 





IL will 1)0 ul)w)rv(Ml Lliat UiIh tlLvmtOun biuntly mMirm* that 
f{x, y) — 0 liaH a nul HoluUoit for y fnr ovnry vniuo of x If 
(41-1) Ih appllod fomiiUly to x* -|- y* — 0, IL w readily clunked 
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tliiti-. ^ B — - This result Is absurd for real values of x and v, 
ds y 

inaamueh as the only 1*001 ybIugb of x and y that satisfy x* + y* « 0 
are x — 0 and v 0 

BxampU 1 , Ilod dy/(bt, if 8 x*{/* + > 00a V ~ 0 > Horo, 

+ ooB y, - flx*v - a Any, 

BO tiiat 

M “ QiV — s iln V 

Tho relation f(x, y,f) ^0 may define any one of tlie variables ns 
Bu Implicit fuu otlon of the other two Let x and y be indepondoii t 
vai'lablee. Then /(x, t/j ™ 0 definoa s as an implicit function 
of X and y, and 

j a* j , de j 

But 

TIioroTore, by aubetitution, 

g d . + 1 di, + g (g * + 1 ,11,) = 0 

This eon be wiitten as 


(l^ to i) + te I?) ° 

Sinoo dx and dy are indopandont diffcrontiabi and the above i-clti- 
hon holds for all values of dx and dy, it follows that 


and 


^to 

dx to dx 


0 




0 


If df/dt H 0 , those oquatiuiiH cun be solvwl to give 


( 41 - 2 ) 


to _ d//dx 2 * = - ^//^y 
to df/dz' dy df/dz 


SxampU 3 If ** -1- iy* — 3xJ — 0, then, by (41-2), 
3s 3x — 3s dt 4y 
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FnqaanUy, It b nooouy to oaloolato th» dahyatlvei of i 
fanetlou that h daflned ImpUoltiy by a pair of ilmiiltuiflotB 
oqoatlcBU 


(41-8) 


//(»,»,•) - 0, 
1 f (■! »i •) - 0 


If oach of thoao equBtloiu b Botrod for cmo of tho vulAbka, mj 
», to ylold 

• - ^(*1 ») ind !-*(», V), 

thisn OQO b led to ooneklor tho equation nmltlng from the 
oUmlnatlon of nimfllji 

/(»j y) - #(j, v) - 0 

lUii oqiutloQ mAj bo tiiought to doilDo y u an implicit fmiotiaa 
of X, and one oon apply tiio mothod dlnoiwod oorlla In Udi 
anotiun tu oolcmlAtc dy/dx 

Hownvnrp tho olIndjiAtioa of oro of tho Tarlabloa from the 
fdjnulUuioaiiM oquaUona (41-S) may provo to bo dlfflmilt, and U 
tH KimpIcT bo UHD tho following pnxxxluro: Tho dUforontlaticm 
of (4l~3) glyoi 

and 


Tlifwn oqiiatlofiH con bo Holvod for Uin rablou to give 


dx dy di 


V 





Hf 

dy dM 


SM 

' 3 x 


fl* 

^ ?? 


3 ^ 6 ^ 


?? 

dy dx 


dj 

3 i 


|dx dy 


from wlilrh tho dor+ratlvw i^iui 1>o wrlLUin dovm at onoo. 




aivl 


A*. *) 

f • *) 


X* + ff* + 0 


dx df ^ — 



— 4 ya 12 a ^fiay 



Tlwji, 
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HenoGi 

ih 12 x* dM -Bgy . 
dsc " —4^* "" -4y#* 

Anotiier Important onae qtisgb from a cooBldomtion of a pair 
of flimoltaneoiiB oquaiionB 


(41-i) 


if{x,y,u,v) -0, 
I Vi «, t>) *“ 0, 


wliloh may be thought to define u and v as Implicit fuuctionH 
of the YBJiabloe x and y 
Dtffoi'ontiating (41-4) gives 


(41-fi) 


I ^ '*“ + f * - «■ 


dtp’m^dx + ^dy + ^du + ^dB 
^ dx dy ^ du dv 


Bub, shioQ tt and v us rogarded as funotioiis of x and y, 

j du , , du j 

and 

j 5 b j , 5r j 
Substituting for du and dt? in (41-6) gives 

\dx du dx dvdxj \c)y du dy dv Oy/ ^ ' 

/dsp , 0^ du , dv\ J /d^ . dip du . dtp dv\ , 

U ■'■ Si to + ST tej + l,«ii + to 35 + " 


Siiieo the viiruiblea x and y am indcpuiidoiit, tlin ('(ic'fficiciilH 
of dx and dy must vnnlah, and this Loads to a sot of four (miuiiIioiih 
for tbo dotormination of du/Ox, 5u/5y, Ov/Ox, and dv/dy 'I'lum, 
one obtains 
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mid Hlmllu (gpfiiiifnTM for ^/Af, 4v/0s, tod Af/Ay It fa 
UAimod hi the foragohig dfaenailoa th«t iH the dadvmttrn 
bTolTod UQ oontinnoaa sod that 


EtamfU 4, 
than 


U 


J 


Am at 

Am Sp 


Ha 


■ +f* + M' + f*- 0 , 

H + f -H + H - 0, 


Am 


OHf* - 4 H 

■5“ - 

to* 

i 2 (MV + 


- 4 m* 4 f* 



FBOBLXIIB 

t. ObfaJn Af/Ax, At/Ay, uid Av/Ay In Bxtmpfa 4, Bb& 41 
1 Oomimita If *■ + f* — Say ■ 1 
8. Plotl Wy/dx If 

H- r- H-H-O, 

4 OliUlii dv/ds umI Ar/Ay, If 

Mf -jy + f-O, 

•••-»+ M - 0, 


e. If X 
Ui r j(lTm 


/(m, f) umI y - y(«, •)■ Unn (HiraratitUtiaa vHb npeot 


to A» 

* " AmAj Ap to* 



fnini » liWi Aa/to mhI to/to o«n Im Muniratal CoiHds the pair trf 

nrujUiiMiM 

j - M* - f*, 
ir-«»p 

■ ml nl>idn 

6. A]>iJy Uhi mrUirtl oulliooil In Prol)* fi to flod d%/dj^ &§/dXj 
du/Oif, anrl If 


(«) ) 
( 6 ) j 


3 - a + t, 
y - .H + to; 
23 - H - M*. 

P- - Mt 
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7, If jf " r coa d n.Tui j/ “ r an 0, find dr/dx and d$/dx, 
6, If tp ^ uf and 



u* + D + » 
a* - « — jf 


0| 

0. 


one eaa obtain (hs/dx aa followB DifTerontiatlon of with rapoob t 

0 givw ^ The valiioa of du/dx and Bv/dx can t 

oaloulated from (a) liy tho mothod of Prob 6 Find tho expromior 
for d\D/Bz and Bw/dy 
9. If a — ftf and 

+ a* — * - tf - 0, 

t*«-r* + 8a! + y-0, 

find ds/Bx 

10. If • - + f® and 

® — f 1, 


V - w, 

find Bs/Bx» 

IL If I - i*» + and 

n r 608 Of 
a " r Bin Of 

And Bx/Bt and Bm/BO 


ISL If r ■- («■ + |f*)W and 0 — tair* |i And Bt/Bx and BO/Br 


13. (n) Fiinl dy/dx^ if x boo y + xV ■ 0 

(b) Find Om/Bx and Bs/By, if x*j/ — wn j + »* - 0 

14 Jjot i*Mr + y + ff — 0 anil r = x* + y* + *• — «* “ H F\\ 

13. Bind B^/BXf Bv/Bx, Bu/dyf and dr/dy, if 


ii* + - ‘ij - 0, 

+ Ay - 0 


16. Mail dw/dx and Bw/dy, if «? -* u/r and 


® - tt + p, 

y — Av + 2 p 

17 Bhow Uiai I ftna -1, if 

Noto thatj lu general, Bi/dx and Bx/Bi ora not rocnpnji^alH 
18 . Find Bv/Bx, if 

- p* - x> + 3y - 0, 

u + P — y*-2j — 0 

10 Prove that 


dx All 3x 3 p 


0 . 
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If /(■, #, th •) - 0 tad Q(f, », Hi ») - 0 

■0. Show that (^)' + 1/r- (5)* - (5)*+(S)*’ 

aod y - r ^ f 

49. Dlnctloiul D ari f ttt ra*. TId rnlatlon azi^rmnd In (30-1) 
hu an Important Bpostal oaito whxni * luul y an ruiiatloni of tho 
ilWtimnn • olDflg Homo ourTD C, irliUib gooi tliniugh ilio paint 
(x, y). Thn eurvo C maj bo tliou^t to bo roproumtad by a pair 
of panunotrio oquAUona 

• - x(j). 

If “ Vi»), 


whoTO s lud y an anumad to p n aw i oonblnaoiiB doilyattm irith 
napoob to the an panmottv a. 

IjotP(Flf. 30) bo any point of 
tho ourvo C at wblcli f{r, y) In 
dnflnod and haa partial dorivo^ 

Urm V/3x and 3//Ay, Txib 

(2{j -f- y + Ay) _ 



1)0 a ]X)lnt oIoHO to P on Uiln ^ 

mirvc Tf An la tho length of tho 

an PQ tuid A/ la tho ohnjigo in / duo to Uio liuiromoatH As and 
Ay, tlion 


% 


llin 

rf] 


Ail 


Llio rato of rJuuif^ of / til^iog C at Liin (x, y) But 


vul 


riM ikulM 9y tiM 


fit 

Tb 



roH ttj 


Um 


“»> I? 


hIti o. 


Thomfons 

«»-') 1-5^"'“ + ^"'""' 

and It bt ovidnil Uuit rf//f/a do|annla on Lho dlrooLlon of Uio wjrvo. 
Por Uiki nxwoii, tif/dB 1h ndloci tho dimdlottnl dortmitm, Tt 
nprwoDtH tho raloof oliangi* of/ In tiio dirooblon of Lho tnngout to 
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the partloular ouTve ohoson for the point (s, y). If a ■■ I 


dx 


whioh Is tiio rate of oliongo of f ui the direction of the ®-ajnB 

a — t/ 2 , 

d« dy 




-which in tho rota of change of f In tho dlieotloQ of the t^axiB 

Let s = f{x, v), which cnn bo Into 
protod 08 tho equation of a Burfiuio, I 
reproaontod by drowlng tho rontoi 
liuGB on the a; 2 /-plano for varlouu volui 
of f Lot C (Fig 31) bo tho oiirvo 1 
the sj^plane oorrespoiulmg to tho vali 
a = y, and lot C + AC bo tlio naighlx) 
ing contour lino for « 7 + A 

Thou, A//As ■ Ay /Ax ib tho avoiof 
rote of chango of / mth rcHpoot to tl 
diatauoo Aa between C and C + A( 



C+AC 




FlO > 1 . 


Apnrt from Infinitosimala of hlghoi order, 


An , 

— = coe*, 


where An denotes the distanoo from C to C + AC along tho no 
mal to C at {x, y)i and ^ is tho angle betwocn An and Aa; Ihmic 
dn/dM ^ GOB if Thoreforop 


(«- 2 ) 


^ df <in 
d« ^ tin ^ 


(In 


COH if 


This rolation shows that tho dorivativo of /in any dirpoLinn nn 
bo found by multiplying tho cliinvativo along the noiinal liv tl 
ooeino of the angle if botwoon the particular diriH'lion and I 
normal Tliis denvative in the dLL'uction of tliu nornial in cult 
the itonnal derwaiw ol / Its nunimcnl valuo ohviouHly ih t 
maximum valuo that df/ds can take for any dirrotion In uppli 
raathomaticfl tlio vootor in the direction of tho normal , of niiigi 
tilde df/dn, is onJlod tho gradienl 

Emmplo Using (42-1), 6ud tho vnluo of a that makos df/di 
maximuin, oonsidaHng s and y to bo fixed. Mnd tho oxproiMiun i 
thlfl mAxiznum value of df/dB 


PABTIAL DirPMSMNTJATIQN 


14A 


BhiM <V/4i ^ frntm a + fg dn a, 

£ (£) ” dn a + /, Mi a. 

Hu oondlkioQ for t muliiitmi req uing thwX 


or 


ten ai 

Udog Ifab taIoo (rf au 

- v/7"+y,‘ 

Tho nlatloTi (4S-9) oan bo dorhrxl 
(Umtly by uin (tf thfa expitnlon for 
df/dn. If a (Fig. 831) gtrai any 
notion dlfforont fram Uio dlnotlon 
given by oi, then Pm. ar 

^ ™ /« fOi f* ft **11* 

Hut a ai — no thitt 

^ - /,(«■ HI nan f + Min ai dn f) +/>(dii m cm ^ «i ■ 

Hiuro 

ooi oi " -r* -•% ftrnl 8ln ai — — -j ^ — - . 

vn+r. 



i*) 




/l\ ^ + /» 

vj\+/i Vfi+Ji 

+ ft OUH f - - virT ^ 

vP. + fl vP.+Ji 

- - VjV^t^* 

VP +rt 




Fa.OBLKKS 

L Flml tho illmoUofml iWsrlvatlvo of f) " rtf + Jn ^ ^ 
((,r/!3), In (iu cllrwUon of Iho Uiu making an angio of 4A* with tho 
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9, BlDd 



IfexfoosO, v-ralntf, and / is a fiuiotioD of tho vsriablaa r and 0 
8. Had the dlreaUonal dorivatlvo of f{x, y) ~ x*v + a*’ In tho 
dinofloD of tho outtb \rhloh, at tho point (1, 1), inakoe an angle of 



80" vith tho z-aidu 
^ Ilnd the normal donvatlvo of 
/(». a) - *• + V*. 

48. Tangent Plane and Normal 
Line to a Surface. It will bo r&- 
called tliat 

Ax + By + Cg>^ D 


vta as. 


ia the equation of a piano, wliero 
tho ooefflolanta A, S, and C ai'o oallod tho dirootion oomfxniontH 
of tho nonnal to tho pUuio If a, and y (Fig 33) arc the direc- 
tion auglee nwlo by tin* iiomml to tho piano from the origiii, then 


oos a 


Tliorefore, 


A ^ _ li 

VA» + + C*' "" ^ “ vT* -h + (?*’ 

C 

COB -y = 

y/A» + U*+C* 

COB a OOS r(w y ^ A B C 


IF tho iilfljie pasBCH throngli tlio iwiiit (j.#, yt^^ zq), itfrociiiutioii ('an 
l3o wntton as 

A{x ^ a?i) + B{y — yi) + C(z — «»)*= 0 

Tlioro IB also a nonnal form for tlio u([nRbion of h ])laii('| (MiLiivIy 
aoalogouB to the normal form foi tho c([Uution of Lhr HlnuRlit 
lino in the piano This form Is 


or 


X COB a y oos Z oos y = 

B 


■v/ii" -1- 5* -1- C* -s/j*!* -I- 4- c* ^ B^’C * ' 

^ D_ 


:y + ~-=,^^.-z 
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In wfaloh p ™ + fl* -|- (7* ta the dJatanoe from the origin 

to tho plena 

Conridor e nufaoo deflnod bf f — /(•, y), In 'wfakh s end y 
tie ooatldered u the indopcxKlait ▼sriablaB. Than, 


(4S-1) 


dl - ^ d* + 


If Xt pud Vi ohOBBOf ft Ib detannlnad by i — /(Bi y). Let 
Ax — X — Xi and Ay ^ V ^ and dixioto di by i — §•. Tlioi 
(43-1) booomcn 


(4M) 

which It tho oqutUon oT t idnna If thk piano le out by the 
f - Xt, tho equation of tho Uiie of Intomoetlon In 


.---Itl 




(y - f.), 


■nd thlu In tho tangnnt linn to tJio cnirvn f « /(x», y) at ilio point 
(x», It) Hlmllarlyi Lho lino of lnt 4 irHooUoii of tho piano dafined 
liy (43-!^) and Uhi piano y * yt ih Uio tonpcrnt lino to tho ourvo 
i — f{f, yt) at (xt, yt| i#) TItn piano clnfliiral by (43-2) hi cmllod 
tho (angeHl pl(M to Uto mirfooG i « f{x, y) at (xo, yt, ii) 

Tho dlrocUun ouhIjicm of blio iiunnuJ to Uiln pl&uo njo propor- 
Uonol to 


dx 


f 

mi 


9v 


(a Itl) 


-1 


111(1 oquaUon of Uir iiornuil lino to Uin piano (43-3) at (x*, yi, Jt) 
1 h tlinroTom 


(43-3) 


I - T, 


9L 

Ox 


(•«. »i) 


V - ft 

s 


I - M 


-1 


'lliiH linn 1 h dnflnod hh tius aormtal to tho Hiirfant at (x», Vi, it) 
Mipim 34 hIiowh Uio cUflomtioo Iwtwcw'n rfi — HP" and Ax — yttj 
Vif ^ i»liit of tanffonoy ajkI V^Cxq + ^ yi + *§) 

Ih In tho piano c « it- PP h tlio buiguit [dtuia 
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In case the equation of Uie BUifaoo ia giron m the form 
F{x, y, f) =» 0, 

the tangent plane and the normal lino at (zo, y*, e«) liavo bh 
reapeotive eqmtiouB 





and 


(* - z,) + ^ (v - Vt) 

oy (n,th a) 



(>b M ■) 


{t - Eo) - 



rhoflo oquatlona follow dirootly from (41-2) 



Yiu M 


Mx(mpU 1, At (dp 2p 3) on tho Hurfaco x* + = ‘111, tl 

tangont piano has tho oquatloii 


2d (* •- 0) + 2yl (t^ - 2) + 2 e] (i - 3) 

”(«. a* a) Ictt, 3. 1 ) Hia. a. a) 


The normii line le 


Oc + 2y + .Ij - 40 



0 


Example 2 For (2, 1 , 4) on tho aurfftco « - + y* — 1 , tho taiigoi 

])laii0 1 b 

or 

4a + 2y — • — 0 
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PAOBLBMB 

L 'S\nd tile ftiihiMB from the orlgLii to kbo plane e + f + ^ 1 

!■ find the equetione of tu^nt pJme ud the nonnel line bo 

(0) if + a»i + 4^ - 0 at (1, 1. H), 

W ^ ^ ^ - 1 eA {4, a, 8), 

W $ + + 3 - 1 •* <■% tfi» *•); 

(1) ■• + V - - 0 aKl, a, 8). 

!• BtAnini bo (48-A), ihow that 

^ »r dr ar 

«ma OM^ «■'>' “s 3^-5' 

wfam OGi a, 001 eoi 7 m dlieotioo ooctoM of tlio Dontial Haa, 

^ Bhtnr that the 1010 of tho bitoroepto oo tho ooardlnabo UBca of uy 
talipot pluo toaH-|-yM-(-g)4 B^Mii ooiwtant 

*4- Bpaoa Cuttm It will bo rooallocl that a plana ourvo O 
whoK aquation !■ 

(44-1) t - /(,) 

Ru bo reproeiited bi tnfliittoly many wayn by a pair of paramotrla 
uqUAtiODfl 

(44.2) . - »(0, 

1 / - ir(0 

n nh oeoc that whan tha independiuib varialilo I ninn oontlnuouiUy 
thrai^ noiQB set of Toluoa ti ^ I S it tho ooiTtti|H)D<llng vbIucm 
of » and y, detormbiod by (44-2), w.tfc<ry (+4-1) 

For awnplo, the oqiiaUon of tlio tippor half nf n unit olrolo 
with tho omtar at the orlcLn of tlio oartodan nyiftom, 

V - VI - X*, 

oan be rupicauuted paiunotileally as 

a — 00 a 1, 

» - ain 1, 


(Oils: »), 
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X t, 


y » V"1 -1*, 

(0 i < s: 1), 

X ^ 2i, 


y - VI “ 4?, 



Slmllaiiy, a space curve C can be roproBontod by meana of iv 
set of oquabons 

( * - *(0. 

(44-B) < 1/ - v(0» 

(e -«(t) 

BO aeleotod that when i tudb through Bomo sot of values thi 
Goordinatefl of the point P(x, *)i defined by (44-8), twe oul 
the dedred curve C 



It will bo Qflsumod that the functions iii (44-2) and (4-4-r 
pOBBOBB contuiuouB donvativofl with roepcwt to winch impln 
that the curve C has a continuously turning tongout uh tlin i)oii 
P luovoB along the curve. 

Lot P(:ri, yi, *o) (Fig 36) bo a point of tho ourvo C dcflnrd 1 
(44-3) tliat ooiTGBponds to some value h of tlin pummnbi^r 
and let Q bo the point (j, + Aa;, yo + Ay, + Af) tluit c‘ci 
roeponda to i ^ h + M Tho direction ratios of tho lino I 



|41 PARTIAL DIFFMBMNTIATION 101 

Joining P ftod Q an 


^ ^ ^ ^ ^ 

^ ^ ^ " A 1 ^ 

If Ai 1b bHowwI to approach nro, As, Ay, and Af all tond to no, 
BO that the dlnotlm ratka of tho tangoit Una at P(a(, ft, ii) 
an pioportlimal to ids/dt)i^ (df/dt),^ {d»/dC)t^ Hnnwi, tho 
equation of tho toncoot dno to C at P 1b 





whcTQ prlmafl dmoto d(BivRtlyt99 with rapoot to i. 

Tho oqiuUkuo U the tamcDot lioe to the eiieulu hoik 

e ^ soon (, 
f - adn t, 

• - < 

At I - r/fl, ATO 



a -y/i e 

“5 * 


llu okiDOfit of tro <fi bf (Ivqd hj 

(rfn)- - (rf®)* + (dy)^ + {dM)\ 

m Uiet the ImictJi td a Kpem eurvo C nui ho oAlouLAtnl from 

^ +Ti7*- 

'Hu loiifUl of Uw tKTt of Uw Inllx Intwnoji tite polntii (a, 0, 0) and 

(0, s,«/a) U 


40. Dlractlaiial DoitratiroB In Space Thun 1b no cnonLlal 
dinirulty In roctonillnn Llic nwiltH of Boo, 43 to any number of 
varioblcH Tliun, If a - /(*, y, i) In a Bultably raatrlctod func- 
tion of tho Indaimulont nuHobkw s, y, oinl a, then thu dlnotional 
(lorivatlvn along a himoo nurvo whoMo tongont lino at w>mo point 
P(*, Vi >) (1^ 30) hoe tho dlroottou oodaoB eoa (x, e), ooa (y, «), 
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Mid ooa («, *) ie 

du du / I ^ , V , flu , . 

^ — oo8(»,a) 4 ._c«(tf.a)+^C 08(f,«) 

^ dudx . dudjf . flu dt 
"^flids 6y^ dt da 

The magnitude of the nonnal denvativo to the surface u ■- oonsl 
IS Eiven by 

t 

The vector that la normal to the surface u — const and whose 
magnitude is du/dn is called the gradterU of u 


PROBLBIC 

1. Find the oquakon of the kingont line to tlio Iielix 


jp — a ooa V " « sin z nl, 

at tiio point where t - r/4 Find Hid length c»f the liolix Iwtwwn t\w 
]>alnta t - 0 and t « r/i 

& Riul tlw dLrootiorui dorfvativo of / - xi/f at (1,2, m Iho 
dlrockon of tlio lino tliat makeB equal angles ivitli tho coonhiiiito jixtw 
Ilnd tho noi nial dorivativo of / *» + y* + i* at ( 1 , 2, A) 

i. Show that tho equaro niot of tho sum of tho wiuiirtw of tlu» 
(Urootioiial dorimtivna in tliroo iion^ndieular (hrectioiiH m ( 4 ]nal lo 
tlio normal ilorivativo 

ft. Exproas tho nomml cbnvatlvu (-15-1) in nphorical and evliruInrHl 
ooordlnatoB, for which tlio oquatlotiH of transronimtlon am 

(fl) » ^ r flln ^ uoH y - r hiii hiii p - r ooh 

(ft) » — r sin y mm r coa a » i 

ft* TOiat 1 h tho cUiXMjUoii of tlio curve x - y - j « at the 
ixsiiit (1, I, ])T 

7. Show that tlio ooiwUtion tliul the Horfaccb /(x, y, f) » 0 and 
y, a) ^ 0 Intomoct nrthogniiaJly is tliat 


dx Ox 


I il-. 1 n- “* n 


^ dip 
dy dy 


dtdi 


8. Show that tlio BurfacoH 

xys ^ 1 iukL 
Intoraoot at nglit angles 


Q ^ O 1 
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ISS 


t, nnd tba an^ betwm Uw nann^ to the tu^t plus to 
the loriuia s* + ir* + ^- Bu>dSb* + Sp' + f'-0Mthe pohit 

( 1 , 1 , a). 

UL Show that the dlnetinn of the farunnt line to the eurn o( Int*- 
■eetton of the anriaeea /(a, y, f) - 0 and f(s, y, f) ■ 0 b |tmi by 

KimL Let Caai yi, it) be a point on the ooryD of Intmeetion, and And 
tho Uoo of IntmoettoQ of the tanfuit planea to the auriaes at the 
point (ai, yi, ii). 


46. fflytiwr Partial D ar h att r a a. Tlu) partial dnrtrEttra 
/v » /•. 0^ /<*** ■ I *0 a™ fttiujtkma of ai, »a • , 

Xa and may ^vo partial doriratlvai with mpoot to somo or all 
fj. tluBO vaiinbloB. Tboao dertvatlvce aro oallod aooond partial 
dtrivadvoB of /(xi, Xi, • , x^ If thoro aro only two Indo- 

pendant variabloa a and y, thnn /(x, y) may haro the aooond 
partial dnrivnilvne 



U ahould 1x1 iiutlooil thnt/^ m««jm Lluvt ^/Ax Ih Hint found ukI 
tlioii ^ Ih (InUimiliinl, md titab tint wnhnorlptM Indicate tho 
order In wbloli the (lorivatlTiw aro tnknn In 

Ay fla Ay \**/ 


tlio (mler In In keoidiiK with Uio nueuiliifc of Uie Hymlxil, no that 
Llu) imler a|)|KinJH nn tlio revomn of Lho iirtler In wlileli tlio dorivn- 
Uvra oni Uikeii 

IL ean 1x1 pmvwl* tliat, If /» and luti eontlimotui funotlonH 
of X BJul y, lilien — Jgr, HO Ihal Uie (iitler of illITtirontlntlon Ih 
* tta UoKOLMiKOiTp 1 H., Ailrmnood (kJoaliH, Hcb, 31 
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. Smdlarlj, -irhen third parbal derivativafl ai 
/f. and if thoBo donvc 

oontinuouB 


M^mmpU. U /(s, y) - thou 
/- - ye", ft - aie*», 


- «”(*v + 1), 


/„ - it*a- 

PROBLXH8 

1 . VDrifj that for 

(o) / — ooB *v*, (i) / — dn* « oos Vt («) / «■ 

2. ProTo tliat U 

(o) A»i ») - lo* (?>* + thong^ + - 0, 

+ ,a*u Qht 


8. Iftt-a:« + i/»and |y I ^ 

4. If«-/(®,J/)and j*“;;^J'flnd^and^ 


fl. TJae tha ramilta obiamod in Prob 0(&)| Boo 41, in order to hIkp 
thnt ^ — «■)/(»* + ™ ‘ 


Find 


a»' 


6, If w — «(*, y), whoro as — a?(tt, p), y ^ y(u, v), dx/&u — 
and dx/dv — —dy/fltt, show tiiat 


dh9 dho j_ _L 


du* ^ ap“ ” \dx* ^ 
T. S:h>w that tho oxproBsloiia 
rdr\i 


Fl - 




and 


* " a** dy* 


upon ohange of yarinblo by means of 9 « r ooa a and y — r hIh 0 Imtoin 

and 




flr* 


i?!? 

r>cW* 


" a_i "I" -1 .i/>i 


1 et 
rdr' 


8. If V — f{x + d) + o(x — cO, where / and g are any funolioti 
poesoaing oontinuoua Beooud dorivatlvoB, ahow that 


d»Y 


.fl'V 



|4T PASTIAL DDTMEMfrriATION 

01 Bhow that U m ^ r oca 0 nH y ^ ^ 0, 

10. If Fi(a f, f) ud 7i(a, y, t) mtUj the ecjuatiai 

„ d*r , d*7 , a*r . 

tliov thii 

U - V.C., f. j) + (•• + V + y, •) 

LAtiaAoi tKn iwjnaUfwi 

V^l/ " 0, when ^ ^ ^ 


lU 


47. TEjktf'i BaiIm for Ttmotlani of Two TAiUblet. Thli aeo- 
iom oontiJiu n formBl dovolopmant of a rimotlon of two YBiiAhlmy 
lf)i In nioi anmlogDUA to tho Taylor’a Mnioj clijyolopnHsnt 
if a fuQotlon of a nln^o yarlabla It la nwimnd that tho waiim 
sbUdtind horn oonvur^ to th« vidue of tho fuootlDn /(*, f), 
)ut tho analyKh of tho oondltiooH undor whlcli tiilA oonvorfBnoo 
tvlll ooour Ih too luvolvod to lio dlnoiiMod In thin book. 

Ck)nHljlor/(j, y), which la a fuDotlon of (iio two vmrlabloi j and 
j, and lot It hmvD ooutlnuoua porUal dnrtrEtlvQa of ill ordfni. 

fjOt 


^47-1) X a + al and y ^ h + fiL, 

kvhom a, b, a, ind fi arc oonatontH and ^ Ih a variaUo, Hun 
(H7-3) /{x, V)^fia + al,h+fii)m f^{L) 

If ^*(0 fci rajMUidrtl In Manlaurtn'H hpKcm, Uioro roHulta 

(47-B) y(l) - ^-(0) + K{0)1 + f* + f + 

From (H7-2) and (47-1), it follnww tint 

- Mr, V)a + //i, y)/3 

'J’hccn, 

^■"(0 - UMr, »)« + fm(r, V)P] ^ + Lf.*(*i »)« + /■(*, »)|S] ^ 

- /»(*i »V + V*(*i lf)aJ3 + /n(*i V)P*. 


MATIC8 FOR BNOINSERa AND PU78ICI8T8 |if 


• [/«(*, tf)«* + + /«-(*» v)^*] ^ 

+ [/at(2| tf)“* + V)“^ +/w(®i 

“ /-(*, tf)«* + V-»(*, V)«V + 

Higher order denvfttivffl of F(i) oan bo obtauiod by coiitimuug 
tbia proofflB, but fcho form ib evident from thoeo iJroiuly ulitniiiod 
Symbolically expresed, 










at* 


dx dy 


«v. 

flj* 


dz* ^ ^ 3** 3y 


-l-«^ 

+ *‘^ 3 ro?*+^ 3 j/* 


Then, 

p ->(0 - (. I + fl 4 i)‘/(*. ») - “• 0 + «•-/> 

+ ••• + 

where 

r** H 

"rKn-r)! 

Bmoe ( ■■ 0 givea a: = a nnd y = b, it follows thiib 
F(0) - /(a, b), r (0) = c4M, b) + /V.(n, b), 

Substituting tJieee expressions m (47-3) gives 

f (0 - /(*. y) - M t) + W.(a, h) + /v;(a. h)]f 

-H [ay.(o, b) + 2«flf,(o. b) -I- !»*/„(«, b)J 2^J -I- 


Since ofX ^ X — a and ^ •= y — b, bho (?xi)iuwi()ii 

(47-4) M y) - /(a, b) -f- /.(a, b)(* - o) -f- /,(«, b){y - b) 
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Thli li Tayior’i wip a n d mi for a fnnatioQ /(j, ») iboiit tiu pdnt 

(a,l») 

Anobher fonn that la bBqtumtlj uaed b obialud by npltdof 
(» - o)by*Mid(if - 6) by*, BO that* - o + Aandy-b + *. 
Than, 

(47-6) /(a + ’k. *>+*)- Ao> J>) + Ua, h)i + Ua, b)h 
+ ^ [fm(a, i)k* + b)hi H- ffg^a, b)**] + 

Thlfl formulA fa Froquantlj wrHton BTmboUoally ai 

f[a + h,b + i) ~fia,by + (k± + h-^S{a,b) 

IkmmfiA. Obtain the (gpendcn of tan~' ^ aboot (1, 1) np to the 
thlnUkKree tanniL Hon, /(*, f) — tu~^ j|i ao that 

Mf) - tan-'J /(1, 1) - tan-* 1 - Jj 

fA *} ») “ — 1) — ji 

y) " ^j| /m(1, 1) * 

f^w(^ y) " yl^r 

fwwi^ y) " +^"* 1) J 

l^wn, 

tan“* — 

feobleicb 

l-'0l>t*Jn tlu oii»re4on for nf* + ooi »* about (l,r/a) op to the 

Udnl-(faf(rTio tanniL 
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S. £zpuid/(a, v) — at (1, 1), obtaining three tamu 
a. Bxpand «* ooe y at (0, 0) up to the fourth-degree tenna. 

A. Bhov that, for amall yalusfl of s and y, 

e-ain » - 1/ + a® (approx.), 

and 

a»Iog (l + l/)-lf + «V-^ (approx.). 


6. Expand y(ai, v) — ••p + + 1 about (0, 1) 

e. Expand (1 — a* ^ V*)>* about (0, 0) up to the third-degree 
temn 

7. Bho7 that the doTelopmant obtained In Prob 6 la Idanhoal with 
the binomial axponalon of [1 — (n* + ir*)]^ 

46. Maxima and Minima of Functlona of One Variable. A 
fimotlon /(s) Ib said to have a numtnufn at a ■■ a, if 


and 


A+-A« + /0 -/(o) <0. 

A- -/(«-*) -/(a)<0, 


for all eniffloiently small poeitivs values of A If A+ and A~ aro 
both poeitive for nil small poeitivo yalues of h, than /(x) Is said 
to have a mtiitmum at x a. 

It la shown in tho olemontnry oaloulus that, If the function 
/(x) has a derivativo at x * a, thon the nooossaiy condition for a 

maximum or a minimum is the 
vanishing of /'(x) at the point 
X a. Of course, the function 
/(x) may attain a maximum 
or a minimum at x ■■ a with- 
out havmg /'(a) ■■ 0, but this 
can occur only if /'(x) ooosos to 
exist at the ontioBl point (aoo 
Fig 30). 

Lot lb bo supposed that /(x) has a continuous denvativo of 
order n in aomo mtorval about the point x ■ a Than it follows 
from Taylor’s formula that 

A+-i/(o + A) -/(o) 

- 
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whare 0 < li < 1, ud. 

A--/(a-k) -m 

- - r(a)A k* - ■ • + (-l)-‘ 

whAre 0 < li < 1 Let It bo tiwimnd fnrihor tliAt the flist 
ii — 1 dsrtviitveB of /(c) vukh ct x a but thct /^(a) 1 a not 
nro l^iim 

_ f>(a + »ih) 

nl 

aj>d 

4 - . 

Shun /^(x) ta aminod to bo eouthuKHUi In somo biteml 
about tbo point x " a, /’“’(a + ^i*) Mui ^^(0 — M) will 
have tho nnu idgn for nuOlolantlj umall veluoa of K. Coddo- 
quontly, tho fdcnii of A'*' and A~ will bo opiKMdto unlm n la an 
OToo numboT But If /(a) la to have a mudmum or a mlnlinum 
at X ~ 0, thoii A'*' and A~ munt bo of tliu Muno iden AmonllnidTp 
tho nooonary oondlUon for a maxlmiun or a mlulmum of /(x) 
at a a Ifl that tho flnt non-van bihing (Inrlvadvo of f{t), at 
a ■■ a, bo of ovon ortlar Morouvor, idnoo both A+ and A~ 
aro npiaUvo If /(a) la a mazbnuni, It followH tliat muat bo 
nogattvo. A idDillar orgumont Hho^m that, If /(x) han a mlnbnum 
at X * 0, thon tho flmt non-vanbihlng dnrlvnrtivo of f{x) at a — a 
must bo of ovon ordor and pcidtlvo 

If tho dnt noD-vanlnhlng dnrlvattvo of /(x) at a — a h of odd 
ardor and/''(a) — 0, than tho pdntx— a In oallod a pofnt (^f^/foDlloa. 

IbMipIi. Inwtlgato /fa) - a* — Rx* fur maxima and mlnlina. 
Now, 

/'(a) - - aOx*. 

which b aaro when a - 0 and a - 4. Tlwn, 

/"(a) - aOa* - flOa*. /"(O) - 0, T'W) - 830; 

/"(a) - «b* - 13Qa, /"'(O) - 0, 

/'^(a) - 130a - I3D, /"(O) - -ISO. 

Hpmi f'H) > 0, /(4) - -300 b a mlniroum, and riocB /'^(O) < 0, 
ftp) « 0 b a 
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PROBLSMS 

1, Suailnfi the following for irmriina and minima' 

(а) 1/ “ ar* — 4a* + 1; 

(б) V - - fi)“; 

(fl) y — a + oofl 

% Mml the minimum of the function y •• x^, where a > 0 

HinL Goofllclar the mLnimum of log gf 

3 . Show that aj ^ 0 glyoB the minimum value of the funotloD 

y-«e* + e-* + aooea 

4 Plnd maxima, minima^ and points of Indeotlon, ami ulcoteh tlic 
ourresi fcff the following 

(а) If ^ da + 4 Bin a + flln 2x, 

(б) y — a® — 4 aln » + rin 2a; 

(o) y — 0» + 8 aln a + dn 2», 

A, Find tho maxiinum and mimmum values of the function 
y^xfliux + acoaa 

6, Find maximal mliilmai and points of Inilootion, and Hkotcli ^tlio 
ourvQB, for the foUowmg 

(<»)»-» Jog X, 

(W ** — (y — »*)* 0 

48, Mezlina tnd Minima of Functiona of Several Variables 
A funoliou of tAvo yanahloejix, y) is said to Imvo a maximum at 
(a, b), U /(o + A, b + fc) — /(o, b) < 0 lor miflvicntly HiniiU 
positive and negativo viducs of h and Jk, and a mininuim, if 
f(tt + A, b -1- i) — f(a, 6) > 0 

Oeometrieally, this means that Avheii tho point (a, b, e) on Liio 
surfaoe x ^/(x,y) is higher than all ncigliboriiig jmiiitH, tlion 
(Oj b, e) IS a maximum, and when (a, b, c) ih lotvor tlioii oil 
noighbonug pomts, it is a minimum point At a inoximiiin or a 
miDimum pomt (a, b, c) the oui'vrs m whioh tlin planes x =* a and 
y b out tho Burfaoe liave maxima or mlnuna Tlici'efon*, 
/■(o, b) — 0 and f,(a, 6) ■« 0 The ronditlons - 0 and /, = 0 
oon be solved eimultaiioously to give the nntioal values 

The testing of the cntiool values for maxima and minmia is 
more dilHoult than ui the oeee of functions of one vanablo 
However m many applied probloms the physioal interpretation 
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Ifll 


Hi 


will (lotermlno whisUiDr or not fcho orltloAl yihifli yield nmimm 
or minima or neiUiar. An analytloal orltoiion oan bo egUhtinhnd 
Tor tho CMO of two yarlAbln In a manner analogoni to the metbod 
naod for one yarlahle. By tbc nao of Taylor'a cgi^ftJMdoPi It can 
bo shown that If /fl(a, 6) — 0 and b) « 0^ then /(a, b) k a 
maalniinn If 

b)f^a,h)<0 

with 

/-(o, b) < 0 and /»(a, b) < 0, 

ami a mlnfmiim If 

D m p^(a, b) - U<h b)fwia, h)<0 

with 

/-(o, t) > 0 and f^a, 6) > 0 

In QUO 


/(a, b) fa nalUior a maximnni nor a minimum U 


b) - U<h 6V-<«. b) - 0, 


iJw Wt fflvn* no bifomuiUun, Junt qh/"(») “ 0 fdvnn no oiitaiion 
III tlio noMo of ono vnrlnliki 

TIimn nuiwldomtlunH reui bo nxtoiukul tu funotiouji of mora Uun 
twn vorlaidoH. Thin, In Uio c«»in of a function /(*, y, i) of throe 
viirloltloH, 


3t 

dx 


-0, 



dM 


- 0 


In tho nooewary cHmcllUon for n nuuclmuni i»r n minimum 


Kxnmph I A Ionic \^orts of Un \2 In 
witio h mailn Uito a Lmuicii liy ImiUnfC up 
tho Mm Ui form o<|ual an|^ wltli tlio 
Ik] (Kla. 17) MikI tlw amount \n \w> 
lamt U[i ukI thn anpcln of Innlliiathm of the 
i4(kw liiai will niakn Uw oairylnpc r«]BrlLv 
I madnium 

Tho Yiiliimo will Im a niaxlnium If tlio 
nctloQ k a nuulniuin Hk) anm k 



A - l‘ij »4d i - 5ir> dn # + J* 4n # m fl, 
for 12 - 2* k tho loww Imio, 12 - 'ij + 2j «■ I k tiis oppw bam, 
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le altitude. Then, 


= 12a? cos 6 — 2a?2 cos 0 + cos^ S — sin* 6 
= a?(12 cos 6 — 2x CO&6 + X cos* 6 — x sin* 6) 

^ = 2 sin ^(6 — 2a? + a? cos 6), 


dA/dx = 0 and dA/dd = 0, if sin ^ = 0 and a? = 0, which, from physical 
considerations, cannot give a maximum. 

There remain to be satisfied 


and 


6 — 2a? + a? cos ^ = 0 


12 cos ^ — 2a? cos d + a? cos* 6 — x sin* ^ = 0. 

Solving the first equation for a? and substituting in the second yield, 
upon simplification, 

cos d = H or d = 60®, and a? = 4. 

Since physical considerations show that a maximum exists, a? « 4 and 
6 = 60® must give the maximum. 

Example 2, Find the maxima and minima of the surface 


Now, 


da? 


dH 1 


a^c 


da?2 


a?* 

2/* 


a* 

■ p = 2 c2. 


1 a? 

dz _ 

1 y 

“ca*’ 

dy 

cb^' 

y = 0. 

But 


dh 

1 

d*g 

dy^ 

“ b^c 

da? dy 


= 0 . 


Henc^ D 1 A^6*c* and, consequently, there is no maximum or minimum 

consideration is a saddle-shaped 
surface called a hyperhohc paraboloid. The points for which the first 
partid denvatives vanish and D > 0 are caUed mnvmax. The reason 
t ^ consideration of the shape of the 

reader the coordinate system. The 

reader wiU benefit from sketching it in the vicinity of (0, 0, 0). 

PROBLEMS 

Tei maximum, 

iest by using the second denvative criterion. 
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PARTIAL DIFFERENTIATION 


163 


2. Find the volume of the largest rectangular parallelepiped that can 
be inscribed in the ellipsoid 


52 ^2 


= 1 . 


3. Find the dimensions of the largest rectangular parallelepiped that 
has three faces in the coordinate planes and one vertex in the plane 




1 . 


4. A pentagonal frame is composed of a rectangle surmounted by an 
isosceles triangle. What are the dimensions for maximum area of the 
pentagon if the perimeter is given as P? 

6. A floating anchorage is designed with a body in the form of a right- 
circular cylinder with equal ends that are right-circular cones. If the 
volume is given, find the dimensions giving the minimum surface area. 

6. Given n points P< whose coordinates are (x<, 2/f, 2»), (t = 1, 2, 
• • • , n). Show that the coordinates of the point P(a;, y, z), such that 
the sum of the squares of the distances from P to the P* is a minimum, 
are given by 




60. Constrained Maxima, and Minima. In a large number of 
practical and theoretical investigations, it is required that a 
maximum or minimum value of a function be found when the 
variables are connected by some relation. Thus, it may be 
required to find a maximum of w = /(a:, y, 2 ), where x, y, and z 
arc connected by the relation (p{Xj y, z) = 0. The resulting 
maximum is called a constrained maximum. 

The method of obtaining maxima and minima described in 
the preceding section can be used to solve a problem of con- 
strained maxima and minima, as follows: If the constraining 
relation (p{x, 2/, 2 ) = 0 can be solved for one of the variables, 
say z, in terms of the remaining two variables, and if the resulting 
expression is substituted for z in u = f(x, 2 /, 2 ;), there will be 
obtained a function u = F{Xj y). The values of x and y that 
yield maxima and minima of u can be found by the methods of 
Sec. 49. However, the solution of (p{Xj z) ^ 0 for any one 
of the variables may be extremely difficult, and it is desirable to 
consider an ingenious device used by Lagrange. 
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To avoid circumlocution the maximum and minimum values 
of a function of any number of variables will be called its extremal 
values. It follows from Sec. 49 that the necessary condition 
for the existence of an extremum of a differentiable function 
fixif xa, • • * , Xn) is the vanishing of the first partial derivatives 
of the function with respect to the independent variables Xij 
X 2 j • * • y x^. Inasmuch as the differential of a function is 
defined as 

it is clear that d/ vanishes for those values' of Xiy X 2 j ' • • , Xn 
for which the function has extremal values. Conversely, since 
the variables Xi are assumed to be independent, the vanishing 
of the differential is the necessary condition for an extremum. 

It is not difficult to see that, even when some of the variables 
are not independent, the vanishing of the total differential is 
the necessary condition for an extremum. Thus, consider a 
function 

(50-1) u = fix, y,z), 


where one of the variables, say s, is connected with x and y by 
some constraining relation 

(50-2) <p(x, y, 5!) = 0. 

Regarding x and y as the independent variables, the necessary 
conditions for an extremum give du/dx = 0 and dujdy = 0, or 

dx dx dz dx ' 


dy By dz By 


Then the total differential 


dx 


i = I + f + I (I + U ^2/) = 0 ; 


and since the expression in the parenthesis is precisely dz, it 
follows that 

^dx+^dy + ^^dz = 0. 


(50-3) 
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The total differential of the constraining relation (60-2) is 
(60-4) + = 


Let this equation be multiplied by some undetermined mul- 
tiplier X and then added to (50-3). The result is 



Now, if X is so chosen that 


(50-5) 


j. x if - 0 

f + x|«-o, 

dy dy 

M + X = 0 
y, z) = 0, 


then the necessary condition for an extremum of (50-1) will 
surely be satisfied. 

Thus, in ordcT to determines th(s (‘xtremal values of (50-1), 
all that is lu'cessary is to obtain th(^ solution of the system of 
M(is. (50-5) for the four unknowns r, y/, and X. The multiplier 
X is ealh^d a Lagrangum nmliiplirr. 

Examplv 1. Find the inaxinmin and the minimum distances from 
the origin to the curve 


+ (\xy + -8 = 0. 


The pn)l)l(‘-m here is to determine the extremal values of 
fix, v) = 

subject to the condition 

(fix, y) s ^rx^ + iixy + — 8 = 0. 


Ecjiiations (50-5) in this c-asc' liec^ome 

2x + X(10x + <>//) = 0, 

2y + X((>j; + 10//) = 0, 
rrx^ -f i)xy + 5//*'^ — 8 = 0. 

Multiplying the first of these e<piations by y and the second by x and 
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then subtracting give 

6X(2/2 - x^) = 0, 


so that y ^ ±x. Substituting these values of y in the third equation 
gives two equations for the determination of x, namely, 

2x^ = 1 and = 2. 

The first of these gives f = + y^ = 1, and the second gives f ^ x^ 

+ 2 /^ = 4. Obviously, the first value is a minimum, whereas the 
second is a maximum. The curve is an ellipse of semiaxes 2 and 1 
whose major axis makes an angle of 45® with the a;-axis. 

Example 2. Find the dimensions of the rectangular box, without a 
top, of maximum capacity whose surface is 108 sq. in. 

The function to be maximized is 


Six, y, z) s xyz, 

subject to the condition 

(50-6) xy + 2xz + ^yt = 108. 

The first three of Eqs. (50-5) become 

! yz + \{y + 2z) = 0, 
xz + \{x -h 2z) = 0, 
xy+X^x + 2y) =0. 

In order to solve these equations, multiply the first by 37 , the second 
by 2/, and the last by z, and add. There results 

\(2xy -I- Axz + 4yz) + Zxyz = 0, 
or 

\{xy -|- + 2yz) + Hxyz — 0. 

Substituting from (50-6) gives 

108X + %xyz = 0, 
or 

^ xyz 

^ w 

Substituting this value of X in (50-7) and dividing out common factors 
give 
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From the first two of these equations, it is evident that x ^ y. The 
substitution of a; = y in the third equation gives z = IS/y, Substitut- 
ing for y and z in the first equation yields x * 6. Thus, x = 6, 2 / = 6, 
and 21 = 3 give the desired dimensions. 

PROBLEMS 

1. Work Probs. 1, 2, and 3, Sec. 49, by using Lagrangian multipliers. 

2. Prove that the point of intersection of the medians of a triangle 
possesses the property that the sum of the squares of its distances from 
the vertices is a minimum. 

3, Find the maximum and the minimum of the sum of the angles 
made by a line from the origin with (a) the coordinate axes of a cartesian 
system; (6) the coordinate planes. 

4, Find the maximum distance from the origin to the folium of 
Descartes x* + 2 /® ” Soxy = 0. 

6. Find the shortest distance from the origin to the plane 

ax + by + cz = d. 

61. Differentiation under the Integral Sign. Integrals whose 
integrands contain a parameter have already occurred in the 
first chapter. Thus, the length of arc of an ellipse is expressi- 
ble as a definite integral containing the eccentricity of the ellipse 
as a parameter. * 

Consider a definite integral 

(51-1) <p{ol) = a ) 

in which the Integrand contains a parameter a and where uo and 
ui are constants. As a specific illustration, let 

V 

<p{(x) = /; sin ax dx. 

In this case the indefinite integral 

F{x, a) = |* sill ax dx = — + C 

is a function of both x and a] but, upon substitution of the limits, 
there appears a function of a alone, namely 

ir 

<^( 0 :) = J* sin ax dx 


T 



* See Sec. 14. 
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Frequently, it becomes necessary to calculate the derivative 
of the function ^ (a) when the indefinite integral is complicated 
or even cannot be written down explicitly. Inasmuch as the 
parameter a is independent of x, it appears plausible that in 
some cases it may be permissible to perform the differentiation 
under the integral sign, so that one can use the formula 

Juo vCK 

This formula turns out to be correct if./(a;, a) and df{Xj a)/da 
are continuous functions in both x and a. Thus, forming the 
difference quotient with the aid of (61-1), 

(51-2) ~~ ^ a + Aa) - /(x, oc) 

Now the limit, as Aa — » 0, of the left-hand member of (51-2) 
is precisely d<plda, whereas the limit of the expression under the 
integral sign is df/da. Hence, if it is permissible to interchange 
the order of integration and calculation of the limit, one has 

(61-3) r^l^dx. 

doj Juq 

The restrictions imposed on the function f(x^ a) can be shown 
to be sufficient to justify the inversion of the order of those 
operations. 

Suppose next that the limits of integration ui and uo arc func- 
tions of the parameter a, so that 

In this case, one can proceed as follows: Let 



a) 

dx = 

Fix, a) 

so that 





(61-4) 


dx 

= fix, 

a). 

Then, 





(61-6) 

,p{a) = 

' JiuM 

f(x, 

a) dx 

= Fix, a) 


= Fiu^: 

a) - 

Fiuo, 

, a). 


X -» Ul{oc) 
X = tio(a) 
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Assuming the continuity of all the derivatives involved, one 
can write* 

dip _ dFjuu oQ dui dFjuij a) _ dFjuo, a) dup __ dFjupj a) 

da dU\ da da dup da da 

which, upon making use of (51-4) and (51-6), becomes 

a - “> s s »)i 

V du\ V dup d 

= f{u^, a)^- f{uo, «) -^ + ^ fi^, «) dx. 


The partial derivative appearing in this expression means that 
the differentiation is to be performed with respect to o;, treating 
Up and Vi as constants. Hence, making use of (51-3), 


(51-0) 


duo 

da 


+ 


Wo(a) 


df(x, a) 


da 


dx. 


This formula is known as the formula of Leibnitz, and it 
spe('ializ(\s to (51-3) wlum ^h and Up are independent of a. The 
validity of this formula can be (vstablished under somewhat less 
n‘stri(*tiv(* hypoth(\ses,t but th(‘ limitations imposed on the func- 
tion fix, a) in th(' foregoing discussion are usually met in prob- 
l(‘ins arising in applied mathematics. 


Fx<inipl(' 1. Find 




dx. 


Tlicn 


d^ 

r-' 


da 

j -rr’ 

a'* 


rlct 

2j:'’ 


/-«■! 

a^ 


6* - c-"* (-2a:) + C'H2) 


c dx 4- 2o:6’-«‘‘' + 26'"-*. 


Example 2. I'oriniila (f)!-;!) is fro(iuejitly used for evaluating definite' 
inh^grals. TIius, if 

<p(a) = r log (1 + a cos x) dx, 

* S(‘o Sc(\ 30. 

t See SoKoLNiKOFr, I, S., Advanced Clalouhis, S(^o. 30, p. 121. 



170 MATHEMATICS FOR ENOINEEBS AND PHYSICISTS §61 
then 

1 




Therefore, 


«V Vl-a^J a aVr^* 


?>(«) = ’T r -7==^) dc 

^ \ot a VI - OL^/ 

= T (log a + lAgA + Vl 


<»(«) = X log (1 + vr - a2) + c. 

But, when a =: o, 

- £ log ldx = 0. 

Hence, 

and 0 = ir log 2 + c and c = bg 2, 

<p(cc) = T log (l±-:^^LEi!^. 
PROBLEMS 

2. Pmd dv^/dar, if ^(a) = (i _ « eos dz. 

3. Find d^/d«, if ^(«) = tan->^ dx. 

4. Find d^s/da, if ^(a) = f« tan (j; - «) d®. 

6. Find d^/ds, if ^(k) = J** 


by using P" ^ 

^ Jo a ^ coi 


7. Show that 


sign and thus evaluate / 


J 

TT 

“ (a — cos x)^ 

- i)w’ 'f «* > 1. 


COS X + a^) dx = 0, 

if a* ^ 1 

= ^ log CiL\ 

if a» 2: 1. 
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8. Verify that 


1 r® 

y = lJo sm*(x 


is a solution of the difEerential equation 

g+ 111 -/(»). 


where A; is a constant. 


a) dot 





\ ' ^ 

; CHAPTER V 

■ MULTIPLE INTEGRALS 

It is assufned that the reader is somewhat familiar with the 
problem of calculating the volumes of solids with the aid of double 
and triple ihtegrals and has some facility in setting up such 
integrals, '^he first three sections of this chapter contain a 
brief summary of some basic facts concerning double and triple 
integrals, preparatory to the development of the expressions for 
the volume elements in spherical and cylindrical coordinates. 
These expressions are used frequently in applied mathematics 
and are seldom included in the first course in calculus. A brief 
discussion of surface integrals is also given here. 

First, it may be well to recall the definition of the simple 
integral f(x) dx. Let the function f(x) be continuous and 
single valued for o ^ a: ^ b. The interval (o, b) of the a:-axis 
is divided into n parts by the point’s a = xn, Xi, x^, • • ■ , 
Xn — 6. Let Axi = Xi — Xi-i, and let be a value of x such that 

Xi^i < ^ Xi. Form the sum S f(^i) Axi, and take the limit 

ID»1 

of this sum as n « and all the Ax< 0. Under the given 
assumptiona on f(x), this limit will exist, and it is defined as the 
definite inteigral of f(x) over the interval (a, b) of the a-axis. 
Thus, 

; lim rf(x)dx. 

T 71— ► 00 o/® 

Geometrically , this integral can be interpreted as the area between 
the curve y ^ f(x) and the a;-axis included between the lines 
X ^ a and i ^ b. The evaluation of the integral can often be 
accomplished by the use of the following theorem. 

Fundamental Theorem of Integral Calculus. If f{x) 
is continuous in the interval a ^ x ^ b and G{x) is a function such 
that dGIdx == f{x) for all values of x in this interval y then 

f^f{x)dx==0{b)-0{a). 
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62. Definition and Evaluation of the Double Integral. The 

double integral is defined and geometrically interpreted in a 
manner entirely analogous to that sketched above for the simple 
integral. Let /(x, y) be a continuous and single-valued function 
within a region R (Fig. 38), bounded by a closed curve C, and 
upon the boundary C. Let 
the region R be subdivided ^ 
in any manner into n sub- 
regions ARij ARi, • * * , ARn 
of areasAi4i, AA 2 , • * * jAAn- 
Let (ft, T/i) be any point in 
the subregion AJ2<, and form 
the sum 


/(ft-, m) AAi, 

Fig. 38. 

The limit of this sum, as n— > 00 and all Aili— >0, is defined as 
the double integral of /(a:, y) over the region R, Thus, 

(52-1) lim iji) AA< s f fix, y)dA. 

Thc^ region R is callcHl the region of integration, corresponding 
to the interval of integration (a, b) in the case of the simple 
int(^gral. The integral (52-1) is sometimes wiitten as 

//. f{x, y) (lx (ly. 

In ordc'ir to evaluate the dollish’s integral, it will bo simpler to 
consider first the (^ase in wliich the rc'gion R (Fig. 39) is a rcc- 
tangh^ bounded by tlu^ liiuss x = a, x = h, y = y = d. The 
(‘xhmsion to otlun* tyi)(\s of n'gions will b(^ indicated later. 
Subdivide^ J't. into mn rc^cd.angUss by drawing the lines x — Xi, 
X ^ :r 2 , • • • , .r = j„-i, y = ?yi, y == ?/ 2 , * • • , 2/ = 2/m-i 
l)(dine A.ri ^ Xi — wluu-e u*o = a and Xn = h, and define 

Ayj ^ yj — wlnn-e 7/0 = c and y,n == d. Let ARuho the rec- 
tangles bounded by the lin(\s x = x — Xi' y = yj-i, y = yj. 
Tlien, if the area of ARij is denoted by AAt/, 

’ AA\j ^ AxiAyj, 


2 
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i ■■ n, i 

Let Tjij) be any point of AJS,-/. The sum S md AA »■/ 

2-1, y-i 

can be written as 

inan, jmifn 

(52-2) Vij) ^35i' 

1-1, i-1 

This summation sign signifies that the terms can be summed for 
i and j in any manner whatsoever. Suppose that the terms of 
(52-2) are arranged so that all the rectangles Ai?.i are used first, 



then all the rectangles then all the rectangles ARa, etc. 

This is equivalent to taking the sum of the terms for each row of 
rectangles and then adding these sums. Then (62-2) can be 
written 

m n 

(62-3) y Ayf ij.j) Ax,J. 

But 

n 

lim 5) fiiii, vii) Axi = f f{x, 57f) dx, 

n — > «p V ® 

SO that 

n ^ 

2) ^* 7 ) ~ f f{^) ^ 7 ) dx + 

where li^ €,- = 0. Moreover, f{x, r]j) dx is a function of 77,-, 
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say ¥>( 17 ,). Thus (62-3) becomes 

Ivivi) + «j] Aj/,- = + e]dy + ^ 

= <f>iy) dy + e(d — c) + ^ 

= fa ^y - c) + 

in which lim € = 0 and lim t' = 0. Taking the limit as n — > «» 

n— > « m -4 00 

and m — > CO gives 

fs y^ “ f! fl y^ ^y- 

The double integral is, therefore, evaluated by considering 
f{Xj as a function of x alone, but containing y as a parameter, 
and integrating it between x = a and x ^ b and then integrating 
the resulting function of y between y = c and y = d. The right 
member of (52-4) is known as an iterated integral, and (52-4) 
establishes the relation between the double integral over the 
rectangle R and an iterated integral over the same rectangle. 

Similarly, by taking the sum of the terms in each column and 
then adding these sums, 

f y^ "" fl fl y^ ^y 

In case (52-5) is used, f{x^ y) is first considered as a function of y 
alone and integrated between y — c 
and y — dj and then the resulting 
function of x is integrated between 
X = a and x — h. Either (52-4) or 
(52-5) can be usckI, but one of them 
is frequently simpler in the case of a 
particular function f{x, y). 

Suppose 11 is, not a rectangle, 
but a n^gion bounded by a closed 
curve C (Fig. 40) that is cut by any 
line parallel to one of the axes in, at 
most, two points. Let B\ and be the points of C having 
tiie minimum and maximum ordinates, and let Ai and A 2 bo 
the points of C having the minimum and maximum abscissas. 
Jjct X — (fiiy) be the equation of and x = (p 2 {y) be the 



m 
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equation of BiAiBi. Then, in taking the sum of the terms by 
rows and adding these sums, the limits for the first integration 
will be <pi{y) and instead of the constants a and 6. The 

limits for the second integration will be /3i and Si, in which Si is 
the ^-coordinate of 5i and Si is the j/-eoordinate of B^. Then 
(52-4) is replaced by 


( 52 - 6 ) 


fix, y) dx dy. 


Similarly, if j/ — f^ix) is the equation of A^BiA^, y = fJx) is 
the equation of AiB^At, o-i is the abscissa of Ai, and as. is the 
abscissa of As, (52-5) is replaced by 

( 62 - 7 ) 

In case 1? is a region bounded by a closed curve C that is cut 

in more than two points by vsome 
parallel to one of the axes, the 
previous results can be applied to 
subregions of R whose boundaries 
satisfy the previous conditions. 
By adding algebraically the intc- 
^ grals over these subregions, the 
double integral over R is obtained. 

T ^ C n, 1 A I 7 D • 1. Compute the value of 

1 JrV where R is the region in the first quadrant bounded by 
the ellipse 



x-a 


Fig. 41. 


^ 1 (Fig. 41). 


Upon using (52-6) and summing first by rows, 

^ h Jo y v'*' - = 


Using (52-7), one has 


■ s -»■)*- - 1')|" . f. 
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It may be remarked that the value of Ji is equal to 'SA, in which ^ is 
the ^/-coordinate of the center of gravity of this quadrant of the ellipse 
and A is its area. Since A = irab/A, 

- - _ a&V3 

^ A TcbjA ^ Btt 

Similarly, by evaluating L> = ^ dA = a*^6/3, 

- — _ M/Z _ ^ 

^ ” A Tahli ” St’ 

which is the x-coordinate of the center of gravity. 

Example 2. Motnent of Inertia. It will be recalled that the moment 
of inertia of a particle about an axis is the product of its mass by the 
square of its distance from the axis. If it is desired to find the moment 
of inertia of a plane region about an axis perpendicular to the plane 


of the region, the method of Sec. 52 can 
be applied, where fix, y) is the square of 
the distance from the point (x, y) of the 
region to the axis. Then 

1 

lx 

11 


For example, let it be required to find 
the moment of inertia of tlic area in the 


first quadrant (Fig. 42), bounded by the 

X up) ' 

parabola ip = 1 — x and the coordinate 
axes, about an axis perpendicular to the 

Fig. 42. 


x/z-plano at (1,0). The distance from any point P{x,y) to (1,0) 


is T = \/{x — J)‘‘* + 2/^* Tlicrofore, 

M = f [(x - 1)'^ + vn dA. 

Evaluating tliis integral by means of (r)2-(i) gives 

■ X' X' ■ '>’ + ■ X' 

-x: (-?+»-»* +3)"“=^ 

63. Geometric Interpretation of the Double Integral. If 

X(.r, y) Lh a, (continuous and singh'-valiK'd functiou defiiuid over the 
|•('gion Ji (Fig. 43) of tine ;r7/-plan<c, tiuen z = fix, y) is tlu! (uiuation 
of a surface!. I j(!t C Ix! the closed curve that is the boundary of R. 
Using R as a base, coustruet a cylinder having its elements parallel 
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to the 2 -axis. This cylinder intersects z = f{x, y) va. & curve r, 
whose projection on the rc 2 /-plane is C. Denote by S the portion 
of 2 = fix, y) that is enclosed by r. Let R be subdivided as in 
Sec. 52 by the lines x = X{, (i = 1, 2, • • • ,n — 1), and y = yj, 

(j = 1, 2, • • • , m - 1). 






Fiq. 43. 


the sum 
(53-1) 


9 

Through each line x = Xi 
pass a plane parallel to the 
2 / 2 !-plane; and through each 
line y = pass a plane 
parallel to the a; 2 ;-plane. 
The rectangle whose 

area is AA^j- = Aa^i Ay,*, will 
be the base of a rectangular 
prisna of height /(fi,*, t;^,*), 
whose volume is approxi- 
mately equal to the volume 
enclosed between the surface 
and the a;y-plane by the 
planes x = Xi^i^ x = Xij 
y = y,*_i, and y = y,*. Then 


» - 1,J - 


Vii) Axi Ay,* 


gives an approximate value for the volume V of the portion of the 
cylinder enclosed between 2 = fix, y) and the xjz-planc. As 
— 9 - 00 and m xij the sum (53-1) approaches V, so that 


(53-2) F = f^fix,y)dA. 

The integral in (53-2) can be evaluated by (52-6) in which the 
prisms are added first in the z-directioii or by (52-7) in which 
the prisms are added first in the j/-direction. 

It should be noted that formulas (52-6) and (52-7) give the 
value of the area of the region B if the function fix, y) = 1; 
for the left member becomes 


which is A. A can be evaluated by 


rx 


Va(l/) 

ipiCv) 


dx dy 


or 


ai Jmz) 


dy dx. 
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Example. Find the volume of the tetrahedron bpunded by the 
plane ^ + f + 3 “ ^ coordinate planes (Fig, 44). Here, 

...(i-i-i). 

If the prisms are summed first in the rc-direction, they will be summed 
from a; = 0 to the line a 6 , whose equation is 


Therefore, 


- + l = i- 

a 0 






This result was obtained by using (52-6) for the evaluation of V, but 
(52-7) could be used equally well. - 


64. Triple Integrals. The triple y\. 

integral i« defined in a manner / n. 

entii’oly analogous to the definition / ^ ^ 

of the double integral. The / 1 j | x. 

function / /Mij 

f(x, y, z) 

is to be continuous and single Ju 

valued over the n^gion of space R ^ t? 44. 

enclosed by the surface S. Let R 

be subdivided into subregions ARijk^ If AV ifk is the volume of 
AKijkj the triple integral of f{x, y, z) over R is defined by 

% n,j — m,h * p 

(54-1) f f(x,y,z)dV= liiti ^ fUmvak, Sm) ^Vat. 

n,m,p-no i-ijTl.ili-l 

hy exactly th(i aamo argument as that used in See. 52. 

In <)r(l(!r to evaluate the triple integral, R is considered to be 
subdivided by planes parallel to the three coordinate planes, the 



ISO .Kom^Ens Am PBrsiasT. ,« 

^ of the reotangul., parallelepiped being treated flrat. In thia 

= hXi hyi Azk. 

By suitably arranging the terms of the sum 

i = ■* p 

^Vi ^k, 

It can be shown, as in Sec. 52, that 
Of int^^ation le 

overflwinbeetJMted^t7‘ll*'‘“™“*’ “““ “s*® “I**™' 
to the tot twItCw "m br?7 “ ‘''® '“*• 

etants. By extending the method of Se^ ?°t”ea“f7 T' 

r shown that 

y> 2) dV = p* r^>(v-‘> ., 

Q. ., •'** JMi) Jvi(v.z) y> ®) dx dy dz. 

similarly, the trinlo in+ran.™i ^ 


chon • integral and suitably 

choosing the limits. ^ 

The expression (54-3), or the similar 

expr^sions obtained by a different choice 

formul"? integration, gives the 

/(*, y,z) TherefSe, ^ 

Y = CHz) r<P2(y,g) 

Jam dxdydz. 



Fig. 45. 


sidered as giving the totlf massyth^'^^^ e®n- 

able density /(a;, z), volume V that has vari- 

eohdTp^i^; 'to oZTrX- - 7T;; r-*” '• -i to 

z-b about the s-axis (Fig 451 a« the planes « = 0 and 

function /(*, y, ,) i, the squire S' the diT ‘^^^sity <r. The 

from the a^axis. Therefore, any point P(a:, y, 

Kz, y, z) = + gs. 
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Hence, 

/. = (y» + «’)(r dY 

[•a Cy/a^—x* /•& 

■*"J. jo J, (»■ + »>)*** 

- r ( V ^ X' (? + ?)io'^' 

= ^ (o® + 6* — a:“) -s/a^ — 


dz 


4<ra*6 /"o , 

’ 0 (a^ + 6^ — sin’^ cos^ ^ dS 

4<ra^bf^ 0 . aV“| o-a^^TT . ,,,, 

-3- [(«’ + ^‘) 4 - T6 J = IF 


PROBLEMS 


1. Evaluate 


(“) /J //* + 2/“) dv dx; 

(b) P-i dy dx; 

ic) /o/S'^-'“%dpd0, 

and describe the regions of integration in (a) and (6). 

2. Verify that J/j + if) dy dx - J (x^ + (j[^ where the 

region 7? is a triangle formed by the lines y — 0^ y = Xj and x = 1. 

3. Evaluate and describe the regions of integration for 

(а) SoSy-l~'‘' ydydx; 

W Soj-'^hi'iydx; 

(®) fo (1 + *’“ + y^) dy dx; 

(«) Jf/yaJJ/d®#. 

4. Find the areas enclosed by the following pairs of curves: 

{a) y = x,y = x^; 

(б) y = 2- x,y^ = 2(2 - x); 

(c) j = 4 - x^, y - i - 2x; 

(d) y^ = 5 - X, y = X + 1; 

(e) y = -y/a^ — x^, y = a — X. 


182 MATHEMATICS FOB ENGINEERS AND PHYSICISTS §64 


6. Find by double integration the volume of one of the wedges cut 

off from the cylinder by the planes z = 0 and z = x, 

6. Find the volume of the solid bounded by the paraboloid 

+ z^ = 4x and the plane x = 5. 

7. Find the volume of the solid bounded by the plane 2 = 0, the 
surface z = x^ + y^ + 2, and the cylinder x^ + y^ == 4. 

8. Find the smaller of the areas bounded by y ^ 2 — x and 

x^ + y^ ^ 4. 

9. Find the volume bounded by the cylinders y = = x and 

the planes 2 = 0 and 2 = 1. 

10. Find the volume of the solid bounded by the cylinders 
+ 2/2 = and + 2 ^ = a^. 

11. Find the coordinates of the center of gravity of the area enclosed 
by 2 / = 4 — and y = A — 2x. 

12. Find the moments of. inertia about the x- and y- axes of the 
smaller of the areas enclosed hy y = a — x and x^ + y^ a^. 

13. Evaluate the following: 

W Jo /! /? cte % 

______ 

Jo / /o * dzdydx. 

14. Find by triple integration 

(а) The volume in the first octant bounded by the coordinate 
planes and the plane a; + 2?/ -f- 32 = 4. 

(б) The volume of one of the wedges cut of! from the cylinder 
x^ + y^ = a* by the planes 2 = 0 and z = x. 

(c) The volume enclosed by the cylinder x^ + 1 and the 

planes 2 = 0 and 2 = 2 — a;., 

(d) The volume enclose<i by the cylinders y^ = 2 and x^ + y^ - a- 
and by the plane 2 = 0. 

(e) The volume encWed by the cylinders and 

a;2 + ^2 = ^2^ , 

if) The volume enclosed hyy^ +'2z’^ = 4a; — 8, + 2 ^ = 4, and 

a; = 0. 

ig) The volume in the first octant bounded by the coordinate 
planes and a; + 3?/ + 22 = 6. 

(h) The volume enclosed by the cylinder x^ + ^ and the 

planes 2 = 5 — a; and 2 = 0. 

(i) The volume of the cap cut of! from 2 /^* + 2 ® = 4a; by the plane 

z = X. 

16. Find the moments of inertia about the coordinate axes of the 
solids in Proh lA 
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16. Find the coordinates of the center of gravity of each of the 
volumes in Prob. 14. 

17. Find by triple integration the moment of inertia of the volume 
of a hemisphere about a diameter. 

18. Find the coordinates of the center of gravity of the volume of the 
solid in Prob. 17. 

19. Find by triple integration the moment of inertia of the volume of 

the cone ~ about its axis. 

20. Find the moment of inertia of the cone in Prob. 19 about a 
diameter of its base. 

21. Find the volume in the first octant bounded by25=»a:+l,a; = 0 
y ^ 0, X = 2z^ and + y^ = 4. 

22. Find the coordinates of the center of gravity of the volume 
bounded by z 2(2 — x — y), z = 0, and z = 4: — x^ — 

55. Jacobians. Change of Variable.' If it is desired to make 
a change of variable in a double or triple integral, the method is 
not so simple as in the case of the simple integral. It is probably 
already familiar to the reader that the element of area dA, which 
is equal to dx dy in rectangular coordinates, is not equal to dp dd in 
polar coordinates. In order to obtain a general method for trans- 
forming the element of area or the element of volume from one 
set of coordinates to another, it is necessary to introduce the 
definition of the Jacobian, or functional determinant. 

Let u — u(Xj y) and v = v(x, y) be two continuous functions 
of the independent variables x and y, such that dujdx^ duldy^ 
dv/dx, and dv/dy are also continuous in x and y. Then 


(55-1) 


du dv 
dx dy 


du dv 
dy dx 


^ dv 
dx dx 
^ dy 
dy ^ 


is called the Jacobian, or functional determinant, of w, v with 
respect to x, y. It is usually denoted by 


J 



or 


d(u, v) 

3(a:, y) 


In the case of three variables, let u = u{x, y, z), v = v(x, y, z), 
and w = w{x, y, z) be continuous together with their first partial 
derivatives. The Jacobian, or functional determinant, of u, v, w 
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with respect to x, y, z is defined by 


( 56 - 2 ) 


du dv dw 
dx dx dx 
du dv ^ 
dy dy dy 
du dv dw 
dz dz dz 


The usual symbols for it are 

, / u, V, w \ dju, V, wy 

'^\x,y,z) d{x,y,z)‘ 

The Jacobian of any number of functions Wi, * * * , Un, 
with respect to the variables rri, 0 : 2 , * ■ • , Xn, is defined by an 
obvious extension of (55-1) and (55-2). It is denoted by 

j / ^l, ^2, • ‘ , Ur\ d(Ui, U2, • • • i Un) 

The Jacobian is of great importance in mathematics.* It is 
used here in connection with the change of variable in multiple 
integrals. If it is desired to change the variable in f B /(a;, P) 
by making x = x(u, v) and y = y(Uj v), the expressionf for dA in 
terms of u and v is given by 


(55-3) 


dA 



du dv. 


Thus, in transforming to polar coordinates by means of a: == 
p cos dj y = p sin 



Therefore, 


cos 6 sin d 
—p sin 6 p cos 6 


p cos^ 0 + p sin^ d 


dA — p dp do, 


P- 


a result that is already familiar from elementary calculus. 


* Note that the Jacobian appeared in Sec. 41 in connection with the differen- 
tiation of implicit functions. 

t See SoKOLNiKOFF, 1. S., Advanced Calculus, Sec. 46. 
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It follows from (55-3) that 

(55-4) fix, y)dA = j /[*(«, v), yiu, «)] jj du dv. 

The right-hand member of (55-4) can be written as 
//. F{Uj v) du dVj 

where 

Fiu, v) s f[xiu, v), y(u, d)] • j J 

If it is desired to evaluate this double integral by means of an 
iterated integral, the limits for w and v must be determined from 
a consideration of the region R. 

Similarly, if x = z(Uj v^w), y = y{Uj v, w), and z = z{u, v, w), 
then 

(55-5) dV == J ( ^ ■ ) du dv dw 

^ I 'ty/l 

and 

(55-6) j f(x, y,z)dV 

f[xiu, V, w), yiu, V, w), ziu, v, w)] | J 

66, Spherical and Cylindrical Coordinates. Corresponding to 
the systcmi of polar coordinates in the plane, there are two 
systems of space coordinate's that are fro(iuontly ust'xl in prac- 
tical problems. The first of these is the system of spherical, or 
polar, coordinates. Let P{x, t /, z) (Fig. 40) bo any point whose 
projection on the a: 7 /-planc is Q(x, y). Then the spherical 
coordinates of P are p, (p, in which p is the distance OP, ip is the 
angle between OQ and the positive x-axis, and d is the angle 
between OP and the positive 2 ;-axis. Then, from Fig. 46, it is 
seen that 

X OQ cos <p = OP cos (90° — 0) cos <p = p sin 6 cos 
y = OQ sin <p - p sin 6 sin (p, 

2 “ p cos 6. 

The (element of volume in spherical coordinates can be obtained 
by means of (55-5). Since 
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c 

sin 6 cos <p 

sin 6 sin <p 

cos 6 

— p sin 6 sin <p 

p sin 6 cos (p 

0 

\p, <p, 

p cos 6 cos <p 
— p2 sin 6, 

p cos 6 sin <p 

—p sin 6 


it follows that 

(56-1) dV = sin ^ dp dtp de. 

This element of volume is the volume of the solid bounded by tlio 



two concentric spheres of radii p and p + dp, the two pliin(\s 

through the 2 ;-axis tliat inak(^ 
angles of (p and <p + (l<p with 
the a; 2 :-plane, and the two (‘oiu's 
of revolution whoso coininon 
axis is the 2 !-axis and wliosc^ 
vertical angles are 26 and 

2(6 + de). 

The second space system cor- 
responding to polar coordinat.c's 
in the plane is the systenn of 
cylindrical coordii\at(‘s. Any 
pomtP(x, ?/, z), whosc^ ])rojc‘ct.ion 
47 ^ on the a: 2 /-plaue is Q (Fig. 17), lias 

the cylindrical coordinaU's p, 0, Zy 
where 6 is the angle between OQ and the positive a:-axis, p is tbe 
distance OQ, and z is the distance QP, From Fig, 47, it is evident 
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that X = p cos 6, y = p sin 9, and z = z. Since 



it follows that 


COB 6 sin 9 0 

— p sin e p cos 9 0 

0 0 1 


= p> 


( 56 - 2 ) 


dV = p dp dB dz. 


This element of volume is the volume of the solid bounded by the 
two cylinders whose radii are p and p + dp, the two planes 
through the z-axis that make angles d and 6 + dd with the 
a: 2 -plane, and the two planes parallel to the a:j/-plane at distances 
z and z + dz. 


Example 1. lind the a^coordinate of the center of granty of the 
solid of uniform density <r lying in the first octant and bounded by the 
three coordinate planes and the sphere s® -|- j/* -|- z® = o“. 

Since 

r f^dV ’ 

it is iicccsaary to computo x dV. This integral can be calculated by 
evaluating the iterated integral 

])iit it is easier to transform to spherical coordinates. Then, 


f. 


X dV 



p sin 6 cos (p • sin 6 dpdd d<p 


ThcM-oforc, 


TT TT 

sill‘d 6 cos {p dd d(p 



a %/16 _ ^ 
^ ira^/iy 8 


"" Jo Jo 4 0 


Exani'ple 2. In the example of Sec. 54, find by transforming the 
integral into cylindrical coordinates. Then, 
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(p^ sin® 6 + z‘^)p dz dB dp 

= ‘^ jo Jo" e + ^)dB dp 

-r^(T-^'+x)ir^p 

jo ^ p) 

= ^&x (^ + ^)|“ = ^ (3a* + 46*). 

67. Surface Integrals. Another important application of 
multiple integrals occurs in the problem of defining the area of a 
surface. Let z = f{Xj y) be the equation of a surface S (Fig. 48). 

Let S' be a portion of this 
surface bounded by a closed 
curve r, and such that any 
line parallel to the 2 :-axis cuts 
S' in only one point. If C is 
the projection of T on the xy- 
plane, let the region jf2, of 
which C is the boundary, be 
^ subdivided by lines parallel to 
the axes into subregions Alii. 
Through these subdividing 
lines pass planes parallel to 
the 2 ;-axis. These planes cut 
from S' small regions AS'i of area Ao-i. Let AAi be the area of 
ARi. Then, except for infinitesimals of higher order, 
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Upon using the positive value for cos yt, 
Affi = sec 7 


Then, 


IS 


defined as the area of the surface S'. Since this limit is 




the value of <r is given by 

(57-1) <r= J^aeoydA = J -s/fe) + (ij) ^ 


Similarly, by projecting S' 
on the other coordinate 
pianos, it can be shown that 



Tho integral of a function 
,p{x, y, z) over tho surface 
z = f{T, y) can now be de- 
fined by the equation 



(57-2) <p{t; y, z) d<T 

Tt is assumed tliat y, z) is continuous and single valued foi 
all points of some region T that contains S. 

Example, Find tho area of that portion of the surface of the cylinder 
x'i‘ -j- which lies in tho first octant between the planes z — 0 and 

z = vix (Fig. 49 ). 1 u 4. 

This surface can be projected on the a:2!-planc or on tho 2 / 25 -plane but 
not on the a5//-plane (since any perpendicular to tlic x2/-plane that meets 
the surface at all will lie on the surface). The projection on the x^plane 
is the triangle OAB. Hence, 
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O' = L . „ sec jS dA. 

JOA.B 

But 

Therefore, 

/*a (*Tnx 

(T = Jq Jq (fa; 

= amx((i^ — do; = a®m. 

PROBLEMS 

1. Find the coordinates of the center of gravity of the area bounded 

by a; = 0, and 1/ = 0. 

2. Find the moment of inertia of the area of one loop of p® = sin 2B 
about an axis perpendicular to its plane at the pole. 

3 . (a) Find the expression for dA in terms of u and v, if a; = — v) 

and y = uv, 

(Jb) Find the expression for dV in terms of % and ix;, if a; = u(l — v), 
y = v/oiX — -uj), and z = uvw, 

4 . Find the center of gravity of one of the wedges of uniform density 

cut from the cylinder by the planes z = vix and z = 

6 . Find the volume enclosed by the circular cylinder p = 2a cos 
the cone 2 = p, and the plane 2; = 0 (use cylindrical coordinates). 

6 . Find the center of gravity of the solid of uniform density bounded 

by the four planes - + ^ + - = 1, a; = 0, 2/ = 0, and 2; = 0. 

Cv 0 c 

7 . Find the moment of inertia of the solid of uniform density 

bounded by the cylinder = a® and the planes 2; = 0 and z ^ h 

about the 2!-axis. 

8 . Find, by the method of Sec. 57 , the area of the surface of the 
sphere + y^ + z^ = that lies in the first octant. 

9 . Prove that 



Hint: Write out the Jacobi ans, and multiply. 

10. Prove that 




where u = u{x, y), v = v{x, y), x = x(^, 77), and y = yi^, rj). 

11 . Find the surface of the sphere x^ + y^ + z^ - cut off by the 
cylinder a;* — ax + y® « 0, 
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12. Find the volume bounded by the cylinder and the sphere of 
Prob. 11. 

13. Find the surface of the cylinder cut off by the 

cylinder j/* + 2 ’ = 

14. Find the coordinates of the center of gravity of the portion of 
the surface of the sphere cut off by the right-circular cone whose vertex 
is at the center of the sphere. 

16. Use cylindrical coordinates to find the moment of inertia of the 
volume of a right-circular cylinder about its axis. 

16. Find the moments of inertia of the volume of the ellipsoid 


x‘ w 




about its axes. 

17. Kinetic energy T is defined es T = HMv^, where M is the mass 
and V is the velocity of a particle. If the body is rotating with a 
constant angular velocity < 0 , show that 


T = Hr^o>^pdV = HIo}\ 


where p is the density and I is the moment of inertia of the body about 
the axis of rotation. 

68. Green’s Theorem in 
Space. An important the- 
orom that (establishes the 
coniuH'tion betwcnm the in- 
t(‘j»;i‘al ()V('r volume and 
t li(‘ intt‘p;ral over th(^ surface 
(MU*losinj5 tlu^ volume is given 
lu^xt. Tins tlu^orcnn has 
\vid(^ apprK‘ability in numer- 
ous physical i)roblems* and 
is fiHHiiKMitly termed the (H- 
rergence theorem, 

Thiooukm. If 2/, 2), 

Q{x,y,z), Ji{x,y,z) and • • 

SP/dx, dQ/dy, dHidz arc conlinaom ami siagk-vaimd fimclionstn, 

a region T hounded by a closed surfac4‘. S, then 

r s , r wv 

(P cos a -h Q cos d + li cos 7) da = ^ liz A ^ ’ 

It will bo assumed that 8 (Fig. 60) is cut by any lino parallel to 
* See, in this connection, Secs. 125, 130, 131. 



Fio. 60 . 
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one of the coordinate axes in at most two points. If S Is not 
such a surface, then T is subdivided into regions each of which 
satisfies this condition, and the extension to more general typos 
of regions is immediate. 

A parallel to the «-axis may cut S in two points (»<, y,-, z,-) and 
{Xi, Vi, Si), in which z< < z,-. Let z = Mx, y) be the equation 
satisfied by (a:,-, y,-, z») and z = f^ix, y) be the equation satisfied 
by {xi, Vi, Si). Thus, S is divided into two parts, ^i, whose equa- 
tion is z = fi(x, y), and Si, whose equation is z = ftix, y). Then, 

li(x, y, g) cos 7 d(r, 

taken over the exterior of S, is equal to 


B{x, y, z) cos 7 d<r + R{x, y, z) co.s y (lx, 

taken over the exteriors of the surfaces Si and S3. But, from 
( 57 - 2 ), these surface integrals are equal to double integrals taken 
over the projection T' of T on the a:y-planc. Therefore',* 

R(x, y, z) cos 7 dv = { JJ[a:, y,f3{x, y)] - R[x, y, /i {x, y )] } dA 


■Jl 

■m 


R(x, y, z) 


z=^Mx,y) 


»^fx{x,y) 


dy dx 


dR 

T dz 


dz dy dx 


or 


R{x, y, z) cos 7 do- = J* 
Similarly, it can be shown that 


T dz 


dV, 


and 


P(x, y, z) cos a dor = 


Q(x, y, g) cos 13 d<r = f ^ dV. 

Jr dy 

The negative sign appears in the right-hand member of the oq.mli. 


* 

because 

cos 7 <0 for Si, 

where the subscripts refer to Sz and Si. 
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(6S-1) (P cos a + Q cos /3 +iJ cos 7 ) (If + || dV. 

Since cos ada = dy dz, cos jS da* = dz dx, and cos y d/r — dx dy^ 
(58-1) can be written in the form 


(58-2) 


/X 


QPdy 


dz Q dz dx + R dx dy) 


J J Jt \dx ^ dy^ de 


) 


dx dy dz. 


The formula (58-2) bears the name of Green.* 


Example, By transforming to a triple integral, evaluate 
'-If. (x^ dy dz + dzdx + xhdx dy)^ 

where >S is the surface bounded by = 0, 2 ; = 6, and a;^ + y^ “ a^. 
Calculating the right-hand member with the aid of (58-2) and mak- 
ing use of the symmetry, one finds 

^ ^ Jo Jo Jo + x^) dz dydx 

«= 4 • 56 jT a:- — x‘^ dx 


A direct calculation of the integral I may prove to be instructive. The 
evaluation of the integral can be carried out by calculating the sum of 
the integrals evaluated over the projections of the surface S on the 
coordinate pianos. Thus, 


I = T - (/“)■■' * dy - j’J' (-Va'^ - y‘y dz dy 
4- .r- \/a^ *“ dz dx — u: — V ~ dzdx 


+ /-a /- “ f-a f - ^ 


V rt- - //S 


which upon (^valuation is seen to (^heck with the result obtained above. 
It should be not(Ml that the angh^s a, y are made by the exterior 
noi'inal with the positive direc.tion of tlie coordinate axes. 

* 'riie luuuea of Gauss and Ostrogradsky arc also associated with this 
theorem. 



194 MATHEMATICS FOB ENGINEERS AND PHYSICISTS $09 

69. Sjnunetrical Form of Green’s Theorem. One of tho most 
widely used formulas in the applications of analysis to a groat 
variety of problems is a form of Green's theorem ohtaim-d by 
setting 


P = W-r-j 

ax 


dy 


R = u-^ 
dz 


in (58-1). The result of the substitution is 


js Vax 


, dv 

cos a + — cos + 


Y^eosyjda 
I r 

JT \da; dx ^ 


dv du dv 
dy dz dz 


:) 


But the direction cosines of the exterior normal n to th<^ surfar., 

diFe 

cos a = 4?, COSB- ^ 

dn’ cos 7 = 

so that the foregoing integral reads 


(59-1) 


where 


' dn Jj, 


uVh)dV 


+ 


n^dv_ ^dv , dud>\ 

Jr \dx dx dy dy dz dzj ' ' ’ 


dh) 


V^t; = T2 I i!?! , d^v 
dx^ dy^ dz^' 


result from g^ve'tildrtd forSa^ subtracting t.he 

fsi^dn ~ (uV^ - V V^u) dV. 

of this formula, it is sufficient to requtrth 

functions u and v and their fi«,+ ^ ® continuity of <,|,(. 

throughout a closed region T second space derivatives 
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PROBLEMS 

1. Evaluate, by using Green’s theorem, 

u {xy dy dz dz dx yg dx dy), 

where S is the surface = a*. 

2. Show from geometrical considerations that the angle de subtended 
at the origin by an element d« of a plane curve C is 


dd = cos(n, r) 

where r is the radius vector of the curve, and (n, r) is the angle between 
the radius vector and the normal to the curve. Hence, show that 


e 


X 


cos (w, r) ds 


r 1 dr 

Jc T dn ' 


where the integral is a line integral along the curve C. 

3. A solid angle is defined as the angle subtended at the vertex of a 
cone The area cut out from a unit spliere by the cone, with its vertex 
at the center is called the measure of the solid angle. The measure of 
the solid angle is clearly equal to the area cut out by the cone from any 
sphere concentric with the unit sphere divided by the square of the 
radius of this sphere. In a manner analogous to that employed in 
Prob. 2, show that the element of solid angle is 

^ _ cofl(ny r) dcr 

where the angle between the radius vector and the exterior normal to 
the Hurfacc is (n, r). Also, show that 

f cos (w , r) <h _ f 1 dr , 

Js r“ ja r= dn 

where the integral is extended over the surface »Sf. 

4. By transforming to a triple integral, evaluate 

ffs (x^ dy dz + y^dzdx + z^ dx dy), 

where S is the spherical surface + ?/-» + = n\ Also, attempt to 

(•-ahuilate this inte^ijral direotly, 

6 Set II = 1 ill Green’s symmetrical formula, and assume that u 
satisfies the eiiuatiori of Laplace, VH = 0. What is the value of 

du 

a dri arbitrary closed surface? 
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6 . The density of a square plate varies directly as the square of the 
distance from one vertex. Find the center of gravity and the moment 
of inertia of the plate about an axis perpendicular to the plate and 
passing through the center of gravity. 

7 . Find the volume of a rectangular hole cut through a sphere if a 
diameter of the sphere coincides with the axis of the hole. 

8. Show that the attraction of a homogeneous sphere at a point 
exterior to the sphere is the same as though all the mass of the sphere 
were concentrated at the center of the sphere. Assume the inverse 
square law of force. 

9 . The Newtonian potential V due to a body T at a point P is defined 
by the equation V{P) = Jy where dm is the element of mass of 
the body and r is the distance from the point P to the element of mass 
dm. Show that the potential of a homogeneous spherical shell of 
inner radius h and outer radius a is 

V = 27rcr(a2 — if p < 6, 

and 

4 — b® .. 

= K TTcr — - — > if p > a, 

o p 

where cr is the density and p is the distance to P from the center of the 

shell. 

10. Find the Newtonian potential on the axis of a homogeneous 
circular cylinder of radius a, 

11. Show that the force of attraction of a right-circular cone upon a 
point at its vertex is 2Tr(rh{l - cos a), where h is the altitude of the 
cone and 2o! is the angle at the vertex. 

12. Show that the force of attraction of a homogeneous right-circular 
cylinder upon a point on its axis is 

2ir<T[h + + a* - ViR + h)^ + a^V, 

here h is altitude, a is radius, and R is the distance from the point to 
one base of the cylinder. 

13. Set up the integral representing the part of the surface of the 

sphere = 100 intercepted by the planes a: = 1 and x = 4, 

14. Find the mass of a sphere whose density varies as the square of 
the distance from the center. 

16. Find the moment of inertia of the sphere in Prob. 14 about a 
diameter. 



CHAPTER VI 
LINE INTEGRAL 


The line integral, to be considered in this chapter, is as useful 
in many theoretical and practical problems as the ordinary defi- 
nite integral defined in Chap. V. The discussion of the line 
integral will be followed by several 
illustrations of its use in applied 
mathematics. 

60. Definition of Line Integral. 

Let (7 be a continuous curve (Fig. 

51), joining A(ajh) and i?(c, d). 

Let M{Xjy) and N(Xjy) be two 
functions that are single-valued and 
continuous functions of x and y for 
all points of C, Ch()()S(^ — 1 points 

yd curve C, which is 

thus divided into n parts. Let 

Xi - Xi^iimdAyi = iji — yi-^, 

whor(^.r() = a, jyo = h^ Xn = c,yn = d. Let and Tji be defined by 
Xi -,1 ^ it < Xij Vi-i ^ Vi < Vi and form 

t « I 

The limit of this sum as n— >oo and all and Ayi— >0 

simultaneously is defined as a line integral along C. 

Thus, 

(()0-l) lim V Vi) ^Xi -b Ni^ij vd 
1 -] 

S [M{x, v) (lx + N{x, y) dy]. 

Obviously, the value of this integral (h'pimds, in giMU'ral, on tlie 
l)arti(‘ular (choice of th(‘. curve C. If ili(‘ (^(iiuii.ion of (> is known 
in one of the forms y = fix), x = (piy) or x = /i(/), y — fM), the 

197 




198 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §60 


line integral may be reduced to a definite integral in one variable 
by substitution, as is indicated in the following examples. How- 
ever, it is frequently inconvenient to make this redu(‘.tion, and 
thus it is desirable to consider the properties and uses of (GO-1). 

Example 1. Let the points (0, 0) and (1, 1) be connected by the lino 
y = x. Let M(x, y) = x - and Nix, y) « 2xy, Then the lino 
integral along y — x, 

^ “ fm "* ^ 2 /], 

becomes, on substitution oiy = x, 

£ [ix - x^)dx + 2x^ dx] = ■+- x‘^) dx = 

If (0, 0) and (1, 1) are connected by the parabola y ~ I aloiiir 
2/ = is 

£ [(a: -x*)dx + 2x>(2x <te)] = £ (x + 3x0 dx = ij-io- 
Example 2, Consider 


and 


M{x,y) = 2x^ + Axy 
Nix, y) = 2x^ - y\ 


with the curve y = x^ connecting the points (1,1) ami (2, 4). I'hen 

r(2,4) 

{Mdx + N dy) = J; (2x^ + 4x • x^) dx +£ (2y - y^) dy = I32,. 
Inasmuch as dy = 2x dx, this integral can be written as 

f (2x» + 4x’l dx + £ (2x2 - x^)2x r/x = I32,.;. 

sri* “* *'“ “ *■"“»” >'■ » i»"- 

X = t, 

y = 2), 

parameter t. Substituting for x, y, dx, and dy in tonus „f t gives 

J '*(2.4) 

(1.1) [Mdx + Ndy)] = £ [(2«2 4. 4^3) 4. (342 _ dt 

= X ~ 2«S) dt = 13%. 
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The reader will readily verify that the value of this integral over a 
rectilinear path C joining the points (1, 1) and (2, 4) is also 13%. In 
fact, the value of this integral depends only on the end points and not 
upon the curve joining them. The reason for this remarkable behavior 
will appear in Sec. 63. 

PROBLEMS 

1. Find the value of ^ {\/y dx + {x — y) dy] along the follow- 
ing curves: 

(а) Straight line x — tj y — t 

(б) Parabola x = y ^ t. 

(c) Parabola x - t, y = 

(d) Cubical parabola x = t, y ~ t\ 

2. Find the value of /(o|o) “ V^) along (a) y ^ 

(6) y = 3a;. 

3. Find the value of J*(o|o) ^ ^v) along the curves of 

Prob. 1 above. 

4. Find the value of J(o|o) ^2/1 along (a) y = x) 

(6) X « 2/2; (c) y == a;^. 

6. Find the value of J(q^o) ( 2 / sin a; da; — a; cos y dy) along 2 / — a;. 

6. Find the value of + V dx) along the upper half of 

the circle x^ + y‘^ - 

7. Evaluate the integral of Prob. 6 over the path formed by the 
lines a; = — a, ?/ = a, x — a. What is the value of this integral if the 
path is a straight line joining the points ( — a, 0) and (a, 0)? 

8. Find the value of J(i’o) dx + 2/^ dy) along the path given by 
a; — sin // = cos t. 

9. Evaluates tlic integral of Prob. 8 if the path is a straight line join- 
ing (0, 1) and (1, 0). 

10. What is the vahu*, of the integral of Prob. 8 if the path is the 
curve 2 / = 1 — 


61. Area of a Closed Curve. Lot C bo a continuous closed 
(nn*v(‘ which n()wh(M*(^ crosses itself. Tlic equation of such a 
(•iirv(^, ill parametric form, can be given as 

rnn f ^ = AW, 

ty=AW, 

\vlicr(^ the ])aramcter t varies continuously from some value 
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t = to to t — ti and the functions fi(f) and f^it) are continuous 
and single-valued in the interval to ^ t ^ ti. Inasmuch as the 
curve is assumed to be closed, the initial and the final points of 
the curve coincide, so that 

and 

/2(^o) = 

The statement that the curve C does not cut itself implies 
that there is no other pair of values of the parameter ^ for which 


and 


/i(0 =/i(^") 

Mn =/2(n. 


A closed curve satisfying the condition stated above will be 
called simple. 

As t varies continuously from to to h, the points (x, y) deter- 
mined by (61-1) will trace out the curve C in a certain sense. If 
C is described so that a man walking along the curve in the direc- 
tion of the description has the 
enclosed area always to his left, 
the curve C is said to be described 
in the positive direction, and the 
enclosed area will be considered 
positive; but if C is described so 
that the enclosed area is to the 
right, then C is described in the 
negative direction, and the area is 
regarded as negative. 

Consider at first a simple closed 
curve C such that no line parallel 
to one of the coordinate axes, say 
the 2/-axis, intersects C in more 
than two points. Let C be 
bounded by the lines x ai, x = a2, y = bi, y = 62, which are 
tangent to C at A 1, A 2, £1, and B2, respectively. Clearly, C 
cannot be the graph of a single-valued function. Therefore, let 
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the equation of A 1 B 1 A 2 be given by 2/1 — and the equation 
of A 1 B 2 A 2 by y 2 - / 2 (x), where /i(x) and/ 2 (x) are single-valued 
functions. Then the area enclosed by C (Fig. 52) is given by 

(61-2) A = P* y 2 dx — P* 2/1 dx 

Jcti 9/ai 

= - lyidx, 

or 

(61-3) A = -f^ydx, 

in which the last integral is to be taken around C in a counter- 
clockwise direction. 

Similarly, if xi = <pi(y) is the equation of B 1 A 1 B 2 and X 2 = (p 2 {y) 
is the equation of B 1 A 2 B 2 , 

A = fyady- £x^dy 

= fy^dy + £xidy 

or 

(01-4) A = J^xdy. 

AKaiii, the la»st integral is to bo taken aronncl C in a counter- 
(d()ckwis(^ direction. Tt may be 
n()t(‘d tliat (01-3) and (61-4) both 
admire that the area be to the left 
as C is d(^s(nib(Hl if the value of 
A is to b(^ positive'. 

By adding (61-3) and (61-4), a 
new formula for A is obtained, 
namely, 

(61-5) 

This formula gives a line-integral expression for A. 

To illustrate the application of (61-5), the area between 
(1) = Ay and (2) ?/^ = 4x (Fig. 53) will be determined. 
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Then, 


A 


I (-2/ (ia: + a: dy) 



{-ydx + xdy) 



— -j dx + X 


i*) 




24o 244 “'3 




-ydx + X dy) 



-Vldy + ^i 



For convenience the first integral was expressed in terms of x, 
whereas the second integral is simpler in terms of y. 

The restriction that the curve C be such that no line parallel 
to one of the coordinate axes cuts it in more than two points 
can be removed if it is possible to draw a finite number of liiu's 
connecting pairs of points on C, so that the area enclosed b.\' 
the curve is subdivided into regions each of which is of the typo 
considered in the foregoing. This extension is indicated in detail 
in the following section. 


PROBLEMS 


1. Find, by using (61-5), the area of tlie ellipse x = a cos <p, 

y = b^<p. ’ 

2. Find, by using (61-5), the area between = Qx and y = 3a:. 

3. Find, by using (61-5), the area of the hypocycloicl of four cusps 
X = a cos’ B,y = a sin’ 8. 

4. Find, by using (61-5), the area of the triangle formed by the liiu^ 
X + y = a and the coordinate axes. 

6. Find, by using (61-5), the area enclosed by the loop of the strophoid 


X = 


1 - P 
1 +t^’ 


y = 


t{l - P) 
1 + i’ 


62. Green’s Theorem for the Plane. This remarkable thcorcun 
^tablishes the connection between a lino integral and a double: 
integral. 

Theorem. If M{x, y) and N{x, y), dM/dy and dN/dx arc 
continuous single-valued functions over a closed region R, bounded 
by the curve C, then 




dx-^-N dy). 



§62 


LINE INTEGRAL 


203 


The double integral is taken over the given region^ and the curve C is 
described in the positive direction. 

The theorem will be proved first for a simple closed curve 
of the type considered in Sec. 61 (see Fig. 52). 

Again, let yi = fi{x) be the equation of A 1 B 1 A 2 and 2/2 = fiix) 
be the equation of A 1 B 2 A 2 . Then, 



or 

J X W X 

Similarly, if 0:1 = <pi(y) is the equation of B 1 A 1 B 2 and X 2 ~ <Pi{y) 
is the equation of B 1 A 2 B 2 J 


i * ‘'i' - X, ' X,' S * - X ' 

J '6a ^61 

N{x2,y)dy+ I N{xi,y)dy, 

61 Jb% 


or 

(62-2) 




Therefore, if (62-2) is subtracted from (02-1), 


/ X (^ “ ~ fc y'' ^2/1- 


U X 

II. will he ()1)S(M‘V(^(1 Unit setting M = ^ ^^rid A' == ^ gives the 
formula ((>1-5). 

Now, let the region liave any continuous boundary curve C, so 
long as it is possibk^ to draw a finite number of lines that divide 
the n^gion into subrc'gions each of the type considered in the 
first part of this section; that is, the subregions must have 
boundary curves that are cut by any parallel to one of the 
coordinate axes in at most two points. Such a region R is shown 
in Fig. 54. 
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By drawing the lines A1A2 and A 3^4, the region R is divided 
into three subregions ZJi, R2, and Rz. The boundary curve of 
each region is of the simple type. The positive direction of 
each boundary curve is indicated by the arrows. The theorem 
can be applied to each subregion separately. When the three 
equations are added, the left-hand members add to give the 
double integral over the entire region R. The right-hand mem- 
bers give 

- (Mdx + N dy) -f^JMdz + N dy) - f^^iMdx+N dy) , 
where 

Cl = A1JB1A2 + A2A1, 

C2 = A1A2 A2R2AZ “1“ A3A.4 -f- A4A1, 

C3 = A4A3 “b AzRsAi. 


Since each of the lines A1A2 and A3A4 is traversed once in each 
direction, the line integrals that arise from them will cancel. 

The remain* ng line integrals, 
taken over the arcs of C, add 
to give the line integral over 
C. Therefore, 

= - dx + N dy) 

holds for regions of the typo 
R, 

Another type of region in 
which an auxiliary line is in- 
troduced is the region whose 
boundary is formed by two or more distinct curves. Thus, if R 
(Fig. 55 ) is the region between Ci and C2, the line A1A2 is drawn 
in order to make the total boundary 

Cl + ^ 2^1 + C2 + A1A2 



Fig. 64. 


a single curve. The theorem can be applied, and tne line 
integrals over A^Ai and A1A2 will cancel, leaving only the line 
integrals over Ci and C2. 
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If the region B is such that any closed curve drawn in it can, 
by a continuous deformation, be shrunk to a point -without 
crossing the boundary of the region, then the latter is called 
simply connected. Thus, regions bounded by a circle, a rectangle, 
or an elhpse are simply connected. The region B exterior to 
Ci and interior to Ci (Fig. 56) is not simply connected because a 
circle drawn within R and enclosing C 2 cannot be shrunk to a 
point without crossing C 2 . In ordinary parlance, regions that 
have holes are not simply connected regions; they are called 


C, 


Fig. 66. 

multiply connected regions. The importance of this classification 
will appear in the next two sections. 

Example. Evaluate by using Green’s theorem 
{x^y dx + dy), 

whore C is the closed path formed by 2/ = x and from (0, 0) 

to (1, 1) (Fig. 56). Since M = xhj and N = 





Then, 
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PROBLEMS 

1. Find, by Green’s theorem, the value of 

(x^y dx + ydy) 

along the closed curve € formed hy - x and y — x between (0, 0) 
and (1, 1), 

2. Find, by Green’s theorem, the value of 

[(** +y)dz + ix- y^) dy] 

along the closed curve C formed by y^ = x^^ and y = x between (0, 0) 
and (1, 1). 

3. Use Green’s theorem to find the value of 

[(xy -x^)dx + dy] 

along the closed curve C formed by y = 0, a? = 1, and y = x. 

4. Use Green’s theorem to evaluate 


along the closed path formed by y = 1, a; = 4, and y = + \/x. 

6. Check the answers of the four preceding problems by evali 
the line integrals directly. 


63. Properties of Line Integrals. Theorem 1. Lei M and N 

he two functions of x and y, such that M, iV, dM j by ^ and bN fbx are 
continuous and single-valued at every point of a simply connected 
region R. The necessary and sufficient condition that {M dx 
+ N dy) = 0 around every closed curve 0 drawn in R is that 


bM ^ bN 
by bx' 

for every point of R, 

Since 

where A is the region enclosed by C, it follows that 

bj£^m 

by bx 
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makes the double integral, and consequently the line integral, 
have the value zero. Conversely, let (M dx + N dy) = 0 
around every closed curve C drawn in R. Suppose that 

dM dN , 

at some point P of B. Since dMjdy and dN-Jdx are continuous 
functions of x and y, 

dM BN 
dy dx 

is also a continuous function of x and y. Therefore, there must 
exist some region S, about P, in which —■ — ^ has the same 
sign as at P. Then, 

J X(^ 

and hence J {M dx + N dy) 9*^ 0 
around the boundary of this re- 
gion. This contradicts the hy- 
pothesis that 

dx + N dy) =0 

around every closed curve C drawn in 72. It follows that 



at all points of R. 


dM ^ dN 
dy dx 


Example 1. 


Then, 


Let 
M = 




and 


N = 


X 

-i- y^' 


dM _ d^ _ y'^ — 
dy dx ~ (x^ + y^)^' 


Mj Nf dM/dy, and dN /dx are continuous and single-valued for all 
points of the r//-plane except (0, 0). Hence, ^ q {M dx + N dy) - ^ 
around any closed curve C (Fig. 57) that does not enclose (0,0). In 
I)olar coordinates, obtained by the change of variables 



lEMATICS FOB ENGINEERS AND PHYSICISTS §64 


u 


’ p cos 6, y = p sin 6y 


+ y- 


dx + 


+ 




de. 


i U does not enclose the origin, $ varies along C from its original value 
6q back to 6q. Therefore, J q dd 0. If Ci encloses the origin, 6 varies 
along Cl from to + 27r, so that dO = 2t. 

Example 2. Find, by Greenes theorem, the value of 

^ ~ Sc + xy)d‘0+ iv’‘ + X“) dy], 

where C is the square formed by the lines y = ±1 and x <= ±1. Since 


m 

dy 


= X, 


dN „ 


I = j" ^ X dydx = 0. 


Note that the line integral has the value zero, but dM/dy 9 ^ dN/dx. 

This does not contradict Theorem 1. 
Why? 







Theoeem 2. Let M and N satisfy 
the conditions of Theorem 1. The 
necessary and sufficient condition that 

Sta'b) dx + N dy) he independent 
of the curve connecting (a, h) and 
{x, y) is that dM/dy = dN/dx at all 
points of the region R, In this case 
the line integral is a function of the 
end points only. 

Suppose dM/dy = dN/dx. Let Ci and C 2 (Fig. 58) be any two 
curves from A to P, and let 


A(a,b) 


Eig. 58. 


/i ^ f^^{Mdx+N dy) 

and 

= LiMdx+Ndy) 

be the values of the line integral from A to P along Ci and Ci, 
respectively. Then I\ — J 2 is the value of the integral around 
the closed path formed by Ci and C 2 . By Theorem 1, 

I\ — I 2 — 0. 
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Therefore, Ii — It, so that the line integral taken over any two 
paths from A to P has the same value. 

Conversely, suppose that j (Mdx+N dy) is independent of 
the path from A to P. Then, for any two curves Ci and C 2 , 
= h. It follows that f (Mdx + N dy) = 0 for the closed 

path formed by Ci and C 2 . Hence, by Theorem 1, dM/dv 
= dN/dx. 


Example. Consider 


/ I + 
\ a* 


dx — 


1+x^ 



Since dM/dy = 2y/x^ and dN/dx = 2y/x^ and both functions are 
continuous except at (0, 0), the line integral is independent of the 
path so long as it does not enclose the origin. Choose ^ = 1 from 
(1, 1) to (2, 1) and x = 2 from (2, 1) to (2, 2) as the path of integration. 
Then, 




Theorem 3. Let M and N satisfy the conditions of Theorem 1. 
The necessary and sufficient con- 
diiion that there exist a function 
F(Xj y) such that dF /dx = M 
and. dF/dy = N is that dM/dy 
= dN/dx at all points ii/‘ the re- 
gion Ji. 

If dM/dy = dN/dx, Theorem 
2 proves that 

r(a^,7y) 





is indopendent of the path. Therefore, 


(03-1) {Mdx + N dy) = Fix, y), 

and this function F{x, y) depends only on the coordinates of the 
end points of the path. Hence, 

Fix -h Ai, y) = iMdx-\-N dy). 

Let the path of integration be chosen as a curve C (Fig. 69) 
from A to P and the straight line PP' from P(x, y) to P'ix + Ax, 
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=/“ W <fe + if «+ /«-.» (j, ^ ^ 


,63-2) 


y) ax. 


The second integral reduces to the simnJpr fp 

since V is constant alongPP', and therefore dy = 0 ®Tom {S^) 

+ Aa;, y) - F(x. j 


dF 

Ax-^Q [_ 


= lim 

Aa;— »0 


Aa: 


r 1 y 

jlAz jx ^(^3 y) dx J. 
Application of the first mean-value theorem* gives 

j ras+Aa; 

, M%F)dx.AAM((,yX 
Therefore, 

[a® ' 2^) j = ^Im ilf(|, y). 


Hence, 


dF 

^ - -M(a:, j/). 


It can be proved similarly that 

dF 

^ = N{x,y). 

* It may be recalled that 

definite integrals can bo transformed hito ® “lean-value theorem for 
where a s ^ g Or ~ ~ “)^’'(f), 

F'(i) = ^C6) 

-hioh is the mean-value theorem of th! dTfflntial calculus. 
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The function F is really a function of both end points. Multi- 
plying dF/dx = M(x, y) by dx and dFJdy = N(x, y) by dy gives 

Thus, if 

bM _ m 

dy dx ^ 

the iategrand in {M dx -]r N dy) is the exact differential 
of the function F(x^ y), which is determined by the formula 
(63-1). 

The most general expression for a function whose 

total differential is = M da; -1- JV dy^ is 


4)(a;, y) = F{x, y) + C, 

where C is an arbitrary constant. Indeed, since dl and 
are equal, 

d{F - ^) = 0, 

so that 


F — ^ const. 


To prove the necessity of the condition of the theorem, note 
that if then^ (‘xists a function F{x, y) such that 

^ = M{x, y) and ^ = N{x, y\ 

then 

d‘^F_ _bM , bW ^ 

'by bx~ by dxdy dx 

a^F , a^F 

Siiic.c dM/dij and dN /dx are both continuous, and 

am also continuous; licnce,* 

jiji' ^ 

ax by by bx 

Therefore, 

by bx 


* Soo See. 46. 
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As a corollary to Theorem 3, one can state the following: 
The necessary and sufficient condition that M{Xj y) dx + N{x, y) dy 
be an exact differential is that dM/dy = dN/dx, 


PROBLEMS 

!• Show that 

fm) + y’‘)^ + 2xy dy] 

is independent of the path, and determine its value. 

2. Test the following for independence of path: 

(<») / (y cos a: da: + sin a: dy); 

(b) J [(a:^ — y^)dx + 2xy dy]; 

(c) / [(a: — y^)dx + 2xy dy]; 

(d) J [(a:* — y®) da: — 2 (a: — l)y dy]. 

r(l — 1/®) y n . . 

(0 0) [ (I ' +xF ^ liidependent of 

the path, and find its value. 

4. Sho'7 that the line integral 

r V -ydx xdy ^ 

Jc Vx’^ -f 2/^ x^ + y^\ 


evaluated along a square 2 units on the side and with center at the origin 
has the value 27r. Give the reason for failure of this integral to vanisli 
along this closed path. 

6. Find the values of the following line integrals: 


W J(0,0) (2/ cos xdx + sin x dy ) ; 

J *( 2 , 3 ) 

( 11 ) [ix + 1) da; + ( 2 / + 1) dy]. 


B4. Multiply Connected Regions. It was shown that the 
necessary and sufficient condition for the vanishing of the line 
integral [M{Xj y) dx + N(x, y) dy] around the closed path C 
is the equality of dMfdy and dN/dx at every point of the region 
enclosed by C. It was assumed that C was drawn in a simply 
connected region R and that the functions M{x,y) and Nix^ y), 
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together with their first partial derivatives, were continuous on 
and in the interior of C. The latter condition was imposed in 
order to ensure the integrability of the functions involved. The 
reason for imposing the restriction on the connectivity of the 
region essentially lies in the type of regions permitted by Greenes 
theorem. 

Thus, consider a region i? containing one hole (Fig. 60). The 
region i? will be assumed to consist of the exterior of C 2 and the 
interior of Ci. Let a closed contour C be drawn, which lies 
entirely in R and encloses C 2 . 

Now, even though the functions 
M(x, y) and N{Xj y) together with 
their derivatives may be continu- 
ous in R, the integral 

[M{x, y) dx + N{x, y) dy\ 

may not vanish. For let K be 
any other closed curve lying in R 
and enclosing Cs, and suppose that the points A and B ol K 
and C are joined by a straight lino AB. Consider the integrals 




where the subscripts on the iutc^grals indicate the direction of 
integration along the curves K, C, and along the straight line AB, 
as is indicated in Fig. 00. Sinrse the path AB is traveraed twice, 
in opposite directions, the second and the last of the integrals 
above will annul each other, so that tluTo will remain only the 
integral along K, travensed in the counterrilockwiso direction, 
and the iirtegral along C, in the clockwise direction. Now, if M 
and N satisfy the cciiulitions of Thriorem 1, Sec. 03, then 

f (Mdx + N dy) + f (M dx + ^ dy) = 0, 

JOK ^oc 

where the arrows on the circles indicate the direction of integra- 
tion. Thus, 

(64-1) f {M dx + N dy) = f (M dx + N dy), 

jQfK 

both integrals being taken in the counterclockwise direction. 
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The important statement embodied in (64-1) is that the 
magnitude of the line integral evaluated over a closed path in B, 
surrounding the hole, has the same constant value whatever bo 
the path enclosing Ct. This value need not be zero, as is seen 


Fiq. 61 . 


from a simple example alnsady 
mentioned in Sec. 63. Thus, 
let the region R consist of the 
exterior of the circle of radius 
unity and with center at the ori- 
gin and of the interior of a con- 
centric circle of radius 3 (Fig. 61). 

The functions M = and 

X 

^ ” r 2 «|_ y 2 ’ their deriva- 


tives, obviously satisfy the con- 
ditions of continuity in R and on Ci and Cg. Also, dM/du 
= dN/dx. But ^ 



Jc \X^ 


y ax 


+ 


where C is the circle 


gives 


+ x^ + 

X = a cos d, 
y = a sin 6, 




(1 < o < 3), 


f a® sin^ d + a^ cos^ 6 . 

Jo = 27 r. 


The taotioa ffe, j), 

m exect diierential, is ?■(», j,) . ^ multipl,.- 

valued function. 

The function 

Wx, y) dx + N(x, y) dy], 

h See. C3, WU, 

in Theorem 1) but not^n^p^ connected (as is required 

connected. * ^ecessanly so if the region is multiply 
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66. Line Integrals in Space. The line integral over a space 
curve C is defined in a way entirely analogous to that described in 
Sec. 63. 

Let C be a continuous space curve joining the points A and B, 
and let P{x, y, z), Q{x, y, z), and R(x, y, z) be three continuous, 
sin^e-valued functions of the variables x, y, z. Divide the 
curve C into n arcs As,, (i = 1, 2, • • • , n), whose projections 
on the coordinate axes are Axt, Ayt, AZi, and form the siim 

'*lii fO ^ Aj/i + R{ii, i7i, fi) AsJ, 

where (&, rn, t*) ^ point chosen at random on the arc ASi, 

The limit of this sum as n increases indefinitely in such a way 
that all ASi — »• 0 is called the line integral of P dx + Qdy + Rdz, 
taken along C between the points A and B. It is denoted by 
the symbol 

(65-1) [Pix, y, z) dx -f Q{x, y, z) dy -t- R(x, y, z) dz]. 

The conditions imposed upon the functions P, Q, and R are 
sufficient to ensure the existence of the limit, provided that the 
curve C is suitably restricted. 

If the equation of the space curve C is given in parametric 
form as 

( * = flit), 

(65-2) \y = iU'^t^ «i), 

(z = Uit), 

where and fz{l) possoHS continuous derivatives in the 

interval h ^ t ^ h, the line integral (65-1) can be expressed 
as a definite integral 

X“ -/KO + Q ^ 

where P, Q, and R arc expressed in terms of t with the aid of (65-2). 

It is joossible to derive three theorems analogous to those given 
in Sec. 03 for line integrals in the plane. They are as follows; 

Theorem 1 . Lei a simply connected region of space be one in 
which P{x, y, 2 ), Q{x^ y, z)j and jB(x, y, z) and their partial deriva- 
tives arc continuous and singlc'^alued functions of Xj y, and z. Then 
the necessary and sufficient condition that 
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f {P dx + Q dy + R dz) =0 
around every dosed aurve in the region is that 

By Bx^ Bz By^ Bx dz^ 

for every point of the region. 

Theorem 2. Let the functions considered satisfy the coni 
of Theorem 1. Then the necessary and sufficient condition f, 

be independent of the path from (a, 6, c) to (x, y, z) is that 
By Bx^ Bz By^ Bx Bz^ 


for every point of the region. 

Theorem 3. Let the functions Pj Q, and R satisfy the co7it/ 
of Theorem 1. Then, the necessary and sufficient conditio r 
there exist a function F{x, y, z) such that 


is that 




Bz 


= R 


By Bx ^ Bz By^ Bx Bz ’ 

for every point of the region. The function F{x, y, z) is given h 
formula 

F{x, y, z) = {Pdx + Qdy + R dz). 

Corollary. The necessary and sufficient condition that 


P dx Q dy + R dz 

he an exact differential of some function ^(x, y, z) is that 

By Bx^ Bz By^ Bx Bz^ 

for every point of the region. The function ^{x, y, z) is deternii 
from the formula 

^{x, y, z) = (P dx + Qdy + R dz) + const. 

•/ (a,o,c) 
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These results are of particular importance in hydrodynamics and 
the theory of electromagnetism. The vector derivation and 
interpretation of these results are given in Chap. IX on Vector 
Analysis. 

66. Illustrations of the Application of the Line Integrals. 

1. Work. It will be assumed that a force FCa:, y) acts at every 
point of the a:y-plane (Fig. 62). This force varies from point to 
point in magnitude and direction. 

An example of such conditions is the 
case of an electric field of force. The 
problem is to determine the work 
done on a particle moving from the 
point A {a, b) to the point B{c, d) 
along some curve C. Divide the arc 
AB oi C into n segments by the 
points Pi, Pi, ••• , Pn-i, and let 
Asj = PiPi+i- Then the force acting 
at Pi is F{Xi, Vi). Ijet it be directed along the line PS, and let 
PiT be the tangent to C at Pi, making an angle Bi with PS. 

The component of F{xi, yi) along PiT is F cos and the ele- 
ment of work done on the particle in moving through the distance 
Asi is approximately F{xi,y,) cos BiASi. The smaller Asi, the 
bcttcu' this approximation will be. Therefore, the work done in 
moving the particle from A to JB along C is 

W = lim ^ F{xi, Vi) cos 9i Asi = T F{x, y) cos B ds. 

If a is the inclination of PS and /3 is the inclination of PiT, 
then e =■ a — ^ and cos e = cos a cos ;8 + sin a sin /3, so that 

{<)()-!) W = F{pL<, y) (cos a cos P + sin a sin 0) ds. 

From the definition of a, it is evident that 

F cos a = ic-component oi F = Xy 
F sill a = 2 /-component of F = Y. 

Moreover, since dx/ds = cos ^ and dy/ds = sin 

cos fids = dx and sin ^ ds = dy. 




218 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §66 
Therefore, (66-1) becomes 


W = f^iXdx + Ydy), 

which is a line integral of the form (60-1). 

If C is a space curve, then an argument in every respect similar 
to the foregoing shows that the work done in producing u dis- 
placement along a curve (7 in a field offeree where the conipcmmt- 
along the coordmate axes are X, Y, and Z is 


-^-Z dz). 

in f ® formula, the work done in displue- 

ing a particle of mass m along some curve C, joining the points 



ia ae Ne^nil^ Ta" rf rtrctfof “ 



?. TiltSSLXr-* ^ 

of the particle (Fig 63) a unit mass) to a iiosition 

. Th. component of force in the Action of the po^tivo a-nri. 


•X" = F COS (x, r) = ^ Ism . 

T 


km y 

y.2 ’ ^ and Z 


hm z 

y2 ’ p’ 


Similarly, 
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The work done in displacing the particle from A to B is 


W 


But 


“ JA 


{x dx + y dy + z dz). 


r ^ \^x^ + y^ + z^ and dr = 


X dx + y dy + z dz 


Therefore, 


W 



‘r 

)a r* 

r _ 


which depends only on the coordinates of the points A and B 
and not on the path C. Denoting the distances from 0 to A 
and B by ri and ra, respectively, gives 


W = km(- - -Y 

\r2 ri/ 

The quantity s km/r is known as the gravitational potential 
of the mass m. It is easily chocked that 


X = 


dx^ 



z 


dz' 


so that the partial derivatives of the potential function ^ give 
the components of force along the coordinate axes. Moreover, 
the directional derivative of in any direction s is 

dx d<l> dy dz 

ds dx ds dy ds dz ds 

= X cos (xy s) + F cos {y, s) + Z cos ( 2 , s) 

where Fs is the component of force in the direction s. 

A conservatives field of force is defined as a field of force in 
which tlu^ work done in producing a displacement between two 
fixed poiiits is ind(^pendent of the path. It is clear that in a 
conservative field the integral 


f^(Xdx + Yd]/ + Z dz) 

along every closed path is zero, so that the integrand is an exact 
differential. 



220 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §66 


2. Flow of a Liquid. Let (7 be a curve on a plane surface across 
which a liquid is flowing. The oj^z-plane will be chosen to coincide 
with the surface. The lines of flow are indicated in Fig. 64 by the 
curved arrows. It will be assumed that the flow of the liquid 
takes place in planes parallel to the rc^z-plane and that the depth 
of the liquid is unity. The problem is to determine the amount 
of liquid that flows across C in a unit of time. 

If Vi is the velocity of the liquid and ai is the inclination of the 
tangent to the line of flow at Pt, then vj[i = Vi cos is the a:-com- 

ponent of Vi and Vy\i = Vi sin ai is 
the ^/-component of Vi. Let Asi 
denote the segment P*Pi+i of C. 
A particle at Pi will move in time 
At to P'ij while a particle at Pi+i will 
move to PJ+i. Therefore, the 
amount of liquid crossing PiPi+i in 
time At is equal to the volume of 
the cylinder whose altitude is unity 
Lid whose base is PiPt+iPJ+iPi. 
Aside from infinitesimals of higher 
order, this volume is 

AVi == PiPi • PPi+i sin Si, 

in which Si denotes the angle between PP'i and PPi^i. But 
PPi+i = Asi and, except for infinitesimals of higher order, 
PJP' = ViAi. Therefore, AVi = ViAt • ASi sin 6i. The volume 
of liquid crossing C in a unit of time is 

n 

V = lim V Vi sin 6i As*. 

If Ti denotes the inclination of the tangent to C at Pi, then 
Ti — di + ai. Therefore, 

Vi sin di ASi = 2 ;i(sin n cos ai — cos Ti sin ai) Asi 

== Vi cos ai sin Ti ASi — Vi sin ai cos r* ASi 
= Vx\i Ayi — Vy\i Axi. 

Hence, 

(66-2) V = J^{—Vydx + Vos dy) 

is the line integral which gives the amount of liquid that crosses 
C in a unit of time. 
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If the contour C is a closed one and the liquid is incompressible, 
then the net amount of liquid crossing C is zero, since as much 
liquid enters the region as leaves it. This is on the assumption, 
of course, that the interior of C contains no sources or sinks. 
Thus, a steady flow of incompressible liquid is characterized by 
the equation 

{-Vydx + v^dy) = 0, 


over any closed contour not containing sources or sinks, 
implies that (see Sec. 63) 


(66-3) 


dVy __ ^ 

dy dx^ 


This 


which is an important equation of hydrodynamics known as the 
equation of continuity. Moreover, from Theorem 3, Sec. 63, it is 
known that there exists a function such that 


(66-4) and ^ 

This function is called the stream function, and it has a simple 
physical meaning, for 

y) = i-Vu dx + v„ dy) 

represents the amount of liquid crossing, per unit time, any curve 
joining (a, b) with (x, y). 

The function defined by the integral 

(66-5) ^(x, y) = {v^ dx + Vy dy) 

is called the velocity potential. It is readily shown that 

a<i> 

and — = 

Upon comparing (66-4) with (60-6), it is seen that 

dx ^ dy dy ~ dx * 

Those arc the celebrated Cauchy-Riemann differential equations. 

If the integral (66-2) around a closed curve C does not vanish, 
then the region bounded by C may contain sources (if V is 
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positive) or sinks (if V is negative). The presence of sources 
or sinks is characterized by the singularities of the function 
that is, those points for which ^ is not continuous or where its 
derivatives may cease to be continuous.* 

The foregoing discussion is readily generalized to a steady 
flow of liquids in space. Instead of the integral (66-5), one will 
have 

^(x, y, z) = J^^*’*j* (Vx dx -\-Vydy + % dz), 


and if the integral is independent of the path C drawn in a simply 
connected region, the equations corresponding to (66-3) are 


’ dy dz dz dx ~ 

In such a ease the integrand is an exact differential, and the 
velocity potential #(a:, y, z) gives 


a# d^ 

dx ~ ~ 


dz 


V,. 


3. TJmmodynamics. A thermodynamical state of any sub- 
stance IS found to be characterized by the following physical 
quanrities: (1) pressure p, (2) volume v, and (3) absolute tompera- 

ure , The pressure, volume, and temperature are connected 
by the equation 


(66-7) F{p, v,T) = 

Sttt* ® quantities p, v, and T will suffice to 

detenmne completely the state of the substance. 

has'the fom enclosed in a receptacle, Eq. (66-7) 


state oHhp ^ }f^ P be chosen to determine the 

P in the ? T' ^ ^ coordinates of a point 

fo Sr • , ^ ^ ^hat the substance returns 

to Its State, then the curve C will bo a closed To 

y Me gas „hde the gas m the receptade (for example, stean. in 

oee in this connection Sec. 64 - 
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an engine cylinder) changes its state. Let Ap, Av, and AT be 
small changes in the pressure, volume, and temperature, respec- 
tively. Now if any two of these quantities, say p and v, do not 
change, then the amount of heat supplied is nearly proportional 
to the change in the remaining quantity. If all three quantities 
change, then the total change AQ in the amount of heat supplied 
is approximately equal to the sum of the quantities AQi, AQ 2 , 
and AQa, due to changes Ap, Av, and AT, respectively.* 

Thus, 

AQ = AQi + AQa + AQa 
= Cl Ap + Ca At; + Ca AT, 

where Ci, ca, and ca are constants of proportionality. Then, the 
total amount of heat supplied in the process is given by the 
equation 

(66-8) Q = f^{ci dp + Ca dv + d dT). 

Solving (66-7) for T in terms of p and v gives T = f{p, v), so that 

If this expression is substituted in (66-8), one obtains 

(66-0) Q = [(c, + C3 dp -b -b C3 dy], 

wiien' the integration is performed over the curve C in the 
pc-plaiH', which is (billed the pv diagram. 

Consider tlu' state of the gas in the cylinder of a steam engine, 
and h't tiu' piston bo displaced through a distance As. Then, 
if tlie area of tins piston is A, the work AW performed by the 
piston is given by 

ait = pA As = p At), 

and tlie total work W performed during one cycle is 

W = J^pdv. 

It follows from (61-4) that this is precisely equal to the area of 
the pv diagram. 

• 'Phis i)riii<Mi)lc is cidlcfl the principle of superposition of effects. 
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In deriving (66-9), it was assumed that. jiml /■ were the 
independent variables, and it followed, uijoii innkiiiguHe of 
that the increment of heat is given by* 

dQ = ^Ci -f- cj dp -(- ^C2 -f es dv 
= P(p, v) dp + V(p, v) dv, 

where F and V are known functions of p and v. Tlu* <‘xpr(>M.si(>n 
for dQ is not, in general, an exact diff(>reiitinl (tliaf. is, dl'/Dr 
dV/dp), for the line integral (66-9) iu‘(>d not. vaui.sh for n 
cyclic process. However, it is possible to stat.o 1 1ml 1 lu' diirenme** 
between dQ and the work p dy is an exact dillorcnl ial, imiiK'Iv, 


( 66 - 10 ) 


dl) = dQ — p dn, 


where the function L is called the internal onergy of |Iu' gus. 

It IS also possible to statef that the ratio of dQ U> (Ik' ah.solntc 
temperature, namely, 

( 66 - 11 ) 


dS^^ 


is likewise an exact differential. The function ,S' i,. ,,,11,., 1 tl„. 

‘ fundamental mle i„ all in 

““ b" '“.,1 l„ al,„„. u,„i 

for an isothermal process (that is, when dT = 0) 

dQ = p d vj 


inanfc 


of the work -n Tf " - ‘ ‘i' j/t i um m 

T.; 

pincess.' “ ^ “ ™iisl«i,l, „,„.|, ,, 


K.i.fc's .r' 

^ ,Th« 

dynamics. second laws of 


t \'H rijihles, i( i.v 


t licrino- 



CHAPTER VII 

ORDINARY DIFFERENTIAL EQUATIONS 


67. Preliminary Remarks. The great usefulness of mathe- 
matics in the natural sciences derives from the fact that it is 
possible to formulate many laws governing natural phenomena 
with the aid of the unambiguous language of mathematics. 
Some of the natural laws, for example those dealing with the 
rates of change, are best expressed by means of equations involv- 
ing derivatives or differentials. 

Any function containing variables and their derivatives (or 
differentials) is called a differential expression, and every equation 
involving differential (expressions is calk'd a differential equation. 
Differential eciuatioiis ar(‘. divided into two classes, ordinary and 
partial. The fornu'r contain only one ind(^pendont variable and 
derivatives with r(\sp(‘ct to it. The latter contain more than one 
independent variable. 

Th(5 ordc'f of thc^ high(*st derivatives (sontainod in a differential 
eciuation is called tlu^ order of the differential equation. Thus, 



is an oi’dinary diff('r(‘ntial (equation of order 2, and 





is a partial drff(n‘(Mitial (Hpiation of orden* 3. 

When a diffenmtial (Hpiation can b(i expressed as a polynomial 
in all the dc^rivativc'S involved, tho. exponent of the highest 
d(U'ivativ(i is calked tlu; degree of th(', equation. In the foregoing 
('xainpk^s thc^ degr(‘,(^ of the ordinary (Hpiation is 4 and that of the 
l)artial diff(u*(Mitial eciuation is 2. It should bo observed that the 
degrc^c^ of 


(i^ 

dx^ 


+ 




is 2, when tliis equation is rationalized. 

226 
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If an ordinary differential equation is of the first degree in 
the dependent variable and all its derivatives, it is called a 
linear differential equation. The general form for a linear 
differential equation of the nth order is 

^ + • • • + Pn-l(x) ^ + pn(x)y = fix), 

where the Piix) and f(x) are functions of x only. 

An explicit function y = /(a;), or an equation <p(Xj t/) == 0 
which defines 2 / as an implicit function of x, is said to be a solution 
of the differential equation 

(67-1) F[a:, y, y', y", • • • , j/'”)] = 0, 

provided that, whenever the values of y, y', y", • • • , y^’'^ 
are substituted in the left-hand member of (67-1), the latter 
vanishes identically. 

For example, 

(67-2) ^ + y cosx - 0 

has a solution 

y = or log 2 / + sin a: “ 0, 

because the substitution of y and y' calculated from either one 
of these expressions reduces (67-2) to an identity 0 = 0. Thus, 

1 du 

differentiation of the second equation gives - ~ + cos oj = 0, 

y ax 

so that y' ^ —y cos x, and substitution in (67-2) gives 0 = 0. 

The graph of a solution of an ordinary differential equation is 
called an integral curve of the equation. 


PROBLEM 

Classify the following differential equations, and determine their 
orders and degrees: 

dv 

y ^ 
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(e) y" — Vl — y' + 5y = 0; 

(e) v” + xY + xy = sin x; 
a« “ “ (d*2 + aj/a)- 

68. Remarks on Solutions. Consider a differential equation of 
the first order, 


(68-1) 


% - »). 


whore J(x, y) is a single-valued and continuous function of the 
variables x and y. If a point (xoj yo) is chosen in the ry-plane 
and its coordinates are substituted in (68-1), then 

determines a direction associated with the point (a;o, yo), since 
dy/dx can bo interpreted geometrically as the slope of an integral 
eurvo. If a second point (xi, yi) is chosen and its coordinatev 
are substit.utod in (68-1), a direction is 
asHooiatc'd with (xi, i/i). Continuing in 
this way, it is possible to fiind a direction 
jisso(*/iat<^d with ov(uy point of the plane 
for which /(x, y) is defined. Now, sup- 
l)os(^ that a ])()iut (xn, ya) is chosen in the 
])huio (Fig. ()5) and tlu; direction associated 
witli tliis point is d('torminod. Let (xi, yO be a point very near 
to (xo, 2 / 0 ) and in the direction specified by 

| = /(^o,yo). 

Then, 

det(u*mines a lu^w direction. Upon proceeding a short distance 
in this n(‘W direction, a third direction given by 




228 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §68 

is determined by the selection of a point (rrg, 2 / 2 ) which is closo to 
(xi, yi). If this process is continued, there will bo built \i\) a 
curve made up of short straight-line segments. If tlu^ ])()ints 
(aJo, 2 / 0 ), (xij 2 / 1 ), {X2j 2 / 2 ), * • • , (Xn, Vn) aro chowcui v<uy cloHci 
together, it becomes intuitively clear that this sorios of stiviight- 
line segments approximates a smooth curve associated witli th(‘ 
initial point (a;o, 2 / 0 ). Evidently, the equation of this (uirv(‘ will 
be a solution of the differential equation (68-1), for the slopes of 
the curve is 

In general, a different choice of {xn, ijo) will load to a difforoni. 
integral curve and thus to a different solution of ((58-1 ). 

The foregoing discussion forms the basis of oiui nudliod of 
graphical solution of differeptial equations of the first ordc'i-. 
Another important method of approximate solution of diff(U'('ntiaI 
equations is the method of infinite series, which is outliiu^d ik'xI.. 

Let it be supposed that the function f{x, y) in ((iS-l) can Ix' 
expanded in Taylor’s series about the point Or,,, yo); then the 
solution of (68-1) can be obtained in the form of a power scric's in 
X - a:o. Indeed, denote the solution of (68-1) by 

(® 8 - 2 ) y = p(x). 

Then, if the integral curve defined by (68-2) is to pass through 
(aJo, y<i), it IS necessary that 


y = F{xt) = 2 / 0 . 

Substituting xne coordinates of {x^, y^) in (68-1) gives 

dii 

^ = fi^o, yo) = F'ixo). 
Differentiating (68-1) yields 


( 68 - 3 ) ^ y) _L df{x, y) dy 

dx^ dx —y- 

so that the value of the second derivative of (08-2) at x^ is 





yo ) , df{xo,y,) 


dx 


+ 


dy 


F'(xo). 
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The formula (68-3) can be used to calculate d^yldx\ and its 
value at the point (xo, yo) can be obtained, for the values of the 
first and second derivatives of F{x) at x = xo are already known. 

In this manner, one can attempt to find the solution of (68-1) 
in the form of the series 

y = F(xo) + F'(xo)(x - Xo) + ^ + * * * • 


In essence, this method of solution is the same as the method of 
undetermined coefficients that is discussed in Sec. 98. Another 
important method, due to the French mathematician E. Picard, 
is discussed in Sec. 103. 

Next consider a family of curves 


(68-4) 2/ = + c, 

where c is an arbitrary constant. Differentiation of (68-4) gives 


which is the differential equation of the family of curves (68-4), 
and which is free from arbitrary constants. If the given func- 
tional relation contains two arbitrary constants, as, for example, 


?/ = Cl sin”^ X -H C2, 

tluui it is possible to eliminate these constants Ci and C 2 by 
two differentiations. The first differentiation gives 


Solving for ci yields 


Ci 

dx " 




and diffcnxmtiation of this equation gives 

d^y _ JP ^ ^ Q 

dx^ 1 — x^ dx 

Tliis is a diffcn’ontial equation of th(^ second order, and clearly it 
has y ^ Cl sin~^ x -h C 2 as a solution. It should be observed that 
two diff(T(mtiations were necessary in order to eliminate two 
arbitraiy c.onstants. 
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In general, if f(x, y, Ci, C2, * * * , Cn) = 0 is a functional 
relation involving n arbitrary constants and defining y as a 
function of Xj then n successive differentiations will produce n 
equations involving derivatives up to and including those of the 
Tith order. These n equations together with the given equation 

Vj Cij C2, * - • , Cn) = 0 can be used to eliminate the n con- 
stants Cl, C2, • * • , Cn, and the result will be a differential equation 
of the nth order whose solution is /(rc, y, Ci, C2, ■ • * , Cn) = 0. 
It can be shown that, in general, a differential equation of the 
nth order has a solution which contains n arbitrary constants. 
Moreover, no solution of a differential equation of the nth order 
can contain more than n arbitrary constants. A solution that 
contains n arbitrary constants is called the general solution of the 
differential equation. 

The foregoing discussion does not prove these facts. It 
merely suggests that a functional relation containing n arbitrary 
constants leads to a differential equation of order n. For the 
proof of this theorem and its converse, any advanced treatise on 
differential equations* can be consulted. 

Any solution that is obtained from the general solution by 
specifying the values of the arbitrary constants is called a par- 
ticular solution. Particular solutions are usually the ones that 
are of interest in applications of differential equations. It 
should be remarked, however, that some differential equations 
possess solutions which cannot be obtained from the general 
solution by specifying the values of the arbitrary constants. 
Some examples illustrating the existence of such solutions are 
given in Sec. 83. 

PROBLEMS 

Find the differential equations of the following families of curves : 

1 . + cx + y — 

2. Cl sin a; + C 2 cos re = y, 

3. Cix + C 2 e* + Csfi”* = y, 

4. ce* — rc^ + e”® = 0. 

6. {x - CiY + (3/ - C2)* = 1. 

6. 2/ = cie® sin x + 026® cos x, 

7. cH + cy + l = 0. 

8. ci^rc + Ciy + C 2 == 0. 

9. 2 / — Cire® + + c%x. 

* See Ince, E. L. Ordinary Differential Equations. 
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10 . — 4tcx = 0 . 

11. y = Cie^® + + x. 


69. Newtonian Laws. In order to illustrate the prominence 
of the subject of differential equations in a study of various 
phenomena, the next four sections are primarily concerned with 
the task of setting up the differential equations from the basic 
physical principles. A systematic treatment of the problem of 
solving various types of differential equations frequently occur- 
ring in practice will be given in the subsequent sections. 

The formulation of the basic principles from which many 
differential equations arise rests on the following fundamental 
laws of dynamics, which were enunciated by Sir Isaac Newton. 

1. Every particle persists in its state of rest or moves in a straight 
line with constant speed unless it is compelled by some force to 
change that state, 

2. The rate of change of momentum of a particle is proportional 
to the force acting on it and is in the direction of the force, 

3. Action and reaction are equal and opposite. 

The first law merely states that any change of velocity of a 
particle (that is, acceleration) is the result of some external force. 
The second law postulates that the resultant force f acting on a 
particle is proportional to the product of the mass m by its accel- 
eration a; for momentum is defined as the product of mass m and 
velocity v, and the rate of change of momentum is 


Thus, 


d . V dv 

= ma. 


ma = hf, 


where k is the proportionality (constant, which can be made equal 
to unity by a ])roper choic.e of units. 

Obviously, th(^ H(^cond law irujludes thc^ first; for if the force 
acting on a i)arti(jl(^ is zero, tlieii its ac‘.c(^leration is zero and the 
parti(*l(^ must either remain at nist or move with constant 
velo(‘ity. 

Th(^ third law ass(U‘ts that, if two particles ex(U’t forces on each 
otlu^r, then the? forc(^ ex(u*ted by the first on the second is equal to 
th(^ for(‘(; exc’srtod by the second on the first. This law can be 
used to define the mass of a body. 
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Frequent use of these laws will be made in the following page. 
There is one more law, formulated by Newton, that will be found 
of cardinal importance in this study. It is the law of gravita- 
tion. Newton was led to it by his attempts to explain the 
motions of the planets. This law states that two bodies attract 
each other with a force proportional to the product of their 
masses and inversely proportional to the square of the distance 
between them, the distance being large compared with the 
dimensions of the bodies. If the force of attraction is denoted 
by F, the masses of the two bodies by mi and m 2 , and the distance 
between them by r, then 



where K is the proportionality constant, called the gravitational 
constant. In the c.g.s. system the value of K is 6.664 X lO"®. 

The three fundamental principles formulated by Newton in 
reality form the postulates of dynamics and furnish a definition 
of force, and the law of gravitation permits one to compare 
masses with the aid of the beam balance. 

The law of attraction (69-1) assumes a simpler form in the case 
of a small body of mass m falling to the earth from heights that 
are not too great. It can be established that a sphere attracts a 
particle at an external point as if the whole mass of the sphere 
were collected at its center.* If the height of the particle above 
the earth’s surface is small compared with the radius of the earth, 
the law of attraction becomes, since r in (69-1) is sensibly con- 
stant and equal to the radius of the earth, 

(69-2) F = mg, 

where ^ is a new constant called the acceleration due to gravity. 
Its value in the c.g.s. system is approximately 980 cm. per second 
per second and in the f.p.s. system 32.2 ft. per second per second. 

Thus, the differential equation of the falling body can be 
written as 

(69-3) g - 

where s is the distance traveled by the body and t is the time in 
seconds. Integration of (69-3) gives 
* In this connection, see Secs. 16 and 66. 
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(69-4) 


ds . I 

^ = ?< + V,; 


and, since the velocity v is equal to ds/dtj (69-4) may be written 


V = gt + Vo, 

where Vq is the constant of integration so chosen as to equal the 
initial velocity, that is, the value of v at the time t = 0. 
Integrating (69-4) gives 

(69-5) s = + 5o, 

where So is the distance of the body from the point of reference 
at the time t = 0. Equation (69-5) furnishes all the desired 
information about the freely falling body. 

70. Simple Harmonic Motion. Simple harmonic motion is the 
most important form of periodic motion. It represents a 
linear vibration of such a soi*t that the vibrating particle is 
accelerated toward the center of its path in such a way 
tliat the acceleration is proportional to the displacement of the 
particle from the center. If the displacement of the particle 
from its central position is denoted by a?, the definition of simple 
harmonic motion demands that 


(70-1) 


d^x 

dt^ 




where w- is a constant of proportionality and the negative sign 
signifi(‘s that th(' acceleration is directed oppositely to the dis- 
j)lac(Mnent .r. 

In ordc'r to find tlu^ equation of motion, that is, the displace- 
numt of the ])articlo in terms of the time tj multiply both sides 
dr 

of (70-1) 2^ and ol)tain 


(70-2) 


^ drx 
(It * dP 


^ dx 

^Ti 


w-a;. 


The l(^ft-hand sid(^ of (70-2) is the derivative of {dx/dty, and 
integration yields 

(s)’ = 

where the constant of integration is written for convenience in 
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for it must be positive; otherwise, the velocity 
3 imaginary. 

dUg the square root and solving for dt give 


dt = 


dx 


which upon integration becomes 

I • .0)X . , 

- sin ^ i + Cl 

<0 c 

or 

(70-3) tc = i4. sin {o)t 4- JS), 

where A = c/w and B = Cico. The period of the motion, 
T = 27r/a), is independent of the amplitude A. 

It will be seen in the next section that (70-3) approximately 
represents the behavior of a simple pendulum. 

71. Simple Pendulum. Let P be a position of the bob of a 
simple pendulum of mass m and of length I (Fig. 66), and let d 
be the angle, measured in radians, made by OP 
with the position of equilibrium OQ. Denote the 
tangential acceleration by dh/dt^, where s repre- 
sents the displacement, considered positive to the 
right of OQ. 

The acceleration d^s/dt^ along the path of the 
bob is produced by the tangential component of 
the force of gravity mgr, so that its magnitude is 
mg sin d. Since the velocity of the bob is decreas- 
ing when the bob is moving to the right of its 
position of equilibrium OQ, the acceleration will 
be negative. Hence, since force is equal to the product of mass 
and acceleration, one can write 



Fig. go. 


(71-1) 


= -mgr sin 6, 


The normal component of the force of gravity acts along OP 
and is balanced by the reaction of the string (Newton’s third 
law of motion) and centrifugal force. 

Remembering that s = (71-1) can be written as 

dH 
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and if the angle d is so small that* sin d can be replaced by 6, 


(71-3) 


d^e 

dt^ 



This equation is precisely of the form (70-1), and its general 
solution is 


(71-4) 0 = 0i sin {cd + Ca), 

where Ci and Ca are arbitrary constants and = g /I. 

However, from physical considerations it is clear that there 
is nothing arbitrary in the behavior of the pendulum. Moreover, 
it is known that, if the pendulum bob is held initially at an angle 
a and then released without receiving any impulse, the pendulum 
will vibrate in a perfectly definite manner, so that it must be 
possible to calculate the position of the bob at any later time L 
These remarks concerning the initial position of the pendulum 
bob and the fact that the bob was released with zero velocity 
can be stated mathematically as follows: If the time at which 
the pendulum was released is denoted by ^ = 0, then 

! d — a when t = 0, 

^ = 0 when t = 0. 

Therefore, the general solution (71-4) of (71-3) must satisfy the 
initial conditions (71-5). Substituting the first of these initial 
conditions in (71-4) gives 

(71-0) a = Cl sin C 2 . 

lliffercMitiation of (71-4) with respect to t shows that 

^ = Ciw cos (co^ -b C 2 ), 


and therefore the second initial condition yields 

0 = Cico cos C 2 , 

which is satisfied if C 2 = rJ2. Substituting this value of C 2 in 
(71-()) gives Ci = a. Thus, the particular solution of (71-3) that 
satisfies the initial conditions is 

^ = a: sin 


* See Prob. 11, Sec. 13. 
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Naturally, a different choice of the initial conditions would lead 
to different values for Ci and C 2 . 

The solution of the problem of a simple pendulum that was 
just obtained was bsised on the assumption that S was sufficiently 
small to permit the replacement of sin 6 by 6. If this is not the 
case, the problem is somewhat more difficult. In order to 

dS 

solvp (71-2), multiply both sides by 2 obtaining 


dedH_ 2g de 


Integration gives 


\dt) I 


cos d + C. 


If ddjdt = 0 when 6 = 


0 = cos oi C 


and 

( 71 - 7 ) 


\dt ) I 


(cos 6 — cos O'). 


The angular velocity is given by dd/dt; and since the linear 

do 

velocity is I the velocity in the path at the lowest point is 


4 


(cos d — cos a) I 


M = y/2gl{X — cos a). 


It may be observed that this is the same velocity that would 
have been acquired if the bob had fallen freely under the force 
of gravity through the same difference in level, for v == y/2gh 
and A = Z(1 ~ cos a). 

Integrating (71-7) yields 


dS 

V cos ^ — cos a 

which gives the formula for determining the time required for the 
bob to move from the initial position to any other. 
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If the lowest position of the bob is chosen as the initial position, 
then ^ = 0 when t = 0, and (71-8) becomes 


(71-9) 


^ _ /j^ I ^ ^ 

Vcos d — cos a 


-fu: 


de 


where 0 ^ ^ a. 

In order to evaluate (71-9), first reduce the integral to a more 

0 

convenient form by means of the relation cos ^ = 1 — 2 sin^ -• 

z 

Then, 

(71-10) 

Let 

then 

and 


^2 ^sin* I - sin* ^ 


Bin 2 “ 2 


cos ^ • 2 = am 2 cos <p a<p 


do = 


2 sin “ cos (p dip 

u 


cos 


2 sin 2 cos ip d<p 
^1 — sin^ ^ sin^ p 


Substitution of these expressions in (71-10) gives 




2 sin 2 cos <p dip 


^2 ^sin- 1 — sin*-* ^ sin^ i^ — sin^ ^ sin^ tp 


or 

t 




dip 


— siii^ ~ sin^ ip 


If the time involved is the time required for the completion of 
one-quarter of the vibration, then 6i = a and hence ipi = 7r/2. 
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The entire period is then 



d(p 


0 \/l — sin^ <p 


where = sin^ 

If (1 — sin^ is expanded by the binomial theorem, so 
that 

T = 4: d(p(l sin’* ¥> + | sin‘ ¥>+••• ^, 

term-by-term integration* gives 

It may be noted that the period is a function of the amplitude, 
which was not true in the case of simple harmonic motion. 



A reference to Sec. 14 shows that the period of a simple 
pendulum is expressible as an elliptic integral of the first kind. 

* Note Wallis’s formula 


TT 

r 


sin*‘ $ de 




2 or 1 


n{n — 2) • 

where a = 1 when n is odd, a = 7r/2 when n is even, 


2 or 1 
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72. Further Examples of Derivation of Differential Equations. 

1. The Slipping of a Belt on a Pulley. Let To and Ti be the 
tensions of the belt (Fig. 67) at the points A and B, Consider 
an element of the belt of length As, which has end points P and Q 
and subtends an angle Ad at 0. Let the tension at P be T and at 
Q be r + AT, and let the normal pressure per unit of length of the 
arc be p, so that the total normal force on the element of arc 
As is p As. If the angle AS is assumed to be small, the normal 
pressure may be thought of as acting in the direction of the 
line ON, which bisects the angle Ad. From the definition of the 
coefficient of friction n, it follows that the frictional force is equal 
to the product of by the normal pressure, so that the frictional 
force on PQ is iip As, and, since Ad is small, this frictional force 
may be assumed to act at right angles to ON. If it is assumed 
that the belt is at the point of slipping, the components of force 
along ON must balance. Hence, 

T sin ^ + (r + Ar) sin ^ = p As 
or 

Ad 

(72-1) (2r + AT) sin = p As. 

Similarly, by equating the forces acting at right angles to ON, 

Ad Ad 

(T + AT) cos "2 — r cos = jup As 
or 

A6 

(72-2) AT cos -2 = MP As. 


lOliminatiiig; p As between (72-1) and (72-2) leads to 


(72-3) 


2T + AT , Ad 

Tn — tan 

AT 2 


1 


Solving (72-3) for AT gives 


AT = tan 


A9 2Tti 

2 Ad’ 

1-11 tan ^ 


and dividing both members of this equation by A9 leads to 
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AT 

Ad 



Tji 

, Ad 
11 tan 


The limit of this expression as — » 0 is 

( 72 ^) % = mT. 

since 

T tan a . 
lim = 1. 

a->0 OL 

Separating the variables in (72-4) yields 



which, upon integration, becomes 

log T - iiB + 0 
or 

(72-5) T = 

The arbitrary constant Ci that enters into the solution of the 
differential equation can be determined from the initial condition 
T = To when ^ = 0, Substituting these values in (72-5) gives 

T = 

so that the tension Tx corresponding to the angle of lap a is 

Ti = Toe'*". 


PROBLEM 

Find the tensions Ti in the foregoing illustration when To = 100, 
fi — Hy and the angles of lap are7r/2, J^tt, and ir radians. 

2. Elastic Curve, Consider a horizontal beam under the 
action of vertical loads. It is assumed that all the forces acting 
on the beam lie in the plane containing the central axis of the 
beam. Choose the rc-axis along the central axis of the beam in 
undeformed state and the positive 2 /-axis down (Fig. 68). Under 
the action of external forces Fi the beam will be bent and its 
central axis deformed. The deformed central axis, shown in 
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the figure by the dotted line, is known as the elastic cu/ve, and it 
is an important problem in the theory of elasticity to determine 
its shape. 

It can be shown* that a beam made of elastic material that 
obeys Hookers law is deformed in such a 
way that the curvature K of the elastic 
curve is proportional to the bending 
moment M, In fact, 

(Py/dx^ _ M 
" El’ 



(72-6) K = 


Fig. 68. 

where E is Young’s modulus, I is the moment of inertia of the 
cross section of the beam about a horizontal line passing through 
the centroid of the section and lying in the plane of the cross 
section, and y is the ordinate of the elastic curve. The important 
relation (72-6) bears the name of the Bernoulli-Euler law. 

The bonding moment M in any cross section of the beam is 
I'qual to the algebraic sum of the moments of all the forces F i 
acting on one side of the section. The moments of the forces F i 
ai‘(^ taken about a horizontal line lying in the cross section in 
(Iluvstion. 

If the d(^flcction of the beam is small, the slope of the elastic 
(‘\irv^e is also small, so that one may neglect the square of dy/dx 
in the formula for curvature. Thus, for 
small deflections the formula (72-6) can 
be written as 



(72-7) 


__ M 

m' 


Fig. 69. 


As an illustration of the application of 
this formula, consid(^r a cantilever beam 
of length I, which is built in at the loft end and wliich carries a 
load W on its free end (Fig. 69). The weight of the beam is 
assumed negligible in (‘omparison with the magnitude of the load 
Wj so that th(^ inonieiit M in any cross section at a distance x 
from the built-in end is 

M = W(l - x). 

*8oo Timoshicmko, S., Theory of Kliusticity, j). 41; Lovk, A. E. H., A 
Troaiiso on the Mathematical Theory of Elasticity, 4th ed., pp. 129-130. 
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When this expression is substituted in (72-7), there results 


^ F. a -x) 

dx^ El 


and integrating gives 

W /la:* a: A . , 

^ M VT ~ 6/ + 

The constants of integration, Ci and C 2 , are easily evaluated 
from the boundary conditions 

2 / = 0, when a; = 0, 

when cc = 0, 


^ = 0 
dx 


the first of which expresses the fact that the displacement at 
the built-in end is zero and the second that the slope of the 
elastic curve is zero when a: = 0. It is easily checked that these 
boundary conditions require that 


y = 


W 

2EI 


('*’ - 1 ) 


SO that the displacement d at the free end is 

FP 
ZEl 


d = 


TiT 


PROBLEM 

A beam of length I is freely supported at its ends and is loaded in th( 
middle by a concentrated vertical load W 
which is large in comparison with the weigh 
of the beam. Show that the maximun 
deflection is one-sixteenth of that of th 
cantilever beam discussed above. Hint 
From symmetry, it is clear that the behavio 
of this beam is the same as that of th 
cantilever beam of length 1/2 which i 
loaded by a concentrated load of magnitude 1^/2 at its free end (Fig 
70). 


1 

^ 

W 

— ^ 


w 

2 



2 


Fig. 

70. 



3. Cable Supporting a Horizontal Roadway. Let a cable tha 
supports a horizontal roadway be suspended from two point 
A and B (Fig. 71). It will be assumed that the load on th 
roadway is so large compared with the weight of the cable tha 
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the weight of the cable can be neglected. The problem is to 
determine the shape assumed by the cable. 

Denote the tension at the point P of the cable by T and that 
at the point Q by P -1- AT, and let w be the load per foot nin. 
Since the cable is in equilibrium, the horizontal and vertical 
components of the forces acting on any portion As of the cable 
must balance. Thus, equat- 
ing the horizontal and ver- 
tical components gives a 
system of two equations 

(72-8) T cos e 
= (r 4- AT) cos {e + Ad) 

and 

(72-9) T sin 0 = —w Ax 
-f (P + AT) sin (6 + A^), 

Dividing (72-9) by (72-8) 
gives Pig, 71. 

xp Ax 

(72-10) Un e = tan {d M) - (y + cob (0 -t- A^) ' 

Bnt (72-8) docs not depend on the magnitude of As and, since 
As i.s arbitrary in size, it appears that the horizontal component 
of the tcMision at any point of the cable is a constant, say To. 
Substituting this value in the right-hand member of (72-10) 
and rearranging give 

^ w Ax 

tan (0 +■ Ad) — tan 0 = 

or 

^ tan (0 + Ad) — tan 6 _ w Ax 

(72-1 1) — ^ 

'I'Ik^ l(d't-haud member of (72-11) is the difference quotient, and 
its limit as A0 is made to approach zero is the derivative of 
tan 0. Heiujo, passing to the limit gives 

» /, w dx 

(72-12) 

Recalling that tan ® so that 0 = tan-^ it follows that 

_ d^yfdx^ 
dx~ 1 + {dy/dxY 




244 MATHEMATICS FOR ENOINEEBS AND PHYSICISTS Vt% 


Moreo'v ^r, 

^ ^ + (i) • 


Substituting from these two expressions in (72-12) leads to t ho 
differential equation of the curve assumed by thc^ cable, nanioly. 


(72-13) 


d}y _ 
dx^ ~ To 


If (72-13) is integrated twice with respect to x, oik* obl.ainH the* 
desired equation of the curve, 


(72-14) y = ^ + CiX -b a, 

which is the equation of a parabola. The arlntrary constant..^ <’i 
and cj can be determined by substituting in (72-11) tin* cooixii- 
nates of the points A and B. 

If the lowest point of the cable is chosen as tin* origin of t.h«* 
coordinate system, the equation of the parabola bc'cojues 


(72-15) 


y = 


2To 


he ( 


•alenlal i‘<l 


The length of any portion of the cable can easily 
with the aid of (72-15). 

PROBLEMS 

the length of the parabolic cable when the lath-r supports a 
oadway which is Z ft. long. Express the length of tlu- rah e i . a 
infinite senes in powers of 1. Hint: Expan, f the intrgn i, t 

expression for the length of the cable. niugiaii.l „> tl... 

®'PPf°^"“«'te expression for the sag d in terms of fl„. 

was obtaiLd Xol T* 

a Lot. 

Hprin+a ■ 1 * suspended from two points .1 and H 

oy and that at Q by T + AT, it follows fbat, 

T cos <1 = (T + AT) cos {6 -f- Ae) 
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and 

T sin 0 = (r + AT) sin {9 + Ad) - w As. 

Dividing the second of these equations by the first gives 


tan e = tan {6 + Ad) 


w As 

(T -H AT) cos {6 + AS) 


This equation has the structure of Eq. (72-10), and an analysis 
in every respect similar to that outlined in the preceding illus- 



tration leads to the equation 
(72-1 ()) sec^ e = 


To de' 


\vlu‘re To is th(^ timsion at the lowest point of the cable. Since 


whore 


— 

dz 


ds __ ds/dx 
dS ddjdx 



^ __ d^yjdx^ 
dx ~~ 1 + (dy/dx)^^ 


and since sec^ ^ = 1 -|- (dy/dx)^, it follows upon substitution 
in (72-1 ()) that th (3 differential equation of the curve assumed b.v 
tlie cable is 


^ - if!. Ii 4. { 
dx^ ToM \dx/ 


(72-17) 
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If dy/dz is replaced by u, (72-17) becomes 


or 


du 

dx 




du _ 

\/rT^ ~ 2^0 


Integrating this equation gives 


log (m + vT+lP) = ^ a; + Cl, 
i 0 
or 

^ + V' + (I)’ - ■ 

This differential equation can be solved by th(' following* 
device: Taking the reciprocal of (72-18), one obtiiinH 


= e 


and rationalizing the denominator gives 

(72-19) + 

'Vhen (72-19) is subtracted from (72-18), there n»i.lta 
and integration gives 


-I- 




+ C2. 


Stth^tSrep^s^hrou'l ft the comliti.iii 

nates are aasumed to be known ^ ^ nrlmne coordi- 

( ) Tq/w\ and tho (ujuation 
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(72-20) 


y = + e 


A curve whose equation has the form (72-20) is called a catenary. 

PROBLEM 

Find the length of the catenary between the limits 0 and x, i 

73. Hyperbolic Functions. Combinations of exponential func- 
tions analogous to the one that appears in (72-20) are of such 
frequent occurrence in applied mathematics that it has been 
found convenient to give them a special 
name. The function 3^(6® -|- e"®) is yj 
called the hyperbolic cosine of x and is 
denoted by 

(73-1) cosh x = H(e® 4- «“*). 

The derivative of cosh x is equal to 
— e'^^) and is called the hyper- 
bolic sine of x. Thus, 

(73-2) sinh x = ^“®) 73. 

These functions are called hyperbolic because they bear rela- 
tions to the rectangular hyperbola x'^ — that are very 

similar to those borne by the circular functions to the circle 
. -h 2/^ = Thus, consider 

I the equation of a circle (Fig. 73) 


Fia. 73. 


/Pfxy) 


a;2 -|- 7/2 — 

whoH(i parametric equations arc 


X = a cos t 


Fig. 74. 


y ^ a sin t. 

The equation of a rectangular 
hypiu'bola (Fig. 74) is 


c2 - 


and the reader can readily show with the aid of the definitions 
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(73-1) and (73-2) that (73-3) can be written in a parametric form 


as 

(73-4) 


jx = a cosh t, 
Y?/ = a sinh t. 


It will be shown next that the parameter t can be interprotf**! 
for the circle and the hyperbola in a similar way. 

The area u of the circular sector OAP (Fig. 73) is 

u = 

so that 


t = 


2u 


On the other hand, the area of the hyperbolic sector OAP (P'iir 
74) IS given by 

(73-5) u = }4xy - r x/x^ - dx, 

where the first term in (73-5) represents the area of the triangh' 
Integrating (73-5) gives 


SO that 


log -±J = 2a 
® a 

^ + y 


2« 
= fiO” 


and 
(73-6) 

('73-7) ^ — y 

a — c “ . 

Adding and subtracting (73-6) and (73-7) load 


to 


_2« 


(73-8) 




2w 


2u 


— e aa 

= /v ^ 


2/ = a 




= a. cosh 
— a sinh 


2ulo^. 
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From (73-8), it is clear that 

X . 2u j y • .2u 
- = cosh -5- and - = sinh -5- 
a a 


and a reference to Fig. 73 shows that 


X 

a 


2u 


cos -r 


j y . 2u 

and - = sin -r- 

a 


Therefore, the circular functions may be defined by means of 
certain ratios involving the coordinates of the point P(a;, y) on 
the circle = a^, whereas the hyperbolic functions are 

expressed as ratios involving the coordinates of the point P(x, y) 
on the hyperbola = a^. 

The definitions of the hyperbolic tangent, hyperbolic cotangent, 
hyperbolic secant, and hyperbolic cosecant are as follows: 

sinh X 
cosh X 
1 

tanh 
1 

cosh x^ 

1 

sinh X 


tanh X = 
coth X = 
sech X = 
csch X = 


The inverse hyperbolic functions are defined in a way similar 
to that us(^d in defining the inverse circular functions. Thus, if 


then 


y = tanh x. 


X = tanh“^ y, 


which is read the inverse hyperbolic tangent of y^ The definition 
of th(^ remaining inverse hyperbolic functions is similar. There 
ar('. som(^ int(u*esting relations that connect these inverse hyper- 
born*, functions with the logarithmic functions.* 

It will be recalled that the expansion in Maclaurin’s series for 

is 


(73-0) 


«“ = 1 + « + 2l + ^ + 


* Seo Trobs. 6 and 7 at the end of this section. 
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SO that 

(73-10) 


^=l+^ + l! + |]+ •• 


(73-11) 


/J »2 


Subtracting (73-11) from (73-10) gives 


so that 


= + + + 


(73-12) sinh..!l^* = , + |! + g+...^ 

On the other hand, addition of (73-10) and (73-11) shows that 
(73-13) eoshx s = 1 -4 4- 5-' ^ . 


v/o-id; cosn X = — ! = i j_ i 

2 4l + ■ ■ ■ • 

f«'- <-'>inpl,.x num- 
bers as well as for real numbers, then 

(73-14) e^ = l + u+(^\ , 

, ^ ^ 2! +~3r + ■ ’ • 

and 

(73-15) e-» = 1 _ , (-Ix)‘ (-i^y 

2 ! +“- 3 T~ + ■ • ■ > 

.'w.LT “0 P3-15) a.„l ai„„.nryi„K 

e“ -I- e-fa = 2 ^1 _ i! ^ ^ \ 

T^ch IS recogmzed to be the series for cos x multiplied by 2. 
cos X = + e-- . 

leads to theVmuu'^ si^btraction of (73-15) from (73-I.J) 


(73-17) 


Sin X =: 


e*® — g-ix 

2 r~“ 
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By combining (73-16) with (73-17) there result two interestiag 
relations, 

cos a; + t sin a; = e** and cos a; - i sin x = 


which are frequently used in various investigations in applied 
mathematics. These relations are known as the Euler formulaa. 
The following table exhibits the formal analogy that exists 
between the circular and hyperbolic functions. The relations 
that are given for hyperbolic functions can be established readily 
from the definitions for the hyperbolic sine and the hyperbolic 
cosine. 


Circular Functions 
Bin a; - ^ 

cos X - 2 


Hyperbolic Functions 


sinh X - g (e* — e~") 
cosh X =■ g (e* +• er») 


tan X - 
ciot X - 


i(e*‘ + «"■'“) 
1 

tan X 


X* , X* 

Hin * = » - 51 + gj - 
^ 21^41 


COS X 

A 1 

Hin* X + cos* X e- 1 
1 4- tan* X « soc* x 
mn 2x * 2 sin x cos x 
cos 2x cos* X — sin* x 
Hill (x ± 1/) « sin X cos y 

± cos X sin y 

d s in X 
dx 

d (tOH X 

dx 

d toi X 
dx 


tanh X 
coth X - 
sinh X ’ 
cosh X 


, ~~ 

' e* + e-* 

1 

tanh X 

, X® , x® , 

® 31 61 ■*' 

“^ + 2l +41 + 


cosh* X — sinh* x — 1 

1 — tanh* X ■■ sech* x 

sinh 2x * 2 sinh x cosh x 

cosh 2x » cosh* x + sinh* x 

sinh (x ± y) * sinh x cosh 2/ ± cosh x sinb. 


' CX>B X 


- sin X 


HOC* X 


d sinh X 
dx 

d oosh X 
dx 

d tanh x 
dx 


> oosh X 
B sinh X 
- sech* X 


1 . A telephcne wire (Fig. 75) weigWng 8 lb. pw 100 ft 
Htrctiaid between two poles 200 ft. apart. If the sag is 1 ft., find t 
tonsion in tlic wire. 

Note that 

X ( _u 4- • • • ^ 

{/ - o cosh - = « 1,1 + fTo* + 41 + '’ 


where a =* TJw, 
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The vertical component of the tension is clearly equal to ws, where 
s is the length of the wire. But the length of the catenary between the 

points whose abscissas are 0 and x is 





=x 


1 + sinh^ “ dx 

d 


cosh - dx ^ a sinh 
0 a a 

so that the vertical component of tension is 

Ty - m - wa sinh -> 
a 

and the total tension at any point is 

T = -v/Tq^ + Ty^ = wa + sinh® - 

= wa cosh - 
a 

= wy. 

At the point of support, y = a + d, so that 3" = w{a+ d). Since d is 
usually small, the tension in the wire is nearly constant and approxi- 
mately equal to To. 

If the wire is very taut and the distance between the poles is not large, 

^2* 




or 


2/ — a = 


2a 


When X = Z/2, where Z is the distance between the poles, and d is the 
sag, y — a = d and 

Z® 


, . my 

^ “ 2a ” 8a 


so that 


w^ 

* The symbol a = is used to signify that a is approximately equal to b. 


a oj ”” ) 

8a w 
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or 


To « 


t£^* 

8d’ 


Substituting the numerical values for to, Z, and d gives for the value 
of the tension at the lowest point 


To 


(0.08) (200) « 

( 8 ) - ( 1 ) 


4001b. 


Example 2. A parachute, supporting a mass is falling from a 
distance h above the ground. Determine the velocity with which it 
strikes the ground if the air resistance is proportional to the square of 
the velocity. 

If the air resistance be denoted by then 

R = kv\ 

where A; is a proportionality constant depending upon the design of 
the parachute. The force acting downward is 

dh dv 


which is equal to mg — kv^. Hence, 


m 


dv 

dt 


mg — fcv* 


or 


dt “ 


where o® »■ k/gm. Integrating 


gives 



I + av 
1 — au 


qI + Cl. 


If v = 0 when Z = 0, it follows that Ci = 0. The integrated expres- 
sion then simplifies to 


1 + av 
1 — at) 


e^agi 
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1 - 1 1 . , ^ 
a eio„ 4 - 1-0 


It is easily shown that 


Ism , 

-yj k 


lim tanh t = 1, 
<— 4 00 


and it follows that the terminal velocity is Vt = y/gm/k. 
But ds/dt = V, so that 


s = ^ J* tanh agt i 




and since 5 = 0 when « = 0, C 2 = 0. Hence, 
S=f log cosh 


PROBLEMS 

1. A wire is stretched between two supports 100 ft. apart If 

r'^ in the wire is 
ouo It)., tnd the amount of sag at the middle. 

decrease of tlie 

slant teSnlTr ^ h°dy surrounded by a medium of con- 

mrfnf K ^‘'® IS proportional to the difference between the tempera- 
ture of the body and that of the medium, that is, 

de 

dt H9 — do). 

«»<*>» at .«y time I, it the i„,M 


s = z(i + J£!^\ 
v ^ 24!rv’ 


where T is the tension, 

4. Show fc. „mpl„ nmnber o + K be put m the form 
<* + 6t = re*.-, where r = V^r+¥ s^nd 6 = tan-^ t 
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6. If V = sinh a:, then x is called the inverse hyperbolic sine and is de- 
noted by a; s sinh-^ y. Prove that x = sinh“^ y = log {y + Vy’* + 1). 

6. Establish the formulas for hyperbolic functions given in the table 
of Sec. 73. 

7. Establish the following formulas : 


(fl) d sinh u = 

(6) d cosh u = 

(c) d tanh u = 

(d) d coth u = 

(e) d sech u = 
if) d csch u == 

{g) d sinh^^ u ■ 
(h) d cosh"^ u 
(t) d tanh”^ u = 
(j) d coth“^ u == 


cosh u du; 
sinh u du ; 
sech^ u du; 

— cBch^ u du; 

— sech u tanh u du; 

— csch u coth u du; 

du 

" Vu^+V 

du 


V 


du 


1^ 


1 - 
du 

1 — u^^ 


{k) d sech“^ u 

(1) d csch"^ u 

(?//.) cosh"’ y = 
(?0 Hinh"i y ~ 

(o) tanh"^ y = 
{])) coth”^ y = 
{([) sech"^ y = 
(r) cHcli“’ y = 


du 


u \/l — u'^^ 

d^ ^ 

u -x/i + 

log (i/ + Vv^- 1) = sinh-i V y^ - 1 ; 
log 0/ + + 1) = cosh-i x/y’^ + 1; 

^ log r~| If //^ < 1; 


log 


4- x/i - y- : 


log 


if 0 < ^ 1 ; 

1 ± x/y^ - f 1 1+’ 0 


if V < 0. 


8. Plot the graphs of the hyperbolic functions. 

9. A man and a parachute, weighing ic lb., fall from rest under the 
for(!e of gravity. If the resistance of the air is assumed to be propor- 
ti< 3 nal to the speed v and if the limiting speed is ro, find the expression for 
the speed as a function of the time L 

Hint: ^ 

V) dv - 
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10. A maa and a parachute are falling with the speed of 100 ft. per 
second at the instant the parachute is opened. What is the 
the man at the end of t sec. if the air resistance is proportional to the 


square of the speed? 

11. It cau be established that the steady flow of heat acrosK a 
large wall is proportional to the space rate of decrease of temperature 
$ across the wall and to the area A of the wall, that is, 


Q = 



where z is the distance from one of the faces of the wall and Q is the 
constant quantity of heat passing through the wall. The constant k 
(thermal conductivity) depends on the properties of the material - 
Integrate this equation and calculate the amount of heat per square 
centimeter passing through a refrigerator wall, if the thiekncHS of tho 
wall is 6 cm. and the temperature inside the refrigerator is 0®C., while 
outside it is 20®C. Assume k = 0.0002. 

12, A tank contains initially v gal. of brine holding .ro lb. of salt in 
solution. A salt solution containing v) lb. of salt poi* gallon ent(irs the 
tank at the rate of r gal. per minute; and the mixture, wliitdi is k(>i>t 
uniform by stirring, leaves the tank at the same rate. Wliat is the 
concentration of the brine at the end of t min.? 

Hint: Let x denote the amount of salt present at the end of i min.; 
then, at a later instant t + At, the change in the (luantity of salt is 
Ax = ur At -- (x/v)rAL Hence, dx/dt = wr xr/v = {r/v){wv — • ir). 


74. First-order Differential Equations. Generally spcuiking. 
the problem of solving differential equations is a v(‘i*y difficnilt 
one. There are very few types of equations whose solutions enu 
be w^ritten down at once; in practice, special m(d;ho(ls of solu- 
tion, suitable to the particular problem undcir consi<l(*rarion, 
have to be depended upon. Seeking special methods of solution 
is a difficult task, and the mathematician, at present at h'ast, is 
almost entirely restricted to a consideration of linear difh'rcuithil 
equations. Very little is known concerning the solution of non- 
linear differential equations. Even, such a simple-appearing 
first-order equation as 

S-Mv) 

cannot be solved in general; that is, there are no formulas avail- 
able for bolmg a non-lmear differential equation of the first ortku-. 
Ho^^e^er, it is possible to 'classify 5gme of the first-order non- 
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linear differential equations according to several types and to 
indicate the special methods of solution suitable for each of these 
types. The next ten sections will be concerned with the solutions 
of the special types of non-linear differential equations that are of 
common occurrence in practice. The remainder of the chapter 
will be devoted to the general methods of solution of the impor- 
tant types of linear differential equations. 

76. Equations with Separable Variables, If the given differ- 
ential equation 

F(%x,y)-0 

can be put in the form 

fi{x) dx +f2(y) dy = 0 , 

where fi{x) is a function of x only and f^iy) is a function of y 
only, the equation is said to be an equation with separable 
variables. Such an equation is easily integrable, and its general 
solution is 

J /i(a:) da: + J My) dy = c, 

where c is an arbitrary constant. In order to obtain an explicit 
solution, all that is necessary is to perform the indicated 
integrations. 

Example. Solve 

dy 

_ + e* 2 / = e’y*. 

This can be written as 

^ + e*(2/ -!/*)= 0 

or 

— ^^^2 + cb = 0 . 

Integration gives 


+ 

which is the general solution required. 
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PROBLEMS 

Solve the following differential equations: 

/L Vl “ dy + Vl y^dx = 0, 

2 - ^ + » = 0 . 

^ dy sin^ x 

^'O, J- = —i * 

dx sin y 

^ an X cos^ ydx + cos^ x dy = 0. 

Vl + X dy - {I + y^) dx = 0. 

e* da; + - dy = 0. 

1 iy - 1 + y 

, dx-l + x 

8- «*| + y - 2/* = 0. 

9. sinh xdy cosh y da; = 0. 

n dy dy 

^ dS ^ 

12. a;®(l -f- 42/2) 
sin“^a; 

^ da; + (1 — ev) dy = 0. 

14. A = 0 

da; ^ 1 - a;2 

16. ^ + 1) 

■ dr _ !)• 

16. (1 + *5) d;/ - (1 + 2,2) ete = 0. 

17 ^ ^ y' + 2y + 1 

■ dr - 2 x + r 

18. X%1 +y) dy + 2,2(3. _ 1) ,^3, ^ Q_ 

19. y{X - y) dx - (x + 1) dy = 0 

20 ^ = ^(1 + y ‘) 

• dr y(i + 3;2)- 

21- (y - xy) dx X- dy = 0. 

reaction, and fet beginning of a cI.o.ni(,aI 

after t sec. Then, the simpiriaw oJ ? 

rate of change of the substaLe is nronortr^Tl 

stance remaining; that is, dx/dt = cfA ^ 

depending on the reaction. Show that x = constant 
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23. Let a solution contain two substances whose amounts expressed 
in gram molecules, at the beginning of a reaction, are A and B. If an 
equal amount x of both substances has changed at the time t, then the 
amounts of the substances remaining are A — x and B — x. The basic 
law of chemical reactions states that the rate of change is proportional 
to the amounts of the substances remaining; that is, 

^ = fc(A - x)(B - z). 

Solve this equation under the hypothesis that ic = 0 when i = 0. 
Discuss the case when A « 5. 


76. Homogeneous Differential Equations. It will be recalled* 
that a function /(a:, y), of the two variables x and y, is said to be 
homogeneous of degree n provided that 


Thus, 


f(\x, \y) S y). 

f{x, y) = x^ + x^y + j/® 


is a homogeneous function of degree 3, and 


f(x, y) = x^ sin - + xy 

y 


is a homogeneous function of degree 2. 

If the differential equation is of the form 


(76-1) fiix, y) dx -H Uiz, y) dy = 0, 


where /i(a;, y) and/!i(x, y) arc homogeneous functions of the same 
degree, then (76-1) can be written in the form 


(76-2) 


^ y) 

dx fiix, y) 


<pi^, y), 


where (p{x, y) is a homogeneous function of degree zero, that is, 


<(>i\x, \y) = X® <pix, y) = <pix, y). 

If X is set equal to \Jx, then 

<p{^, y) = Xj/) = <P ^1, 

which shows that a homogeneous function of degree zero can 
always bo expressed as a function of y/x. This suggests making 
kSoe Sc? 40. 
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the substitution y/x 


V. Then, since y = vx, 


dy dv , 

S = 3i* + '’- 


Substituting this value of dy/dx in (76-2) gives 


This equation is of the type considered in Sec. 75. Separating 
the variables leads to 

dv _ ^ 

^( 1 , v) — V 

which can be integrated at once to give 

F{Vf X, c) = 0. 

Since v = y/x^ the general solution of (76-1) is 

An equation of the form 

^ + O'^y + cs 

dx bix + h%y + 63 

can be reduced to the solution of a homogeneous equation by a 
change of variable. This is indicated in detail in Prob. 11 at 
the end of this section. 


Example, Solve 




dx 


This equation can be put in the form 

y^dx + {x^ — xy) dy = 0 , 

which is of the type (76-1). By setting y = vx and dy === v dx + x dv, 
the equation becomes 

(vx)^ dx + {x^ - vx^)(v dx + xdv) ^ 0. 

This reduces to 

V dx + a;(l — v) dv = 0 
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and. upon separation of the variables, to 




0. 


Integration yields 


or 


log X + log V — V ^ c 


log a; + log I - ^ = e, 

which simplifies to 

log 2 / - ^ = c. 

SO 


PROBLEMS 

Solve the following differential equations: 

1. (x^ + j/2) dy + 2 xy dz « 0. 

2- a: ^ - 2/ = Vx» - • • 

^ y dy y 

= 2 / 008 --*. 

+ 22) ^ ® - V- 

6. x^y dx - (x*'’ — 2/3) 0. 

e ^ ~ 

' dz x^ ' 

^ y 

X — Vxy 

8. x(\/x2/ + 2/) dx — dT/ = 0. ^ 

9. x^l=y + xe\ 

in 

dx ” "■ xy 

11 . Discuss the problem of transforming the differential equation 
dx 6ix 4- biy + 63 

into a homogeneous equation by the eliange of variable x = x' + A and 
y = y' + A. Determine the values of h an<l k for which the priginal 
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equation is transformed into 

dy' _ aix' + a 2 y ' 
dx' ~~ hix' + 62?/' 

and solve this equation. If ^162 a^bi = 0, set aix + (i 2 y = z. 

12. {x^ — xy) dy -i- y^ dx = 0. 

13. {y^ — x^) dy + 2xy dx = 0. 

14 ^ _ 1 + 2a; + y 
dx ~~ 1 — 2x — y 

16. (x — y + 1) dx + (x + y — 1) dy == 0. 

16. 2/2 dx + (.xy + a;2) dy = 0. 

17. (2a;^y V^) dx (2xy^ — x^) dy = 0. 

18. (x^ + y2) dx + 3xy dy = 0. 

19. (x^ + y2) dx — xy dy — 0. 

20. (a; + y) dy — (x — y) dx = 0. 

77. Exact Differential Equations. It was shown in Sec. 63 
that the necessary and suflSicient condition that the expression 

P{x, y) dx + Qix, y) dy 

an exact differential of some function F{x, y) is that 

-77-1) ^ 

^ dy dx 

where these partial derivatives are continuous functions. 

Consider now the differential equation 

(77-2) P(xj y) dx + Q{x, y) dy = 0, 

and suppose that the functions P(x, y) and Q{x, y) satisfy the 
condition (77-1), so that there exists a function F(x, y) such that 

dF = — dx + — dy 
dx dy ^ 

= y) dx + Q(x, y) dy. 

Such a differential equation is called an exact differential equation. 
It is clear that the function 

y) = 

where c is an arbitrary constant, will be a solution of (77-2). 
An explicit form of the function P(x, y) will be obtained next. 
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By hypothesis the condition (77-1) is satisfied so that one can 
write 




Now, the first of these equations will surely be satisfied by the 
expression 

(77-4) F(x, y) = f Pix, y) dx -f f{y), 

where the y appearing under the integral sign is treated as a 
parameter and f{y) is an arbitrary function of y alone. The 
function f{y) will be determined next, in such a way that (77-4) 
satisfies the second of Eqs. (77-3). 

Differentiating (77-4) with respect to y and equating the 
result to Q(x, y) give 




80 that 



(77-5) 

1 -«(*.») -|J 

P(x, y) dx. 

lioncG, 


(77-6) 


j' P(x, y) dx 


Substitution of (77-6) in (77-4) gives the explicit formula 
(77-7) F{x, y) = j ■P(^) y)dx + j j^Q(x, y) 

- Pix, y) dx^ dy. 


To illustrate the use of this formula, consider 
{2xy + 1) dx + {x^ + 42/) dy = 0. 


Here, 


dy dx 


so that the formula (77-7) is applicable. The reader will verify 
that the substitution of the expressions for P and Q in (77-7) 
gives 


F(x, y) =- x^ + x + 2y^ + c. 
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asV + X + 2y^ = c. 

Instead of using the formula (77-7), one frequently proceeds 
as follows: Since dP/dy = dQ/dx, the existence of a function 
such that 

^ = 2xy 1 and ^ = x^ + iy 
is assured. Now, if 

| = 2r, + l 

is integrated with respect to x, y being treated as a constant, there 
results 

F(x, y) = x^y + x + 

where ci(^) is not a function of x but may be a function of y, 
since y was treated as a constant. Similarly, the second 
condition 

f =a:* + 4,, 

upon integration with respect to y, gives 

Fix, y) ^x^ + 2y^ + dix). 

Comparison of the two expressions for Fix, y) shows that if 
Fix, y) ^ x^y + X + 2y^, 

then 

dF ^ , dF . . . 

— ^ 2xy + 1 and ^ ^ + ^2/- 

Thus, the general solution of the given equation is 
x^ + x + 2y^ = c. 

PROBLEMS 

Integrate the following equations if they are exact: 

1. iy cos xy + 2a:) dx + x cos xy dy = 0. 

2. [y^ + 2xy + 1) dx + i2xy + x*) dy = 0. 

3. (e® + 1) dx + dy 0. 

4. (SxV — y^) dx + (x® — Zy^x) dy = 0. 
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6 . (Sx^y -y>)dx- {x’ + dy^x) dy = 0 . 
6. licos^dx _ ioos^dy = 0. 


7 . 2xlogydx — dy 

y 


0. 


„ X Vl — , , Vl — a:* , 

8 . — — , dx + y ■ ■■ iy = 0 . 


vr 


Vl - j/* 


9. (2s 4- e* log y) dx — dy = 0. 

y 

10. 2x sin 2/ dx — cos y dy = Q. 

11. (2a; + yx^) dx -f 5(x - 3a;^) dy = 0. 

12. ^2x + ^ cb - pe®/!' dy = 0. 

13. sin 2y dx + 2a; cos 2y dy = 0. 

14. x^iy + l)dx - y\x - 1) dy = 0. 

16. yii + dx — tan"i xdy = 0. 


78. Integrating Factors. It is not difficult to see that every 
difforcntial equation of the type 

(78-1) M{x, y) dx -h JS/'(x, y) dy = 0, 


which has a solution F(x, y) = c, can be made exact by multi- 
plying both members by a suitable function of x and y. For 
since F{Xj y) = c is a solution of (78-1), 


and it follows from a comparison of (78-1) and (78-2) that 
= n{x, y)M and = ii{x, y)N. 

'\'\nmioTC, 

ix{x, y)(M dx + N dy) = 0 

Ih nn oxac.t equation. The function ii{x, y) is termed an inte- 
graling factor. Moreover, it is clear that there is an unlimited 
number of such functions for each equation. Despite this fact, 
it, must not l)c concluded that an integrating factor can always 
be found easily. In simpler cases, however, the integrating 
find, or can be found by inspection. ' ' e: 

Thus, in order to solve . ^ 

X dij — y dx = 0, • 'A' 
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which is not exact as it stands, multiply both sides by 1/xy- 
Then the equation becomes 

^ ^ = 0 
y X ' 

which is exact. Another integrating factor for this same equation 
is 1/x^, Similarly, multiplication by 1/y^ makes the equation 
exact. 

In Prob. 1 at the end of this section will be found a few of 
the integrable combinations that frequently occur in practice. 

Example. The differential equation 

(^2 2-2) _|_ 2xy da; = 0 

is not an exact equation, but on rearrangement it becomes 

dy + 2xy dx — x^dy = 0, 

which can be made exact with the aid of the integrating factor l/y^* 
The resulting equation is 

, 2xydx - x^dy , 

+ ^2 * 

which integrates to 

y + - = c. 

PROBLEMS 

1. Verify the following: 


_ xdy-vdx_ 




(e) Hdiz^ + J/®) - X dx + y dy, 
if) d{xy) = zdy + ydx. 


2. Solve the following equations by finding a suitable integrating 
factor: 


(a) X dy — y dx dx = Q] 

(b) (xy® + y) + (x — x®y) dy = 0; 
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(c) xdy + Zydx <= xy dy; 

(d) (a:* + y® + 2®) dy - 2y dx O', 

(e) X dy - y dx = xy dy; 

if) (a:® - y®) dy - 2xy dx = 0; 
is) xdy — iy + log x) d® = 0. 

79. Equations of the First Order in Which One of the Vari- 
ables Does Not Occur Eaqplicitly. Suppose that the dependent 
variable y does not occur explicitly in the equation. The form 
of the equation is then 

.''(I-*)'"- 

If this equation is solved for dy/ dx to obtain 

then y is obtained by a simple quadrature as 
y - j fix) dx -f c. 

Example. Consider 
Solving for dy/dx gives *' 

g - (2 ± V3). 

and 

2 ± V3 


y 

Hence, the solutions are 

y - 


and 


y - 


2 

2 + \/3 
2 

2 - \/3 


x^ + c. 


— c = 0. 


These solutions can be combined into one equation by multiplying one 
by the other to give 

{y - cy - 2xKy - c) + = 0. 

If the independent variable is missing, the equation is of the 
form 



Solving for dj//<^a:gi'^es 

dx 


^ = flu) 


or 


^ _ _1 

. . dy Siy) 

Integration of this equation yields 

_ [ M. 

J /(y) 


+ c. 


j jvyj 

factoring. For example, consider 




This equation can be written in the form 

(I 

so that one is led to the solution of the differentinl cquationn 

|-y‘ = o'and 2|-»-0- 

It follows that the general solution of the given equation enii Jm 
written as 

(a:+J + c)(2y-f +") = 0- 

PROBLEMS 

Solve the following difierential equations: 

^ Factor. 
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6* - (* + 1) = 0. 


80. Differential Equations of the Second Order. Occasionally, 
it is possible to solve a differential equation of the second order by 
reducing the problem to that of solving first-order equations. 
Thus, if the given equation is of the form 



the substitution of p == dy/dx reduces it to 

which is an equation of the first order of the type treated in 
Sec. 79. If this equation is solved for p to give 

V = c), 

the solution for y can be obtained at once, since p = dy/dx. 

No general rules can be given for solving non-linear differential 
equations, and the task must be left to the skill and ingenuity of 
the student. An example of the solution of a non-linear differen- 
tial equation by means of an artifice was given in Sec. 72 in 
dealing with the equation of a flexible cable. Another example 
may prove interesting and iisoful. 


Example. Consider the equation 


dhj 

y — 



« 0 . 


If dy/dx is replaced by p, the resulting equation is 


y% - 
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the equation can be written 


^ dp 
dx ^ dv 


as 


or 


dp 

dy “ + 2/® = 0, 


^ ^ - jy2 

dy ^ 

-hl.h « . homoBMc™ ^ ^ 

v + y^ = - - 1 

which, reduces to 


'dy 


y^ 


^ _ vdv 

y 


Therefore, 

and ^°8*' = l‘>g(f“-l)H + iogc, 

But V = p/y^ so that ^ 


and 




Since p = ei,/d., the last equation becomes 


or 


^ 2 / V 

^ ^ ^ V 2 /^ + ci^ 


Therefore, 



= dx. 


± log SL±jvy[±J^ ^ ^ ^ 


(x + C 2)2 _ Aog£L±v5[+^a- 


gives the solution 




2 
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which can be written, also, as 

(x + CiY — ^csch"^ « 0. 

It is seen from this example that if the given differential equar 
tion is of the form 

(80-1) F{y, 2/, • • • , = 0, 

then one can introduce the new variable 

p 

and calculate the successive derivatives as follows: 


y 


// 


-is. - iS-n 

~ dx~ dy 



V = 


_ 

~dy^ 


+ 



P, 


The substitution of these derivatives in (80-1) leads to a 
differential equation of order n - 1. It may be possible to solve 
this differential equation and obtain the general solution in 
the form 

V = S{y, Cl, • • • , c,^i), 

SO that 

(80-2) ^ = h\y, c, • • ■ , c„_i). 

Equation (80-2) is ono with H(q)arable variables. 

PROBLEMS 

Solve the following differential equations: 


1. + 1 / - 0. Solve by substituting dy/dx = p, and also by 

using the integrating factor 2 dy/dx, 

0 . 
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6 . +(.-!)- 0 . 


81. Gamma Ftmctions. Consider a particle of mass m that 
is moving in a straight line under the influence of an attractive 
force whose intensity varies inversely as the distance of the 
particle from the center of attraction. The equation of such a 
motion is obtainable immediately from the definition of force 
(Newton’s second law). Denoting the distance from the center 
of attraction by 2/, it follows that 


m 


d?y _ k 

dt^ “ y 


or 


d^y _ a 
dt^ “ y 


where a = k/m. 

This is a non-linear equation of the type 



which can always be solved by multiplying both sides of the 
equation by 2 dyfdt and integrating. Thus, 

^ dt dt^ “ dty 


and integrating with respect to t gives 

(I) = - 2 a log 2/ + c. 

If the velocity of the particle is zero when y = 2/0, then c = 
2 a log 2/0 and 



The negative sign was chosen for the square root because y is a> 
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decreasing function of t. Solving for dt and integrating yield 







The integral can be put in a simpler form by making the 
obvious transformation log (ya/y) = or y = yae If T is the 
time required to reach the center of attraction, y = 0, the integral 

becomes 


(81-1) 


T = r dx, 

Jo 


This integral cannot be evaluated in terms of a finite number of 
the elementary functions. In fact, an integral of tins type led 
Euler to the discovery of the so-called Gamma functions. 

The remainder of this section will be concerned with the 
study of the improper integral 


(81-2) 


r(oi) = dx, where a > 0, 


which is the generalization of (81-1). It will be shown that 
(81-2) defines an interesting function, called the Gamma function, 
which provides a generalization of the factorial and which will 
prove useful in the study of Bessel functions. 

It is not diflftcult to prove* that (81-2) converges for all positive 
values of a and diverges whenever a 0. However, it is 
possible to define the function r(a) for negative values of a with 
the aid of the recursion formula which will be developed next. 

If a > 0, then it follows from (81-2) that 

(81-3) r(a + 1) = 


Intcigrating the right-hand member of (81-3) by parts gives 
= a dx 

= ar(a). 

Thus, 

(81-4) r(“ + 1) == «r(a). 

*8o<» SOKOLNIK-OFF, I. S., Advanced Calculus, p. 373. 
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But 

r(l) = 1, 

SO that when a = 1 the formula (81-4) becomes 

r(2) = 1 • r(i) = 1. 

Setting a “ 2, 3, * * • , n gives 

r(3) = 2r(2) = 1-2, 
r(4) = 3r(3) = 1 • 2 • 3, 

r(n) = (n - l)T(n - 1)'= (n - 1)!, 
r(n + 1) = nr(n) = n!. 

Hence, the formula (81-4) enables one to compute the values of 
T(oc) for all positive integral values of the argument a. 

If by some means (for example, by using infinite series) the 
values of T(a) are obtained for all values of a between 1 and 2, 
then, with the aid of the recursion formula (81-4), the values of 
r(Q!) are readily obtained when a lies between 2 and 3. These 
values being known, it is easy to obtain r(a) where 3 < a < 4, 
etc. The values of r(a) for a lying between 1 and 2 have been 
computed* to a high degree of accuracy, so that it is possible to 
find the value of T{a) for all a > 0. 

It remains to define r(a) for negative values of a. The 
recursion formula (81-4) can be written as 

(81-5) r(«) = 

CC 

The formula (81-5) becomes meaningless when a is set equal to 
zero, for 

lim r(a:) = -f 00 and lim r(o;) = — oo . 

a — >0 4 - a — >0 - 

It follows from (81-5) that the function r(— a) is discontinuous 
when a is a positive integer. 

If any number — 1 < a < 0 is substituted in the left-hand 
side of (81-6), the right-hand side gives the value of r(a:); for 
the values of a: + 1 lie between 0 and 1, and r(Q:) is known 
* A small table is found in B. O. Peirce, A Short Table of Integrals, p. 140. 
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for these values of a. Thus, 

r(-o.)-^,eU. 

In this manner the values of r(o!) for —1 < a < 0 can be com- 
puted. If these values are known and the recursion formula 
(81-5) is used, the values of r(o() for — 2 < a < — 1 can be 
obtained, etc. The adjoining figure represents the graph of 
r(a) (Fig. 76). 

It was observed that 

r(a + 1) = at 

when a is a positive integer. This 
formula may serve as the definition 
of factorials of fractional numbers. 

Thus, 

r(^) = K!, 

r(H) = 

r(i) = 0! = 1. 

This section will be concluded 
with an ingenious method of evaluating !. Now, 

HI = r(H) = dx. 

If the variable in this integral be changed by the transformation 
X = integral becomes 

(81-6) ^ X* 

Since the definite integral is independent of the variable of 
integration and is a function of the limits, 

(81-7) )^! = 2 e— z^cfz. 

Multiplying (81-6) by (81-7) gives 

(HD* = 4 J^" e-'’z* e-<‘Ydy, 

which can be written as a double integral 

(81-8) X " X " 
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In order to evaluate (81-8), transform it into polar coordinates 
by setting z = r cos 6 and y = r sin d. The cIom(uit of area 
dy dz becomes r dr dd, and (81-8) becomes 


But 


and 


TT 

(^0“ = ^ X" ^1' sin® e cos® 6 dd. 

T 

sin® e cos® ede = ^ 
e~^‘r^ dr = 1. 


The latter integral is evaluated by integration by parts. There- 


(s')’ = I 


or 


h = ^5. 


2 2 

It can be shown with the aid of the recursion formula that 
(-M)! = V^. 

It foUows that (81-1) has the value sec. 

PROBLEMS 

^ Compute ,ho vluo. 0, rw for ovory infog.r ...rf 
0 to 5 by using the relations r(l) = i and T(U) - ^/^ p, . , 

'TV. these values. ^ 

. The Beta function B(m, n) is defined by the integral 

B(m,n) 

II . io tepluted by y. to rw . £ - u,-..-. ,to, 


Using this integral, form 


r(a) = 2 ^ " e-v«2/2«-i dy. 


«*to«, «nd sho”thM ** * '*°“*’"* “*'*'*'■ ‘"“mloPm to pokt ooordl- 


B(»i, n) = B(re, m) = 

r(m -I- n) 
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3. Show, by a suitable change of variable, that (81-2) reduces to 


4. Show that 




dy. 


d-T{a) 

da^ 


** x«“^e"®(log a;)" dx. 


82. Orthogonal Trajectories. In a variety of practical investi- 
gations, it is desirable to determine the equation of a family of 
curves that intersect the curves 
of a given family at right 
angles. For example, it is 
known that the lines of equal 
potential, due to a distribution 
of steady current flowing in a 
homogeneous conducting me- 
dium, intersect the lines of 
current flow at right angles. 

Again, the stream lines of a 
steady flow of liquid intersect 
the lines of equal velocity 
potcuitial (see Sec. 66) at right 
angles. 

Let the equation of the given family of curves be 
(82-1) f(x, y, c) = 0, 

where c is an aihitrary parameter. By specifying the values of 
the param(^t(u’ c, one obtains a family of (uirvc^s (see solid curves 
in Fig. 77). F^c^t it be r(^(iuirod to d(d.ermino the equation of a 
family of curve's orthogonal to th<^ family defined by (82-1). 

The dilT(u-(‘nt,ial (^cpiation of the family of curves (82-1) can 
be obtaiiunl by (eliminating tlue parameter c from (82-1) and its 
derivative, 

(82-2) 



Fig. 77. 


^ 4 - = 0 

dx dy dx 


Let the resulting dilTcrential ecpiation be 

Now, by definition, the orthogonal family of (‘urves cuts the 
curves of the given family (82-1) at right angles. Hence, the 
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slope at any point of a curve of the orthogonal family is the nega- 
tive reciprocal of the slope of the curves of the given family. 
Thus, the differential equation of the desired family of curves is 



This is a differential equation of the first order, and its general 

solution has the form 



(82-3) <p(x, y, c) = 0. 

The family of curves defined 
by (82-3) is the desired family of 
curves orthogonal to the curves of 
the given family (82-1). It is 
called the family of orthogonal 
trajectories. 

Example, Let it be required to find 
the family of curves orthogonal to 
the family of circles (Fig. 78) 

(82-4) x^ + -- cx - 0. 


The differential equation of the family (82-4) can be obtained by' dif- 
ferentiating (82-4) with respect to x and eliminating the parameter c 
between (82-4) and the equation that results from the differentiation. 

The reader will check that the differential equation of the family 
(82-4) is 


^ + aj’* - 2/" = 0, 


Hence, the differential equation of the family of curves orthogonal to 
(82-4) is 

2a:y ^ + 2/* = 0. 

This is a homogeneous differential equation whose solution is easily 
found to be 

x^ + — cy = 0. 

Thus, the desired family of curves is the family of circles with centers 
on the y-axis (see Fig. 78). 

PROBLEMS 

1. Find the orthogonal trajectories of the family of concentric circles 

— ^ 2 ^ 

2. Find the orthogonal trajectories of the family of hyperbolas xy == t. 
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3. Find the orthogonal trajectories of the family of curves y = cx^. 
Sketch the curves of the given and the desired families forn « 1, -1, 2. 

4. If the equation of a family of curves is given in polar coordinates 
as f(r, 6, c) = 0, show that the tangent of the angle made by the radius 
vector and the tangent line at any point (r, 6) of a curve of the family is 

dS 

equal to Hence, show that the differential equation of the 

orthogonal trajectories of the given family of curves is obtained by 
dd 1 dr 

replacing ^ ^ by — - ^ in the differential equation of the given family 
of curves. 

6. Using the results of Prob. 4, show that the orthogonal trajectories 
of the family of cardioids r = c(l — cos is another family of cardioids. 

6. Find the orthogonal trajectories of the family of spirals r = 

7. Find the orthogonal trajectories of the family of similar ellipses 

x^/4: + 2/V9 = 

8. Find the orthogonal trajectories of the family of parabolas 

9. Find the equation of the curve such that the area bounded by the 
curve, the x-axis, and an ordinate is proportional to the ordinate. 

83. Singtilar Solutions. It was remarked in Sec. 68 that p 
differential equation may possess y 
solutions which cannot be obtained 
from the general solution by specify- 
ing the values of the arbitrary con- 
stants. Such solutions are called 
singular solutions. 

Consider a family of integral curves 
defined by 

(83-1) <p(x, 2/, c) = 0, 

Fiu. 79. 

where (83-1) is the gem^ral solution of tli(^ dilhu-ontial equation 
(83-2) = 

Assume that the family of curves defined by (83-1) is such that it 
has an envelope* (Fig. 79). Since the slope of the envelope at 
any point (x, y) is the same as that of the integral curve which is 

It will bo rocall()d that an envelope of a family of curves is a fixed curve C 
such that every curve of the family is tangent to C. 
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tangent to the envelope at (aj, y)j it follows that the equation of 
the envelope must satisfy (83-2). In general, the envelope is 
not a curve belonging to the family of curves defined by (83-1), 
and hence its equation cannot be obtained from (83-1) by 
specifying the value of the arbitrary constant c. It will be 
recalled that the equation of the envelope is obtained by elimi- 
nating the parameter c between the equations 

<p{x, y,c) = 0 and ^ ~ 

Example. It is readily verified that the family of integral curves 

associated with the equation 

( 834 ) 

is the family of circles 

(83-4) (a; - c)2 + 2/2 = a\ 

The equation of the envelope of the 
family (83-4) is obtained by eliminating c between (83-4) and 

g s -2{x - c) = 0. 

There results 

(83-5) 2/ = ±a, 

which represents the equation of a pair of lines tangent to the family of 
circles (83-4) (Fig. 80). Obviously, (83-5) is a singular solution of 
(83-3), for it cannot be obtained from (83-4) by any choice of the 
constant c. 

Inasmuch as the problem of determining the singular solutions 
of a given differential equation is relatively rare in applied work, 
the subject will not be pursued here any further. 

REVIEW PROBLEMS 

1. A particle slides down an inclined plane making an angle 6 with 
the horizontal. If the initial velocity is zero and gravity is the only 
force acting, what are the velocity of the particle and the distance 
traveled during the time V? Compare the time of descent and the termi- 
nal velocity with those of a particle falling freely from the same height 
as that, of the inclined plane. 
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2. A particle falls in a liquid under the action of the force of gravity. 
If the resistance to the motion is proportional to the velocity of the par- 
ticle, what is the distance traveled in t seconds when the particle starts 
from rest? 

3. A bullet is projected upward with an initial velocity of Vo ft. per 
second. If the force of gravity and a resistance that is proportional to 
the velocity are the only forces acting, find the velocity at the end of 
t sec. and the distance traveled by the bullet in t sec. 

4 . The rate of decomposition of a certain chemical substance is 
proportional to the amount of the substance still unchanged. If the 
amount of the substance at the end of i hr. is a? and xq is the initial 
amount, show that x = xoe~^*, where k is the constant of propor- 
tionality. What is the constant of proportionality if x changes from 
1000 g. to 600 g. in 2 hr.? 

6. A torpedo moving in still water is retarded with a force propor- 
tional to the velocity. Find the speed at the end of t sec. and the dis- 
tance traveled in t sec., if the initial speed is 30 miles per hour. 

6. A disk is rotating about a vertical axis in an oil bath. If the 
retardation due to friction of the oil is proportional to the angular 
velocity w, find w after t sec. The initial velocity is coo. 

7. Water is flowing out through a circular hole in the side of a 

cylindrical tank 2 ft. in diameter. The velocity of the water in the 
jet is where h is the height in feet of the surface of the water 

above the center of the orifice. How long will it take the water to fall 
from a height of 25 ft. to a height of 9 ft. above the orifice, if the orifice 
is 1 in. in diameter? 

8. Water is flowing out from a 2-in. horizontal pipe running full. 
Find the discharge in cubic feet per second if the jet of water strikes the 
ground 4 ft. beyond the end of the pipe when the pipe is 2 ft. above 
the ground. 

9. A projectile is fired, with an initial velocity Vo, at an angle a with 
the horizontal. Find the equation of the path under the assumption 
that the force of gravity is the only force acting on the projectile. 

10. A cylindrical tumbler containing liquid is rotated with a con- 
stant angular velocity about the axis of the tumbler. Show that the 
surface of the liquid assumes the shape of a paralxjloid of revolution. 

Hint: The resultant force acting on a particle of the liquid is directed 
normally to the surface. This resultant is compounded of the force of 
gravity and the centrifugal force. 

11. Two chemical substances combine in such a way as to produce 
a compound. If the rate of combination is proportional to the product 
of the unconverted amounts of the parent substances, find the amount 
of the compound produced at the end of time t. The initial amounts of 
the parent substaiicca are a and 5, and the converted amounts are equal. 
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Hint: dx/dt = k{a — a?) (6 — a:). 

12. Assume that the pressure p of the air at any height h is equal to 
the weight of the vertical column of air above it. If the density of the 
air is proportional to the pressure, what is the law connecting the 
pressure p with the height A? 

13 . A particle of mass m is sliding down a rough inclined plane (the 
coefficient of friction p = 0.2), whose height is 300 ft. and whose angle 
of inclination is 30®. If the particle starts from rest, how long will it 
take to reach the foot of the plane? With what velocity will it be 

traveling then? 

Hint: The differential equation of 
motion is 

d^s 

^ = gisin a — cos a), 

where a is the angle of inclination of 
the plane. 

14 . A runaway carrier in an aerial 
tramway is moving along the arc of a 
second-degree parabola joining the points whose coordinates are (0, 
0) and (1000, 300) (Fig. 81). How long will it take the carrier to 
reach the lowest point if the frictional resistance is neglected and if the 
carrier starts from the top with initial velocity zero? See in this con- 
nection the Engineers^ Bulletin of the Colorado Society of Engineers^ 
June, 1935, 

15 . A brick is set moving in a straight line over the ice with an 
initial velocity of 20 ft. per second. If the coefficient of friction between 
the brick and the ice is 0.2, how long will it be before the brick stops? 

16 . A certain radioactive salt decomposes at a rate proportional to 
the amount present at any instant L How much of the salt will be 
left 300 years hence, if 100 mg, that was set aside 50 years ago has been 
reduced to 90 mg.? 

17 - A skier weighing 150 lb. is coasting down a 10° incline- If the 
force of friction opposing the motion is 5 lb. and the air resistance is 
two times the speed in feet per second, what is the skier's speed after 
t sec. ? 

18 . A tank contains 1000 gal. of brine holding 1 lb. of salt per gallon. 
If salt water containing 2 lb. of salt per gallon is allowed to enter the 
tank at the rate of 1 gal. per minute and the mixture, which is kept 
uniform by stirring, is permitted to flow out at the same rate, what is 
the amount of salt in the tank at any time ^? 

Hint: Let the amount of salt present at any time the xi then, the rate 
at which x changes is equal to the rate of gain, in pounds per minute, 
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dt ^ 1000’ 

19. A 100-gal. tank contains pure water. If 50 per cent alcohol is 
allowed to enter the tank at the rate of 2 gal. per minute and the 
mixture of alcohol and water, which is kept uniform by stirring, leaves 
the tank at the same rate, what is the amount of alcohol in the tank 
at the end of 10 min.? 

20. The rate at which two chemical substances are combining is 
proportional to the amount of the first substance remaining unchanged. 
If initially there are 20 lb. of this substance and 2 hr. later there are only 
10 lb., how much of the substance will be left at the end of 4 hr.? 

21. A series circuit consists of a condenser whose capacity is c farads 
and the resistance is R ohms. Before the circuit was closed the con- 
denser contained a charge of qo coulombs. What is the charge on the 

condenser t sec. later? (The differential equation is ^ -h ^ = 0.) 

22. The rate at which a body is cooling is proportional to the differ- 
ence in the temperatures of the body and the surrounding medium. 
It is known that the temperature of a body fell from 120® to 70®C. in 
1 hr., when it was placed in air at 20®C. How long will it take the 
body to cool to 40®C.? 30®C.? 20®C.? 

23. A bullet is fired vertically down from a balloon that is 2 miles 
above the surface of the earth. On the assumption that the resistance 
is proportional to the square of the velocity, find the velocity with 
which the bullet strikes the earth if the initial velocity is 1800 ft. per 
second. 

84. Linear Differential Equations. The remainder of this 
chapter will be restricted to the treatment of linear differential 
equations, that is, equations of the type 

(84-1) Poix) + p,(x) -I- • • • -f- p«-,{x) ^ -I- p,ix)y =f(x), 

where the Pi(x) andf{x) arc either func^tions of x or constants. It 
is extremely fortunate that a large number of physical phe- 
nomena are successfully d(^scril)ed with th(^ aid of linear differ- 
ential equations. It will be shown in the succeeding sections 
that it is possible to give a more detailcjd account of the treat- 
ment and solution of linear diff<u*ential equations than has been 
furnished for non-linear equations. 
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86. Linear Equations of the First Order. A linear differential 
equation of the first order has the form 

( 85 - 1 ) !+/.(%=/.(*). 

In. order to solve this equation, set y = uv, where u and v are 
functions of x that are to be determined later. With this 
substitution, (85-1) becomes 

or 

(S5-2) " [s +«»)“] + “I -/.W- 

If u is suitably chosen, the bracket in (85-2) can be made equal 
to zero, thus reducing (86-2) to a simple form. In order to 
choose u so that the expression in the bracket is equal to zero, set 

^+/i(®)« = 0. 

or 

dU , » / \ m 

— + fi{x) dx = 0. 

Integrating gives 

log w + J fi(x) dx = c, 

and choosing the simplest expression for u, by setting c = 0, 
produces 

u = 

With this choice of u, (85-2) becomes 

*■^''“"1 -m 

or 

dv 

dx ^^ JaW, 

which integrates into 


« = /«^"‘'*’'72(a:)dx + c. 
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By hypothesis, y = uv, so that 
(85-3) y = ^'‘U{x) dx -|- 

This is the general solution of (85-1). 

Example 1. Solve 

dy 

2 ^ + 2/ cos X = sin 2x. 

Upon using formula (85-3), 

y = cotxdm J g/oo» » da gjjj 2x dx 06“^°*** * '*■ 


g-Bin w J » Bin 2x dx + *, 


which is easily evaluated by replacing sin 2x by 2 sin x cos x. 
Example 2. Solve 




Here, 


= e"-^^ 


da; ^ a; + 1 

'2 de d:i; 


/•;;s ax 

fJ^Hx 


ix -1- 1)». 


I» 2 dx 

-I- 1)» da -H ce“''»+i 


“ (a -I- 1)» / ^ + (a -f 1)*’ 

which is easily evaluated. 

PROBLEMS 

Solve the following equations: 

1. (1 + x^) dy + (^xy - ^ dx = 0. 

2. (a“ + 1) + 2xy = a». 


3 ^ = e- 
da ® 


2xy. 


B ^2/ , 1 

6. ^ -f- 2 / cos a = cos’ a. 
dll 

6. a; ^ H- 2 / — a;^ sin a; « 0. 

^ _ 2/ - 1 
’da: a:^ + 1 

8. L ^ 4- /^/ = given that 7 = 0 when t = 0; L, 72, and E 
constants. 
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dy 

9. ^ = 2 / + cos a; — sm x, 

10. ^ ~ 2/ sec X esc x = e*(l — sec x esc a:). 

11 . jy + yx^y. 

12. dx + 2x dy — y dy — 0. 
dy 

13. ^ + y sec® X = tan x sec® x. 

14. (x + 1) ^ - 2/ = e* (® + 1)^ 

15. J-22/-e3* = 0. 

86. A Non-linear Equation Reducible to Linear Form (Ber- 
noulli’s Equation). An equation of the type 


( 86 - 1 ) 


^ + Si{x)y = / 2 (a;)j/», 


in which n may be regarded different from zero and unity, can 
be reduced to linear form by the substitution z = Then, 




and (86-1) becomes 


- (n - l)Si{x)z = - (n - l)/8(a:), 


which is a linear equation in z. 


Example, Solve 


, + y = xy\ 


Setting z = 1/y^, the equation becomes 

dz 

^-2z=-2x, 


whose general solution is 


so that 


2 = + a; -1- 


2 /“® = ce®» + X + 
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PROBLEMS 

Solve the following equations: 


3 i ^ 4 . _L = -2 
y»dx'^ xy^ * * 

4. ^ - x-hj + x-V = 0. 

6. ® ^ + 2/ = yMog X. 


®‘ dx ^ 

7. ^ + a: - yx» = 0. 


% 

dx 1 — ^ 



87. Linear Differential Equations of the nth Order. No 
formulas are available for the solution of the linear differential 
equation, with variable coefficients, of order greater than 1. 
This section contains some interpretations of the symbolic 
notation that will be found useful in the solution of the linear 
dilTerential equation 


(87-1) 


dy 

dx 


d»-^y , 




in which the a» are constants. 

It will be convenient to introduce the new notation 

.nd 

In this notation, (87-1) becomes 

D"?/ + oi D»-'y -h 02 D^-y + • ' • + o„_i Dy -f a^y = fix) 
or 

(87-2) (D’* -I- OiD"-! + -(-•••+ a^-iD 4- a„)y = fix). 

Tho expression in the parentheses in (87-2) is known as a lineat 
dilTerential operator of order n. Obviously, it is not an algebraic 
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expression multiplying y but is a symbol signifying that certain 
operations of differentiation are to be performed on the function y. 
Thus, D® — 2Z) + 5 operating on log x gives 


(2)2 — 2D + 6) log X ^ log X 
__ log X 
““ dx^ ‘ 


2D log a; + 5 log x 


, d log a: 


+ 5 log a; 



- - + 5 log 


The gain in simplicity in using the operational notation results 
from the fact that linear differential operators with constant 
coefficients formally obey the laws which are valid for poly- 
nomials. Thus 


so that the operator D is distributive. If the symbol 
(D + ai)(D + Oi), 

where ai and a 2 are constants, is interpreted to mean that the 
operator D + ai is applied to (D + a 2 ) 2 /, then 

(D + ai)(D + a 2 )y = (D + ai)[{D + a 2 )y] 

- (C + a,) + <KllJ 

“e(s + '“!') + “>(s + «) 

= D^y + (ai + a 2 ) Dy + aia 2 y 

= [D2 + (ai + a2)D + aia2]y. 

It is readily established that operating on y with 

(D + a^{D + ai) 

produces precisely the same result. Hence, the commutative 
law holds, or 

(D + ai)(D + a^y = (D 4 - d^{I) + ai)y 

— [D^ + (ai + a2)D + aia2]y. 

It is readily established that the law of exponents also holcfc. 
namely, 
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so that linear operators can be multiplied like ordinary algebraic 
quantities, where the powers of D in the result are to be inter- 
preted as successive differentiations. 

The solution of (87-2) can be written in the symbolic form 

y ^ D" + aiD’‘-i + • • • -1- a„_iD -|- 

The meaning of this symbol will be investigated next. 

Consider a simple differential equation 

(87-3) ^ = fix) or Dy = fix). 

The solution of (87-3), in symbolic form, is 

y = ^fix), 

so that the symbol 1/P must be interpreted as integration* with 
respect to x. Thus, 

y = ^fix) = j fix)dx. 

The meaning of a more complicated symbol can be obtained 
from a consideration of the first-order equation 

(87-4) S 

where a is a constant. Writing this equation in the operational 
notation, it liecomes 

(D -t- a)y = fix). 

'I'he symbolic solution in this case is 
(87-5) y = 

It was established in Sec. 85 that the general solution of 
(87-4) is 

(87-f)) y ~ c""* J (f'^fix) dx, 


* I„ or(l(^r t,o nmkc tl.c .l.^finition of the operator ^ 
eould nm'i' ‘hat tlu^ eouHt.aet of integration should be , 

y = 0 wlien T asHnines sotno specific value. However, m er 
;a„„plicati..n, tl.c constant that arises from the integration of /(x) 


Huppresaed. 
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and it is desirable to give the symbolic solution (87-5) an inter- 
pretation that is consistent with the actual solution (87-6). 
Now, the solution (87-6) consists of two parts, the first of which, 
ce-°^, if taken alone, obviously does not satisfy (87-4). The 
second part 

g-ax J e<“/(x) dx 

is a solution of (87-4), for (87-6) represents the general solution 
which reduces to 

g-ax J e‘“/(a:) dx 

when the arbitrary constant is taken as zero. The part of the 
solution (87-6) containing f{x) is called a f articular integral of 
(87-4), and the part containing the arbitrary constant is called 
the complemeTdary function. It may be observed that the 
complementary function ce-“* satisfies the homogeneous linear 
differential equation* 

It is convenient to associate with the symbol (87-5) the particular 
integral of (87-4), namely. 


2) ' ^ fl /W = J* e“*/(a:) dx. 

The arbitrary constant arising from the integration in (87-7) may 
be taken as zero, for the addition of this constant of integration 
will give rise to a term that can be merged with the complemen- 
tary function. The integral operator 

as defined by (87-7), is of fundamental importance in the follow- 
ing sections. The meaning of a more complicated symbolic solu- 
tion will be given later. 

Example 1. To interpret the symbol 




differential equation should not be confused 
equation discussed in Sec. 76. The homogeneous 
Imear differential equation is one of the type (84-1), where J{x) s 0 
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— x“ = 6“®* f 


dx 


, m(m — . 

= T ^ a® 

except when o = 0. If o = 0 and m 9 ^ 1, then 

^m+l 


, if m ^ 0, 


Example 2. 
1 


D + a 


sin mx 


= e"®* j* 


x”^ dx — 


e®* ainmxdx = 


m + i 

a sin mx — m cos mx 


q2 _|- 77^2 


PROBLEMS 

1. Show that 

+ M^:)] = D -f 

2. What is the meaning of e*"®? 

3. What is the meaning of cos mx? 

88. Some General Theorems. In Sec. 87, it was found that 
■the general solution of the non-homogeneous linear differential 
oc[uation of the first order contained as part of itself the solution 
of the homogeneous equation 


It will be shown next that a similar statement can be made 
concerning the general solution of the wth-ordcr linear equation. 

Consider first a homogeneous linear differential equation of the 
nth order with constant coefficients, 


(88-1) 


dx» dx’'-'- 


Un— 1 


dx 


+ any = 0 . 


If ^ is substituted in this equation, the result is 

(m” + ainv^~^ + * ' ' + ftn-i'm + an)e"^^ = 0. 
If m is chosen so that it satisfies the equation 

(88-2) 4- + * * ’ + ctn-iw + ctn = 0, 
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which is called the auxiliary, or characteristic, equation, then 
2 / = will be a solution of (88-1). But (88-2) has, in general, 
n distinct roots, mi, m 2 , ‘ , m„, so that there will be n distinct 

solutions 

yx = ‘ * 2/2 = • • • , 2/n = 


Because of the linear character of (88-1), it is clear that, if t/ — 
is a solution, then 

where Ci is an arbitrary constant, is also a solution. Moreover, 
it is readily verified that the sum of the solutions of a homogeneous 
linear differential equation is also a solution of the equation. 
Thus, 

(88-3) y = cie^i^ + + ■ * • + 


will be a solution; and since it contains n arbitrary constants (all 
roots mi are assumed to be distinct), it is the general solution of 
( 88 - 1 ). 

Let 


(88-4) 


dx^ dx^'-'^ 


+ • • • + CLn-^l 


dx 


+ any = fix), 


where fix) 9 ^ 0; and assume that, by inspection or otherwise, a 
solution y = uix) of (88-4) has been found. Then, if (88-3) 
is the general solution of the homogeneous equation (88-1), 

(88-5) y = cie"^i® + 026 '^^^ + • • * + + uix) 

will be the general solution of (88-4). This fact can be verified by 
direct substitution of (88-5) . That (88-5) is the general solution 
follows from the fact that it contains n arbitrary constants 
The part of (88-5) that is denoted by uix) is called a particular 
integral of (88-4), and the part containing the arbitrary constants 
is called the complementary function. 

Example 1. Solve 

dx^ dx^ dx 


The auxiliary equation is 

— 2m = 0, 

and its roots are mi = 0, m 2 = — 1, m 3 = 2. Then the complementary 
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function is 


F s Cl + 026'"® 


A particular integral uix) is 

u{x) = 


Therefore, the general solution is given by 

y = Y + u{x). 

If (88-1) is written in symbolic form as 

(88-6) (D“ + oiD"-! + • ‘ • + On-iD + a„)y = 0 

and the differential operator (which is of precisely the same form 
as the auxiliary equation defined above) is treated as an algebraic 
expression, then (88-6) can be written as 

(88-7) (D - mi)(Z) - nn) ■ ■ • {D - m„)y = 0. 

Consider the n first-order linear homogeneous equations 

(D — mi)y = 0, 

(D — Tn2)y = 0, 


(D — mn)y - 0, 

whose solutions can be obtained at once by recalling that the 
meaning of the symbol is given by 

(D - m)y = ^- my. 


^rhose solutions are c”'.”', tW, • • • , which are precisely 

tlie same as the solutions obtained for (88-1) by a different 
mcihod. 

'Pile general solution oi (88-7) was found to be (88-3) under 
t h(^ assumption that all the roots rUj were distinct. If some of the 
roots ar(' equal, the number of arbitrary constants Ci in (88-3) 
is less than n and the solution given there is not the general 
solution. Suppose that the equation 




0 


is such that its auxiliary equation has a double root, that is, 
^ = nii = m. Then this equation can be written as 


(D — m)(D — m)y = 0. 
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If (D — m)y is set equal to Vj the equation becomes 
(D — in)v = 0 

and V “ Cie'^is its solution. Since (D — m)y = v, it follows th 
(D — m)y = 

which is a linear equation whose solution can be found, with tl 
aid of (87-6), to be 

y = + CiX), 

Thus, if the auxihary equation has a double root, the solutio 
corresponding to that root is 

y = e‘^^{c 2 + Cix). 

By an entirely similar argument, it can be established that, if th 
auxiliary equation possesses a root m of multiplicity r, then th 
solution corresponding to that root is 

y = e’^(ci + C2X + • • • -f CrX^^). 

Example 2. Find the solution of 

(i)3 ~ 3D2 + 4)2/ = 0. 

The auxiliary equation is 

— 3m2 4-4 = 0 or (m 4- l)(w 2 — 2)* = 0. 
Therefore the general solution is 

y = Cie-» + (c 2 4- Czx)e^o^. 

Example 3. Find the solution of 

(i)2 + 1)2/ = 0. 

The auxiliary equation is 

m2 4- 1 = 0 or (m - i)(7n 4- i) = 0. 

Therefore, the general solution is 

y = Cie** 4 - c^-i^ = A cos a; 4- 5 sin a;. 

PROBLEMS 

1. Find the general solutions of 

^ ® S - = 0. 
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(«) 

id) 

(e) 

(/) 

(ff) 

(A) 

(i) 

(i) 


A ,2 


+ y = 0. 


(D» - 2D* + D)y = 0. 

(D^ + SD* + 3D* + D)y = 0. 
(D* - k*)y = 0. 

(D* - 3D* + 4)2/ = 0. 

(D* - 13D + 12)2/ = 0. 

(D» + D* - D - 1)2/ = 0. 

{D* + 2D* + D*)2/ = 0. 


89. The Meaning of the Operator 


D" + + 


+ dn-iD + a, 


fix). 


In See. 87 the meaning of the operator jy ^ fix) was given. 

Now, consider a second-order linear differential equation with 
constant coefficients, 

or 

(89-1) + aiD -H a^j/ = fix). 

It w!i.s remarked in Sec. 87 that linear operators with constant 
coefficients ol)('y the ordinary laws of algebra and can be treated 
as jjolynomials. Therefore, (89-1) can be factored to read 

(D — mi)(D — mi)y = fix) 
or 

iD - m,)y = ^^Jix) 

= J dx, 


in accordance with (87-7). PTcnce, 
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For mi = m 2 , (89-2) reduces to 

(89-3) y = J J e-^i^f{x) dx dx. 

By direct substitution in (89-1), it is easy to cstablisli the fa(‘t 
that (89-2) is a particular solution of (89-1). The general 
solution, according to Sec. 88, is made up of the sum of (89-2) and 
the general solution of the homogeneous equation 




which is known to be 


y — 


mi 9^ nhy 


or 


y = (ci + C 2 x)e^^t^, mi = ?^ 2 . 

The interpretation of the symbol 

D" + aiD-^ + . . . + an-iD + a„ 

which represents the symbolic solution of the clifTonmtial (‘(iiia- 
tion 

d^y d’'-^y , , dy . 

dF" + + • • • + On-i^ + a„y = fix), 

or 

(8M) (D- + + . . . + a._,D + _ M, 

can now be made easily. Write the operator in (81)-4) in facfon'd 
form, 

D- + aiD'-i + • . . + a„_iD + 

so that (89-4) becomes ^ mf) 

1 

(D - m„)(D - m„_i) •••(/)_ 

j_. 1 ... 1 

^ win_i Z) — 

Successive operations on/(x) with mve 

D — rrii*^ 

(89-5) y = 

and the result is a particular integral of (89-4). 
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It can be shown that if the operator 

•3 

J. 

+ ■ • • + an-iD + an 

is decomposed into partial fractions (the denominator being 
treated as a polynomial in D), then 


^ jD” + aiD^ ^ + * * * "h ^n— X-D + ^ 



which gives, by (87-7), 

(89-6) y = Aie^i^ J dx + J e“^a®/(x) dx 

•+*•••+ J e“^n*/(a:) dx, 

which is also a particular integral of (89-4). 

Thus, there arc available two methods for the determination 
of the particular integral. The first method of finding the 
particular int(‘gral, (89-5), is known as the method of iteration, 
and th(‘ s(‘eon(l, (89-6), as the method of partial fractions. 
Gciu^rally speaking, formula (89-6) is easier to apply. However, 
if th(‘ roots of the auxiliary (^luation arc not all distinct, the 
d(‘(‘()m|)osition of tlu' operator inl-o partial fractions, of the type 
considennl, cannot Ix^ elTecUxl and formula (89-5) must be used. 


Example 1 . Solve 


dhj __ dy 
dx^ ^ dx 


-h 6?/ = 


or 

(D2 - 5/) -f 6)?/ = 


or 

(D - - 2)// - 


The particular integral, as obtained l>y the method of iteration, is 


1 1 

^ “ yy - 3 ■ yy - 2 






= e’* J* J* e^* dx 
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If the method of partial fractions is used, then 


y = 


1 


D -3 




1 

D-3 







g-3»g4* ^ — g2» / da; 


^4* 

T‘ 


The complementary function is 


therefore, the general solution is 


y = Cie3® + 


+ 


g4a! 


Example 2. Solve 


d*i/ , - dj/ 


or (D + l)(i)> 1 ) 2 / = a:. 


The particular integral is 


y = (F+rferi) * = = x-2, 

and the general solution is given by 

2/ = (ci + C2a;)e”® + a; — 2 . 


PROBLEMS 


1. Solve ^ + % == 


2. Solved + 5^ + 62 / = ®*. 


d^y 

dx'^ 


3. Solve 2^-2^+2/ = a:. 


' dx 


4. The flexure 2/ for end thrust P is given by 


JT-T ^ Wl 

dx» “ T ® ~ 




+ P2/, 


where jB is Young’s modulus, w is the load, and I is the moment of 
inertia. Solve this equation. 

6. Solve (D® — 2D^ — D + 2)y = 1 — 2x, 

6. Solve (D2 + — }4)y = cos a; — 3 sin x, 

7. Solve (D^ — 3D + 2)y = 2 sin a; — 4 cos a;. 

8. Solve (D2 — l)y = 5x — 2. 

9. Solve (D3 - D2 - 8D + 12)2/ = 1. 

10. Solve (D^ — l)y = e® cos a;. 

11. Solve (D® — 2D + 1)2/ =*= a;e®. 
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12. Solve (jD^ + jD — 2)y = sin 2a;. 

13. The diiferential equation of the deflection y of the truss of a 
suspension bridge has the form 

^ 3 H’ 

where H is the horizontal tension in the cable under dead load h is 
the tension due to the live load p, E is Young's modulus, and 1 is the 
moment of inertia of the cross section of the truss about the horizontal 
axis of the truss through the center of gravity of the section and per- 
pendicular to the direction of the length of the truss. Solve this 
equation under the assumption that p — qh/H is a constant. 

14. The differential equation of the deflection p of a rotating shaft 
has the form 


where El is the flexural rigidity of the shaft, p is the mass per unit 
length of the shaft, and co is the angular velocity of rotation. Solve 
this equation. 

16. The differential equation of the buckling of an elastically sup- 
ported beam under an axial load P has the form 


d^ Pd^y k 

dx* El dx^ El y 


= 0 , 


where El is the flexural rigidity and k is the modulus of the foundation. 
Solve this equation, 

90. Oscillation of a Spring and Discharge of a Condenser. 

The foregoing discussion gives all the essential facts for solving 
an ?ith-order linear differential equation with constant coeflBl- 
cients. At this point, it is desirable to apply the methods of 
solution, outlined above, to a group of important practical 
problems. 

Suppose that it is required to determine the position of the end 
of a helical spring at any time t. It is assumed that the spring is 
set vibrating in a vacuum so that considerations of damping do 
not enter here. If a mass M (Fig. 82) is applied to the end of 
the spring, it produces an elongation s which, according to 
Hookers law, is proportional to the applied force. Thus, 

F = fcs, 

where F = Mg from the second law of motion and k represents 
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the stiffness of the spring. Then, 

Mg = ks. 

If at any later time t an additional force is applied to produce an 
e ension j/, after which this additional force is removed, the 
spring wiU start oscillating. The problem is to determine the 
° point of the spring at any subsequent time. 

Ihe forces acting on the mass M are the force of gravity Mg 
downward, which will be taken as the positive direction for 
the displacement y, and the tension T in the 
spring, which acts in the direction opposite 
to that of the force of gravity. Hence, from 
Kewton’s second law of motion. 


* uxxv.. III me spring wnen its 

elongation is s + 2/, Hooke’s law states that 
T = k{s + j/), so that 

^ ~ ~ + v)- 

But Mg = ks, and therefore the foregoing 
equation becomes 



M^J + ky = 0. 

Setting k/M = reduces this to 

(90-1) ^ a2j, = Q p, ^ Q 

rMtoring gives (I) _ „i)(D 4. . 0, which it is cicsr 

tnat the general solution is 

y = + C2e®''*. 

be ts'S ““ * 

y = Ci(cos at — i sin at) + Ci!(cos at + f sin at) 

— A cos at A- B sin at, 

where A Ci + cz and B = {a — ci)i. The arbitrary con- 
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stants A and B can be determined from the initial conditions. 
The solution reveals the fact that the spring vibrates with a 
simple harmonic motion whose period is 



The period depends on the stiffness of the spring as would be 
expected — the stiffer the spring, the greater the frequency of 
vibration. 

It is instructive to compare the solution just obtained with 
that of the corresponding electrical problem. It will be seen 
that a striking analogy exists between the mechanical and 
electrical systems. This analogy is responsible for many recent 
improvements in the design of telephone equipment. 

Let a condenser (Fig. 83) be discharged through an inductive 
coil of negligible resistance. It is known that 
the charge Q on a condenser plate is proportional 
to the potential difference of the plates, that is, 

where C is the capacity of the condenser. Fig. 83. 
Moreover, the current I flowing through the coil is 



c 



I — njwmwTrmnrnnnr' 


and, if thn indiintaiKKi ho diniotod by L, the c.m.f. opposing V is 
L dl/dt, sinoo the IR drop is assumed to be negligible. Thus, 


V 



= 0 


or 


Simplifying gives 



which is of pn^cisely the same form as (90-1), where = l/CL, 
and the general solution is then 
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The period of oscillation is 

T = 27r VCL. 

Note that the inductance L corresponds to the mass M of the 
mechanical example and that 1/C corresponds to the stiffness k 
of the spring. 

91, Viscous Damping. Let the spring of the mechanical 
example of Sec. 90 be placed in a resisting medium in which the 
damping force is proportional to the velocity. This kind of 
damping is termed viscous damping. 

Since the resisting medium opposes the displacement, the 
dy 

damping force r acts in the direction opposite to that of the 

displacement of the mass M. The force equation, in this case, 
becomes 






or, since Mg = ks, 


dt^ Mdt M ^ 


In order to solve this equation, write it in the more convenient 
form 

(91-1) 

In this case the auxiliary equation is 

+ 26m + = 0 

and its roots are 

m = — 6 ± “ a^, 

so that the general solution is 
(91-2) y = 

It will be instructive to interpret the physical significance of 
the solution (91-2) corresponding to the three distinct cases that 
arise when > 0, b^ — = 0, and b^ — < 0. If 

b^ — is positive, the roots of the auxiliary equation are real 
and distinct. Denote them by mi and m 2 , so that (91-2) is 

(91-3) y = 
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The arbitrary constants Ci and C 2 are determined from the initiai 
conditions. Thus, let the spring be stretched so that y ^ d and 
then released without giving the mass M an initial velocity. 
The conditions are then 


when t = 0 and 


y = d 



when t = 0. 

Substituting these values into (91-3) and the derivative of 
(91-3) gives the two equations 


d = Cl + C 2 and 0 = miCi + m^Ci, 


These determine 

Cl = - 


m^d 

mi — 7712 


and 


mid 

C2 = 

mi — m2 


Hence, the solution of (91-3) is 


y = 


mi — nhz 




The graph of the displacement reju’c'sented as a function of t is of 
the type shown in Fig. 84. 

Theoretic^ally, y never becomes 
zero, although it comes arbi- ci 
trarily close to it. This is the 
so-called o v e r ( 1 a m p e d (^as(\ 

The retarding force is so gn^at 
in this (5as(i that no vibration — 
can oc(‘.ur. 

If Ir — = 0, the two roots 

of the auxiliary (Hpiation are ecpial and the general solution of 
(91-1) becomes 

y = c-*^(ci + C 2 O. 

If the initial conditions are 



y = d 
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when ^ = 0, the solution is 

y = + bt). 

This type of motion of the spring is called dead-beat. If the 
retarding force is decreased by an arbitrarily small amount, the 
motion will become oscillatory. 

The most interesting case occurs when < a^, so that the 
roots of the auxiliary equation are imaginary. Denote b'^ — 
by — so that 

m = —b±ia 

and 


= (A cos oji + jB sin at). 


If the initial conditions are chosen as before, 


when t — 0 and 


y d 


% 

dt 


= 0 


when ^ = 0, the arbitrary constants A and B can be evaluated. 
The result is 

y = ^cos at + — sin a^Y 


which can be put in a more convenient form by the use of the 
identity 


i4. cos ^ 5 sin ^ -f jB 2 cos 




*“■’ i)- 


The solution then appears as 


(91-4) 


y = - \/ cos (at — tan“^ — Y 


The nature of the motion as described by (91-4) is seen from 
Fig. 86. It is an oscillatory motion with the amplitude decreasing 
exponentially. The period of the motion is T = 27r/a. In the 
undamped case the period is T = 2x/a; and since 


a = 'x/a^ — 6^ < a, 
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it follows that 


27r ^ 2ir 
a a 


Thus the period of oscillation is increased by the damping. 

An electrical problem corresponding to the example of the 
viscous damping of a spring is the following: A condenser (Fig. 
86) of capacity C is discharged through an inductive coil whose 
resistance is not negligible. Referring to Sec. 90 and remember- 



ing that the Hi drop is not negligible, the voltage equation is 
found to be 


V -L 


dt 


IR ^0 


or 


Simplifying gives 


dfr 


+ 


- 


0 . 


d-Q , li'jQ , ^ n 

iii^ ^ L dt CL ‘ 


and this ('(luat.ioii is of tho saino form as that in the mechanical 
cxampU'. 'rh(‘ nniss (s)iTcsponds to the inductance L, r corre- 
sponds to the electrical nwistanee It, and the stiffness k corresponds 
to I/C. Its solution is the same as that of the corresponding 
in(“eha.ni(^al example' and is obtained by setting 2h = R/L and 
a- = i/CL. 


PROBLEMS 

1. The force of 1000 dynes will st.rct(di a spring 1 cm. A mass of 
100 g. is suspended at the end of the spring and set vibrating. Find the 
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equation of motion and the frequency of vibration if the mass is pulled 
down 2 cm. and then released. What will be the solution if the mass is 
projected down from rest with a velocity of 10 cm. per second? 

2 . Two equal masses are suspended at the end of an elastic spring 
of stiffness k. One mass falls off. Describe the motion of the remain- 
ing mass. 

3. The force of 98,000 dynes extends a spring 2 cm. A mass of 
200 g. is suspended at the end, and the spring is pulled down 10 cm. and 
released. Find the position of the mass at any instant if the resistance 
of the medium is neglected. 

4 . Solve Prob. 3 under the assumption that the spring is viscously 
damped. It is given that the resistance is 2000 dynes for a velocity 
of 1 cm. per second. What must the resistance be in order that the 
motion be a dead-beat? 

6. A condenser of capacity 4 microfarads is charged so that the 
potential difference of the plates is 100 volts. The condenser is then 
discharged through a coil of resistance 500 ohms and inductance 0.5 
henry. Find the potential difference at any later time t. How large 
must the resistance be in order that the discharge just fails to be 
oscillatory? Determine the potential difference for this case. Note 
that the equation in this case is 


. dW 
^ dt^ 




= 0. 


6. Solve Prob. 5 if jR = 100 ohms, C = 0.5 microfarad, and L = 
0.001 henry. 

7 . A simple pendulum of length I is oscillating through a small 
angle 0 in a medium in which the resistance is proportional to the 
velocity. Show that the differential equation of the motion is 




dS 


Discuss the motion, and show that the period is — k^ where 

o- = g/l. 

8. An iceboat weighing 500 lb. is driven by a wind that exerts a 
force of 25 lb. Five pounds of this force are expended in overcoming 
frictional resistance. What speed will this boat acquire at the end 
of 30 sec. if it starts from rest? 

Hint: The force producing the motion is F = (25 — 5) = 20. Hence, 
500 dv/dt = 20gr. 

9. A body is set sliding down an inclined plane with an initial 
velocity of Vq ft. per second. If the angle made by the plane with the 
horizontal is B and the coefficient of friction is m, show that the distance 
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traveled in t sec. is 

s = H^(sin 0 — jtx cos B)t^ + Vdt. 

Hint: m d^s/dt^ = mg Bind — iimg cos 9, 

10. One end of an elastic rubber band is fastened at a point P, and 
the other end supports a mass of 10 lb. When the mass is suspended 
freely, its weight doubles the length of the band. If the original length 
of the band is 1 ft. and the weight is dropped from the point P, how far 
will the band extend? What is the equation of motion? 

11. It is shown in books on strength of materials and 
elasticity that the deflection of a long beam lying on an 
elastic base, the reaction of which is proportional to the 
deflection ?/, satisfies the differential equation 


El 


dx^ 


= —hy- 


Set = k/{4:EI)j and show that the characteristic 
equation corresponding to the resulting differential equa- 
tion is m* + 4a^ = 0, whose roots are m = ± a ± ai. 
Thus show that the general solution is 

y = cos ax -1- sin ax + Cae”®® cos ax 

-f CiiC”®® sin ax. 



Fig. 87. 


12. If a long column is subjected to an axial load P and the assump- 
tion that the curvature is small is not made, then the BernouUi-Euler 
law gives (see Sec. 72) 

dx^ ^ M 

Since the moment M is equal to —Py (Fig. 87), it follows upon setting 
dy/dx - p that the differential equation of the deformed central axis is 

d^ 

^ dy Py 

(1 -h - El' 

Solve this differential equation for p, and show that the length of the 
central line is given by the formula 

s = 2 /'’(*, I), 

where = d^P/^PA^ d is the maximum deflection, and F{ky 7r/2) is 
the elliptic integral of the first kind. The equation of the elastic 
curve, in this case, cannot be expressed in terms of the elementary func- 
tions, for the formula for y leads to an elliptic integral. 
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92. Forced Vibrations. In the discussion of Sec, 91, it was 
supposed that the vibrations were free. Thus, in the case of the 
mechanical example, it was assumed that the point of support 
of the spring was stationary and, in the electrical example, that 
there was no source of e.m.f. placed in series with the coil. 

Now, suppose that the point of support of the spring is vibrating 
in accordance with some law which gives the displacement of the 
top of the spring as a function of the time t, say x = f{t), where x 
is measured positively downward. Jiist as before, the spring 
is supposed to be supporting a mass M, which produces an 

elongation s of the spring. If the 
displacement of the mass M from its 
position of rest is y, it is clear that, 
when the top of the spring is dis- 
placed through a distance x, the 
actual extension of the spring is 
y — X. If the resistance of the 
medium is neglected, the force equa- 

= Mg — k{s + y — x) = —h{y — x), 





whereas, if the spring is viscously damped, it is 

= Mg - k{s + y - X) - 

Upon simplifying this last equation, it becomes 

(92-1) M^,+r^^ + ky = kx, 

where x is supposed to be a known function of t 

The corresponding electrical example is that of a condenser 
(Fig. 88) placed in series with the source of e.m.f, and that dis- 
charges through a coil containing inductance and resistance. 
The voltage equation is 


-«7-L“-i + 7=/(0, 


vhere/(0 is the impressed e.m.f. given as a function of t. 




Since 
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the equation becomes 


(92-2) 


dW 

CL^J + CR 


dt 


+ v = m. 


An interesting case arises when the impressed e.m.f . is sinusoidal, 
for example, 

f{t) = Eq sin oit. 

Then the equation takes the form 


dt^ ^ L dt ^ CL 


^ Eq sin Q)t. 


Both (92-1) and (92-2) are non-homogeneous linear equations 
with constant coefl&cients of the type 

(92-3) ^ + 2b^ + a^ = am- 

The solution of this equation is the sum of the complementary 
function and the particular integral (see Sec. 88). The com- 
plementary function has the form shown by (91-2), namely 


whore 

mi == — 6 -h and = —h — •\/V‘ — a^. 

The particular integral, by (89-5), is 

(92-4) Y — J [J cr-^\^f{t) dt^ dt. 

From the discussion of Sec. 91, it is clear that the part of the 
solution which is due to free vibrations is a decreasing function 
of t and will Ixu'.ome negligibly small after sufficient time has 
<4aps(‘d. Thus th(‘ ‘‘steady-state solution^^ is given by the 
particular integral (92-4). 

L(d» it b(‘ tussunuHl that the impressed force, x in (92-1) and 
f{t) in (i)2-2), is simply harmonic of period 27r/co and of amplitude 
(Iq. Then, 

f{t) = ao sin caty 

and (92-4) becomes 

Y ^ J gCm sin cot dt^ dt. 
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The result of integration* is 


(92-5) 

where 


F = 


a^ao 


2hcx3 


sin (oit — e), 


€ = tan~^ 


— 0)2 


This is the steady-state solution. 

The remainder of this section will be devoted to the pliysi<*td 
interpretation of the solution (92-5). It is observed that if tlio 
impressed frequency is very high (large co), then the amplitude 
of the sinusoid (92-5) is small, so that the effect of the impressed 
force is small. When o) = a, the amplitude is aoa/25, which may 
be dangerously large if b (and hence the resistance of the medium) 
is small. For a fixed h (resistance of the medium) and a (natural 
frequency of the system), the maximum amplitude occurs when 
(a2 — 0 ) 2)2 + 4 j, 2^2 jg 2 ^ minimum, that is, when 

A [(o2 - coO' + ibW-] = 0. 

This is readily found to be when 


0)2 = a2 - 2h\ 


Upon recalling the physical significance of a and 5, these results 
can be interpreted immediately in terms of th(' physical ciuantitic's. 

93. Resonance. It was remarked in Sc^c. 92 that if the 
impressed frequency is equal to the natural freciuency of vil>m- 
tion, then the amplitude of (92-5) may })0 almormaJly Iarj 2 ;(^ 
Stated in terms of the physical quantities of th(‘ (‘le(‘trical and 
mechanical examples, this means that the maximum volt.a-^'c^ 
of the electrical system may be dangcu'ously lai'ge or that th(^ 
maximum displacement of the spring may l)e so gnait as to pro- 
duce rupture. 

The phenomenon of forced vibration is of profound importan(*o 
in many engineering problems. Not so many ycairs ago tlu^ 
collapse of a building in one of the larger Anua‘i(‘an citic^s was 

* Integration in this case is a little tedious. For ludiutl integnition , it, is 
convenient to replace sin cat by the equivalent exponential expression 

Qiut __ g-ico« 
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attributed to the rhythmic swaying of the dancing couples, who 
happened to strike the natural frequency of the beam supporting 
the structure. Again, the failure of the Tacoma bridge was 
explained by some on the basis of forced vibration. It is also 
well known that soldiers arc commanded to break step in crossing 
a bridge, for fear that they may strike the note of the cables. 
The walls of Jericho are reported to have fallen after seven priests 
with seven trumi)ets blew a long blast. 

The phenomenon of resonance occurs when the impressed 
frequency is equal to the natural frequency. Consider Eq. 
(92-3) in which b (resistance) is zero and f{t) = ao sin at, so that 

(93-1 ) ^ + a V = a^ao sin at 

The particular integral in this case is 
(93-2) Y = aQa^e~^^^ J ^^2ait J ^-au 

since nii = ai and = —ai. If sin at is replaced by k-- ’ 

(93-2) integrates into 

-rr ^ /t cosat . 1 . . i i A 

^ \rw- + 8 ^^ “ 7 - 

If Y is added to the eoinpl(^m(‘ntary function ci cos at + sin at, 
the general solution is giv(ui by 

(93-3) y = A cos at B sin at — t cos at, 

wlien^ the last two Uu'ins of )' hav<^ l)(H*n combined with the 
complementary fumdioii. Lc't tlu‘ initial conditions be ?/ = 0 
wh(m ^ = 0, and dy/dt — 0 wluai t = 0. Then A = 0 and 
B = ao/2, and (93-3) will b(‘ 

(93-4) y — - 2 - (sin at — at cos at). 

This equation r(‘pr(‘S(aits a vibration whose amplitude increavSes 
with time; for th(‘ amplitude' of th(‘. first t(U‘m is the constant 
a()/2, and th(^ amplitude of tlu' s(‘cond t(‘rm is proportional to the 
tiling t. In fa(‘t, if suffi(‘i<‘nt tim(‘ is ;dlow(‘d, tlu' amplitude may 
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become greater than any preassigned number. This remark 
ought not to stimulate the student to design an apparatus to 
produce an infinite amplification or an infinite force. In any 
physical case, there is some resistance b present, and a brief 
reference to (92-5) will show that b prevents the oscillations from 
becoming arbitrarily large. 

PROBLEMS 

Show that a particular integral of 

dhj 1 

1, + a^y = sin is 2 / = — 2a ^ 

d^v 1 

2. + a^y = cos ai is 1 / = ^ i sin at. 

94. Simultaneous Differential Equations. In many investi- 
gations, it is necessary to consider systems of differential ecpia- 
tions involving several dependent variables and one indepc'udent 
variable. For example, the motion of a particle in the plan(‘ can 
be described with the aid of the variables x and ?/, repr(‘s(‘nt.ing 
the coordinates of the particle, each of which may depend on 
time. It will be indicated in this section how a system of n 
ordinary differential equations involving n dependent variable's 
may be reduced to a study of a single differential equation of 
higher order. 

Let two dependent variables x and y be functions of an ind(‘- 
pendent variable t, and let it be required to determine x and y 
from the simultaneous equations 


(94-1) 


-^-\-ax + hy =/i(0, 
^ + CX + dy = fiit), 


where a, b, c, and d are constants. If these equations are written 
in operational form, they are 


(D + a)x + by == fi(t), 
ca: + (D + d)y = f 2 (t). 


Operating on the second of these equations with L-O + o) giv('s 

c 


f T\ I ^\/r\ I ^7\ 
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and, if the first equation is subtracted from this result, 

i (I* + a)(Z) + d)y -by = + a)Mt) - /i(0- 

c c 

This is a second-order linear differential equation which can be 
solved for y. In order to determine x, solve the second equation 
of (94-1) for X, 

X = \ [/ 2 «) dy'\, 

and substitute the value of y in terms of t. 

The reader may show in the same way that the solution of a 
system of two second-order linear differential equations can be 
reduced to the solution of a linear differential equation of the 
fourth order (see Example 2 below). 

Example 1 . Consider 

^+2x-2y^t, 

J - 3a: + y = e‘ 

or 

(D + 2)x — 2y = t, 

— Sx + (D + l)y = 

Operate on the second of these equations with ^(D 
+ 2) to obtain 

— (2) + 2)a; + /■ 3 ( 2 ) + 2)(D + l)y = + 2)c', 

and add this result to the first equation. The result is 

+ 2){D + l)y - 2y - + 2)c^ + t, 

which simplifies to 

(7)2 + 37) - 4)y = ,V + St. 



This equation can be solved for y as a function of and the result can 
be substituted in the second of the given equations to obtain x. 

Example 2. Ix^t the two masses Mi and be suspended from two 
springs, as indicaU^d in Fig. 89, and assume that the cocflicients of 
stiffness of the springs are k\ and Aiu, respectively. Denote tlie dis- 
placements of the masses from their positions of equilibrium by x 
arul y. Then it can be established that the following equations must 
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= -Uy-x), 
Mi^ = kiiy - x) — kix. 


These equations can be simplified to read 


, ki 

dP + Ms ^ 


k'2 

Ms ® ~ 
k2 , ki + hi 


kx 


By setting 

Wi 

the equations reduce to 


_ 2 A _ ^2 Ml - 

“ “ ’ Ms ” ^ ’ Ml “ 


(D2 + V^)y - b^x = 0, 
+ (D^ + + hhn)x = 0. 


Operating on the second of these reduced equations with (//- + />“) 
and adding the result to the first of the equations give 

{D'^ + 62 )( 2)2 ^ ^2 b'hn)x — ¥uix = 0 
or 

[D4 + (a2 + ¥ + bhn)D'^ + aVi^lv = 0. 

This is a fourth-order differential equation which (^an l)o solved for 
a; as a function of t. It is readily checked that 

a; = A sin (coi — e) 

is a solution, provided that co is suitably chosen. There will bo two 
positive values of co which will satisfy the conditions. T1 h‘ inoi.ion of tlu’i 
spring is a combination of two simple harmonic motions of diff(M’(‘nt 
frequencies. 


PROBLEMS 


1. Solve Examples 1 and 2, Sec. 94. 

2. The equations of motion of a particle of mass m are 


d^x 


d^y 


dt^ dt'^ ~ 


d‘^z 


where x, y, z are the coordinates of the particle and .V, 7, Z arc the 
components of force in the directions of the ?y-, and rc:-axcs, ri'spcM*,- 
tively. If the particle moves in the a;i/-plane under a central attractive; 
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force, proportional to the distance of the particle from the origin, find 
the differential equations of motion of the particle. 

3. Find the equation of the path of a particle whose coordinates x 
and y satisfy the differential equations 


m 


d^x 

dV^ 


+ f/«f - s., 

-,,4.0. 


where H, E, e, and ?n are constants. Assume that x ^ y = dx/(U 
= dy/dt = 0 when t = 0. This system of differential equations occurs 
in the determination of the ratio of the charge to the mass of an electron. 

4 . The currents Ii and 1 2 in the two 
coupled circuits shown in Fig. 90 satisfy the 
following differential equations: 


dVi dh Ix 

+ 7 ?.^ + ^ = 0 . 



Reduce tlic solution of this system to that of a single fourth-order dif- 
ferential e( Illation. Solve the resulting equation under the assumption 
that the resistances Rx and R 2 are ncgligilde. 

96. Linear Equations with Variable Coefficients. With the 
oxc,iq)ti()u of liiu^ar ociuations with constant coefficients and such 
equations with variable coefficients as arc reducible to those 
with constant ccx'fficicnts by a change of variable, there are no 
g(*neral nudhods for solving linear dilTercntial equations of order 
highen* than tlu^ first. In g(ui(u*al, solutions of differential 
equations with variables (Mx^fficients cannot be expressed in terms 
of a finite^ nuinlxu’ of (‘huiuuitary fun<*tions, and it was seen in a 
nuinb(‘r of spc'cific. (‘xainph's that tlu^ solutions of such equations 
lead to ru‘W fuiud ions wlTudi ar(‘ dc'fiiuMl (‘ith(‘r by definite integrals 
or by infinites s(U’i(‘s. Some' of ih(‘S(‘ riinctions ar(^ of such frequent 
o(xuirriuice in a])prN*d inath(‘inati(rs that it has l)C‘en c^xpiulient to 
(!alculat(^ ih(‘ir vahu^s iind (.al)ulai.(' tluun, pr(‘cis(dy as the values 
of logarithms <‘ind trigononud.ric functions are tabulated. It 
must 1)(^ boriK' in mind that th(^ t,(‘rm vlvmvntary funcMon as 
appli(xl t.o logarithmic and circular functions is, in a sense, a 
misnom(U' and that such functions n,s Gamma functions, Bessel 
functions, and L(‘g(unlr(‘ ])olynoniials become just as elemen- 
tary” after their values hav(^ beem tabulated. The elcmcntari- 
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ness of any given function is measured by the ease with which its 
value can be ascertained. 

The remainder of this chapter contains a brief treatment of 
those linear differential equations which are of common occur- 
rence in practice. An attempt will be made to express the 
solutions in convergent power series in x. This involves the 
tacit assumption that the solutions are capable of being expanded 
in Maclaurin’s series, which, of course, is not true in general, and 
it is therefore not surprising that occasionally this method fails 
to give a solution. The method consists in assuming that a 
solution of the differential equation 

^ + ■ ■ • + Pn-lix) ^ + Pnix)y = fix) 

is expressible in a convergent infinite series in powers of x, of the 
type 

(95-2) y — ao + aix + a^x^ . -f anX'^ +**•,' 

where the coefl&cients ai are to be determined so that the series 
will satisfy the differential equation. If the cooffieients of the 
derivatives in (95-1) are polynomials in x^ then the obvious mode 
of procedure is to substitute the infinite series (95-2) into the 
equation (95-1), expand J{x) in Maclaurin^s series, combine the 
like powers of cc, and equate to zero the coefficient of ('a(^h ];)o\ver 
of X, This leads to an infinite set of algebraic ecpiations in the 
Gij which can sometimes be determined by algebraic*, means. 

It is stated without proof that a homogeneous linear difter- 
ential equation of order n, 

+ ■ ■ ■ + fx + 

where the Pi are continuous one-valued functions of x, possessc's 
n linearly independent solutions, and only n. If these solutions 
are yi{x), y 2 {x), • * * , yn{x), then the general solution of tlie 
equation is given by 

(95-4) y = ciyx + cm + * * * + Cn2/n. 

This fact can be immediately verified by substituting (95-4) in 
(95-3). It is also clear that, if u{x) is any particular solution of 
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(95-1), then its general solution is 2 / “ + ^ 22/2 + • • • 

+ CnVn + u{x), where Ci^/i + C 22/2 + • ■ • + c^/n is the solution 
of the related homogeneous equation (95-3). 

Frequently, it is of practical importance to know whether a 
given set of functions is linearly independent. Inasmuch as 
the definition for linear independence that is given in Sec. 34 is 
difficult to apply, a test for the linear independence of the solu- 
tions will be stated.* 

Theorbjm. The necessary and sufficient condition that a given 
set of solutions 2/1, 2 / 2 , * ' * , 2 /n of the nth order differential equation 
(95-3) he linearly independent is that the determinant 




2/2 • • 

• 2/n 


yi 

2 / 2 ' • ■ 

• y« 

W S 

yi' 

y^" • • 

■ yn” 






This determinant is called the Wronskian. 

Example. By substitution, it can be verified that 2/1 = sin x, 
2/15 = cos Xj and 2/3 = r'* are solutions of the differential equation 

d^ 

dz^ dx'^ ^ dx ^ 

But the Wronskian is 

sin X cos X 

W = cos X —sin X = 0 , 

— sin X —cos X — e** 

and therefore this set of solutions is not linearly independent. In other 
words, at least one of them can be expressed as a linear combination of 
the other two. It is known that 

(jix = cos X + i sin x. 

It is readily verified that a linearly independent set of solutions is 
2/1 = sin Xj 2/2 = cos X, and 2/3 = c*, so that the general solution is 

y = Cl sin x + ca cos x + 036®. 

PROBLEMS 

Determine whether or not the following sets of functions are linearly 
independent: 

* See Tnce, E. L., Ordinary Differential Equations. 
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1. yi = sin a; -|- x, y^, = yz = 3e® — 2a; — 2 sin x, 

2. vi = a;^ — 2a; + 5, ^2 = 3a; - 7, yz = sin a;. 

3 . = e** + a;, 2/2 = cos a; + a;, 2/3 = sin x. 

4 . 2/1 = (ic + l)^ 2/2 = (a; - l)^ 2/3 = 3a;. 

6. 2/1 = log a;, 2/2 = sinh a;, 2/3 = e®, 2/4 = 

96. Variation of Parameters. Two methods of determining a 
particular integral of a linear differential equation with constant 
coefficients were discussed and illustrated in Sec. 89. Another 
important method that is applicable to linear equations with 
either constant or variable coefficients will be described here. 
This method, due to the great French mathematician Lagrange 
(1736-1813), permits one to determine a particular integral of 

^ + • • • + 2>n-i(aj) ^ + 'Pn{x)y = f{x), 

when the general solution of the related homogeneous equation 

(96-2) ^ -t- pi(a;) -f- • • • -f- ^ + 'p^{x)y = 0 

is known. 

Let the general solution of (96-2) be 

(96-3) y = ciyi -f C 22/2 4- • • * + Cn2/r«, 

in which the Ci are arbitrary constants, and assume that a set of 
n functions t^i(:r), v^{x), * * * , Vn{x) can be so chosen that 

(96-4) y = vivi + V 2 y 2 + • • • + VnVn 

will satisfy (96-1). Since yi{x)j y 2 (x), • • * , yn{x) arc known 
functions of x, (96-1) imposes only one condition upon the Vi 
in (96-4). Inasmuch as there are n functions Vi, it is clear that 
n — 1 further independent conditions can be imposed upon the 
Vi, provided that these conditions are consistent. 

Differentiating (96-4) gives 

y' = (viy'i + v^yi + • • • +v^y'„) + {v[yi + v'iy 2 + ■ • • +v'„y„). 
As one condition to be imposed on the Vi, let 

viyi 4 - t/iVi + • • • + = 0 , 

y' = viy[ +Viy'i + ■ ■ ■ + v„y'„. 


so that 
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Then, 

y" = {viVi +V 2 y'i' + • • • +v,.2/") + K2/i + 2'23/a + ' ' ‘ 

&nd if the second condition to be satisfied by the Vi is 

2'i3/i + + • • • + v'nVn = 0, 

it follows that 

y" = Viy" + 2)22/4 + • • • + Vny'n- 

By continuing this process a set of n — 1 conditions is imposed 
on the Vi, namely, 

/ v\yi + 2)42/2 + • • • + 2 )n 2 /n = 0 , 

; 2'i3/i + 2 ) 43/2 + • • • + 2'»2/» = Oj 
(96-5) < 

{ 2);2/‘l”-“’ + 2)22/^"""’ + • • • + «'n3/n’*“"’ = 0> 

as a consequence of which 

y' = Viy[ -|- 2)22/2 + ■ ■ ■ + 2''‘3/ni 
y" = viy" "b Viy'i -1- ■ ’ ' "b »> 



y(»-t) = Viy'i’*-’' -t- + ■ ■ ■ + 2)n2/n'*'"- 


Calculating 2 /'”’ yields 
yUl = + VUlt'' -f • 


-1- )',.)/;;*>+ 2)'i2/i'‘-” 
+ + 


+ «)n2/» 


/-ii(n-l) 


Sul)stil,utiug y, y', • • • , 2/'”’ ii' (96-0 remembering that, 
l,y hypothesis, 2 /., 2/a, ' ’ ' , ?/« (96-2) give the nth con- 

ditiou to l)(' inip()S("d upon tlu' naniidy, 

(96-6) 2’'i;/i'‘“" + "a.'/a*"" + • • • -H "«?/»''” = /(O- 

Th(> n - I naixtions (i)6-5) logc't.luu with (96-6) give 21 Unear 
algobniic (Hiuatiuns wliioli can soIvckI lor v \, V2 , • ' ' ^ pro- 
vided that the determinant of the (•(x'fficicmt.s of the v'i, namely, 


y\ 

lA 


2/*i 

lAz 


Vn 

y'n 


yn-\) yin-^U . . . yin-^-U\ 

is not identically zcto. But this determinant is the Wionskian 
and, since yi, 2 / 2 , ’ • • , 2/» were assumed to be linearly inde- 
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pendent, it is different from zero. Hence, the system of equations 
can always be, solved for the v^j and the expressions for the Vi are 
obtained by integration. 

Example. As an illustration* of the application of this method of 
determining a particular integral, consider the equation 

^ - 3 ^ + 22/ = 2(sin a; - 2 cos z). 

The general solution of the homogeneous equation is found to be 

(Ci + CzX)e^ + C 36 " 2 ®. 

Assume that a particular integral of the non-homogeneous equation is 
of the form 

y = vie^ + 

where Vi, V 2 , and 2^3 are functions of x to be determined presently. 
Computing y' gives 

y' = Vie® + V2(x + l)e® — 2 vse-^^ + Vi'e® + V2'xe^ + 

The first condition to be imposed upon the Vi is 

v/e® + V2xe‘>’ + = 0, (1) 

so that 

y" = Vie® + V 2 (x + 2)e® + 4v3e-^^ + vi'e* + v^ix + 1)«® “ 2v3'e-2®. 
Imposing the second condition produces 

v/e® + + l)e® — 2u3'e~2® = 0, (2) 

and computing y'" yields 

y'" = Vie® + V 2 (x + 3)e® — Svse"®® -|- vi^e^ + V2'(a; + 2)e® 4- 4v3'e"2®. 

Hence, the third condition to be satisfied by the Vi is 

Vi'e® + V 2 '(x + 2)e* + = 2(sin a; — 2 cos x). (3) 

Solving (1), (2), and (3) for v/, V 2 , and V3' gives 

v/ = “?^a;e“®(sin a; — 2 cos a;) — ?^e“®(sin a; — 2 cos a;), 

V 2 ' = Me"®(sin a; — 2 cos x), 

Vi = %e^®(sin a; — 2 cos x). 

The integrationf of these expressions yields 
* For another illustration, see Example, Sec. 97. 

t The integration in this case is quite tedious, and generally speaking it 
is easier to solve linear equations with constant coefficients by the methods 
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Vi = }ixe~‘{3 sin x — cos x) + e“* sin a; + cos x, 

V2 — sin a; + cos x), 

2^3 = — cos X, 

in which the constants of integration are omitted because a particular 
integral is desired. 

By hypothesis, a particular integral is given by 

y = Vie^ + t;2xe® + = sin x, 

so that the general solution of the non-homogeneous equation is 
2/ = (ci + C2x)e* + 036“^® + sin x. 

PROBLEMS 

1. Solve Probs. 1, 2, and 3 , Sec. 89 , by the method of variation of 
parameters. 

2 . Find the solution of 


^ + fiix)v = Mx) 


by the method of variation of parameters, and compare your result with 
that of Sec. 85 . The solution of the related homogeneous equation is 
obtained easily by separation of the variables. 

3 . By the method of variation of parameters, find a particular integral 
of 


dh/ 

dx^ 


Sdy 5 . 


where the general solution of the related homogeneous equation is 


y 


I 

-+C^ 


6 


4 , Find the general solution of 

dy X dy 1 
dx^ ~^1— xdx 1 — x^ 


X, 


where the general solution of the related homogeneous equation is 

CiC® + C..X. 

6. Find the general solution (jf 

x^y" — 2 x 7 j' 2y = X log x. 


discussed in S(h;. 89. However, the method of the present section is of 
great value when the given equation has variable coefficients. 
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ral solution of the related homogeneous equation is 


7. The Euler Equation.* Before proceeding to illustrate the 
method of solution in terms of infinite series, it will be well to 
discuss one type of differential equation with variable coefficients 
that can be reduced by a change of variable to a differential 
equation with constant coefficients. 

Consider the linear equation 


(97-1) 




d" dn—lX ^ -f” dny /(^); 


where the a»- are constants. This equation can be transformed 
into one with constant coefficients by setting x = e*. For if 
X = e% then 


^ and 

az 



Moreover, if D s — ; then 
' dz 


^ 

dx dz dx 


e~‘^ Dy 


and 


d^y ^ dH 

dx^ dz^ \dxj dz dx^ 

Similarly, 


q-2z (J)2 __ jy^y. 


dx^ 


e-zz ( 2)3 __ 32)2 + 2D)y. 


Then, since x = e% it follows that 



= 




dx'^ 


(D^ - D)y = D{D - l)y, 


j 

-2) ■ ■ ■ iD-n + 1)2/, 


* Also called Cauchy’s equation. 
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so that (97-1) is replaced by an equation with constant coefficients, 
[D(D - 1) • • • {D - n+1) + aiD(D — 1) • • • (D - n -h 2) 

Cin-lD -b Only = 

Example. Consider 


,d^ , 




Upon making the substitution x = e‘, this equation becomes 

[DiD - 1){D -2) + D - l]y = se* 
or 

(D= - 3D^ + ZD - l)y = ze*. 

The roots of the auxiliary equation are mi = ma = mj = 1, so that the 
complementary function is 

(ci -t- caz -1- C3Z^)e'. 

The particular integral is 

y = (D - ip / J J “ 24 ’ 

SO that, in terms of 2, the general solution is 

2/ = (ct + C2Z + e* 

and, in terms of x, 

2/ = [ci + ra log X -f C;{(log x)“l^ -h ■ 24 


A particular integral for this example will be obtained by the method 
of variation of parameters in order to demonstrate the appli(‘ability 
of this method to ecjuatioiis with variable (•oe(fi(rients. Care must be 
taken first to transform the eciuation so that it 1ms unity for its leading 
coefRcient, for the discussion of Sec.. 9(> was (tarried through for this 
type of equation. 

Expressing the given eciuation in the form (Db-l) gives 


<£y r 

(ix^ ' dx 


-3 V = l..g X. 


Since the general solution of tlie homogeneous equation was found 
to be 


C\X + c-jx log X + CaxOog x)^ 
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the equations of condition (96-5) and (96-6) are 

vi'x -1- ViX log X + » 3 '»(log xy = 0, 

»i' -1- » 2'(1 + log a:) + »s'[(log xy + 2 log ») = 0, 

1 /2 2 \ 1 , 

v^'- + v,'[-\ogx + -)=^,log^- 

Solving for vi\ and Vz' yields 

Oi' = 4 ~ i i 

wMch integrate into 

»i = H<Xogxy, Vi = ->^(loga:)’, V} = Hfloga:)®. 

Hence, a particular integral is 

cc(log ^ 

y = ViX + log X + V 3 aj(log a;)® = — 24 


PROBLEMS 

1 . Fmd the general solution of the equation in Prob. 3, Sec. OG, by the 
method of Sec. 97. 

2. Find the general solution of 

+ + 21 / =log *. 


Compute the particular integral by the method of variation of 
parameters. 

3 . Solve 




d^y 

dx^ 


-4*| + 62 / = 0 


by assuming a solution of the form y = and determining appropriate 
values of r. 

4 . Solve 

S+ 


by assuming a solution to be of the form y = 

5. Find the general solution of 

3.3^/// _ 43.2^// _|_ 5^2/' — 23/ = 1. 


6 . Find the general solution of 


= x\ 
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7. Find the general solution of 

xhj" — 2xy' + 2^/ = a; log x, 

98. Solution in Series. Many differential equations occurring 
in applied mathematics cannot be solved with the aid of the 
methods described in the preceding sections, and it is natural to 
attempt to seek a solution in the form of an infinite power series. 
The method of solution of differential equations with the aid of 
infinite series is of great importance in both pure and applied 
mathematics, and there is a vast literature on the subject. This 
section and the four following sections contain only a brief 
introduction to the formal procedure used in obtaining such 
solutions. 

As an illustration of the method, consider the differential 
equation 

(98-1) y' - xy - X = I, 

and assume that it is possible to obtain the solution of (98-1) in 
the form of a convergent power series 

(98-2) 7/ = ao + aix + a^x^ + * * * + anX^ + • • * . 

Inasmuch as the series of derivatives of a convergent power series 
is convergent, one can write 

(98-3) y' = ai + 2(i2X + • • • + 

Substituting (98-2) and (98-3) in (98-1) and collecting the coeffi- 
cients of like powers of .r give 

(98-4) ai (2^2 n.(j — I)x -h (Ba^ — a[)x^ + * * * 

+ (udn — c.u_2)a’^'~^ + . . . = 1. 

By hypothesis, (98-2) is a solution of (98-1), and therefore* 
(equating the coefficients of lik(^ powers of x in (98-4) leads to the 
following system of e(piations: 

ai = 1 (coefficient of x^), 

2 (i 2 — ao — 1 = 0 (e.o(^ffi(‘i(mt of x), 

3aa — ai = 0 (e.oeffieitmt of a;-). 


— an _2 = 0 (ccx^fficuent of ^), 



* See Theorem 5, See. 10. 
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The system of equations (98-5) is a system of linear equations 
in infinitely many unknowns ao, ai, • • * , (in, • * • . Solving 
the second equation of (98-5) for ^2 in terms of ao gives 


The third equation taken with the first demands that 

Ul 1 

Setting n = 4 in the coefficient of gives 


ai 

whereas n = 5 gives 


In general, 


^2 _ Uo “h 1 tto -j- 1 

■4 “ '2 * 4 “■ 22 * 2!' 



1 

3-5' 


( 98 - 6 ) 


din — 


^2n+l = 


Qq 4“ 1 
2^ • n\ 


1-3-5 


J 

* • (2n +1) 


The substitution in (98-2) of the values of cii^ givcm by (98-6) 
leads to a solution in the form 


y = aQ + x + 


Co + 1 


2 ^ 1-3 ^ 22 - 2 ! 


Uo + 1 4 , 1 


When the terms containing ao are collected, tliere rc'sults 


(98-7) 


y = 


ao -f- -1- ^ 


22 ■ 2 ! 


+ 


+ ^. + \ j;2n I 

^ 2" • h\ ® + 


. + + r.-5’. r. + 


+ 


3 ' 1 • ;i • 
x-"+^ 


+ 


1 • 3 • 5 • • • (2n -t- 1) 

If oo 1 is set equal to c, one can write (98-7) in the 


more 
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compact form 

(98-8) 2 / = c 1^1 -I- -2 + ^—2\ + • • ■ + 2^-7:^[ + ‘ * J 

r X® , x*”+^ . 1 

+ [-l + '' + rT3 + ■ ■ ■ + 1 • 3 ■ • • (2n -h 1) ■ ■ ■ J' 

The two series appearing in (98-8) are easily shown to be 
convergent for all values of x, and hence they define functions 
of X, In fact, the first of the series is recognized as the Maclaurin 

expansion of so that (98-8) can be written as 

— r 

(98-9) y ^ ce^ + |-l+a;-l- + * * * 

^ 1 • 3 - • • (2n -hi) ^ J 

This is the general solution of (98-1), for it contains one arbitrary 
constant. 

Since (98-1) is a linear differential equation of the first order, 
its solution could have been obtained by using the formula 
(85-3), and it is readily verified that (85-3) gives 

r2 

(98-10) y = CG^ - 1 + cJ j e ^ dx. 

The integral in (98-10) cannot he evaluated in closed form; but 
if the integrand is expanded in a power series in x, it is easy to 
show that (98-10) leads to (98-9). 

Consider next the homogcmcious linear differential equation of 
the second order 

(98-11) y'" - X]/ -h ?/ = 0, 

and assume that the solution of (98-11) has the form 
00 

(98-12) 2/ = X ^ + • • • + + • • • • 

Then the scries for y' and y" arc 
00 

1,' = V na„x’‘-‘ and y" = nin - l)o„x’*-“. 
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If these expressions are substituted in (98-11), the result is 
00 00 00 

V n{n — l)a„x"-2 — ^ na„x'^ -f 

n=2 n=l n=0 

Combining the terms in like powers of x and setting the coeffi- 
cient of each power of x equal to zero give the system of equations 

2 • loj -|- Oo = 0 (coefficient of a:“), 

3 • 203 — Oi -h ai = 0 (coefficient of x), 

4 • 304 — 2 o 2 -1- 02 = 0 (coefficient of x^), 


{n + 2)(n -I- l)o„+2 — na„ -1- a„ = 0 (coefficient of a:”), 


Hence, 

(98-13) a„+2 = 4. + 2) 

This recursion formula can be used to determine the coefficients 
in (98-12) in terms of ao and ai. Thus, substituting n = 0, 
1, 2, • • • in (98-13) gives 


1 

^2 = — Y ~^~2 


0>z = 2^ 

1 1 
^4 — 0 ^ ^2 — 4 1 ^ 0 , 

= 4 T5 = 0, 

_ 3 _ 3 

Oe - ~ ~ ^1 


®2n+l — 0, 
02n 


1 • 3 • 5 


• • (2n - 3) 
{2n ) ! 


Therefore, 

(98-14) j/=Oo^l 


-f- aix, 


where ao and at are arbitrary. It is readily chocked that tbe 



§99 ORDINARY DIFFERENTIAL EQUATIONS 329 

series is convergent, and, since it is a power series, it defines a 
continuous function of x. 

The two linearly independent solutions of (98-11) are then 


y = aix 

and 

1 2 1 4 3 , 15 , \ 

^ = ao(^l - _ -a:* - • • • j. 

These solutions are obviously linearly independent, for one of 
them defines an odd function of x and the other defines an even 
function of x. 

PROBLEMS 

Integrate in series; 


S + 2/ = 0. 


2 . 


in 

dx 


y - 0. 


3. ix^ - 3a; + 2) ^ + (x2 - 2a; - 1) ^ + (x - S)y == 0. 


99. Existence of Power Series Solutions. It must be kept 
clearly in mind that the calculations performed in Sec. 98 are 
formal and depend on the assumption that the differential equa- 
tions dis(!uss(^d there possess power series solutions. If, for 
example, an attemi)t had been made to apply the method .of 
solution outlined in Sec. 98 to the ccpiation 

xi/ — 1 = 0 , 

it would have been futile. The g(mcral solution of this equation 
is 

y = log X -H c, 

which cannot be (expanded in a power series in x. 

Th(^ task of d(d.('rinining beforehand whether a given differen- 
tial ('quation possesses solutions in the form of power series 
r(q)r(\sents one of the major problems of analysis. It will suffice 
in this int^roductory treatmciiit to state, without proof, the 
conditions under which a homogen(;ous linear differential equa- 
tion of the second order has a power series solution. 
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Theorem. Let 

(99-1) 2 /" + fiix)y' 4- f 2 (x)y = 0 

have coefficients f i{x) andf 2 {x) that can be expanded in power series 
in X which converge for all values of x in the interval —R<x<R] 
then there will exist two linearly independent solutions of the form 


y = % 0,nX^y 

n = 0 


which will converge for all values of x in the interval ’-R < x < R. 

It is clear from the statement of the theorem that the differen- 
tial equation will possess power series solutions, which converge 
for all values of x, whenever /i(x) and/ 2 (a:) are polynomials in x. 

It should be noted that the coefficient of the second derivative 
term in (99-1) is unity. Frequently, the differential equation 
has the form 

Po(x)y" + piix)y' + piix)y = 0; 
and if this differential equation is put in the form (99-1), then 


flix) = 


Pl(x) 

pa{x) 


and 


Mx) = 


V2(x) 

Poix)' 


If Po{x) should vanish for some value of x in the interval within 
which the solution is desired, one must expect trouble. If 
Po{x), pi(x), and P 2 {x) are polynomials in x and if po(0) 9 ^ 0, tluMi 
one can surely expand fi(x) and f 2 (x) in power seric's in some* 
interval, and the theorem enunciated above is applicable. 

As an illustration, consider the differential equation 

(99-2) (2 - x)y" + {x - l)y' - y = 0. 

Inasmuch as 

/i(*) = = (1 - x)ix - 2)-i 

and 

f 2 {x) = {x - 2)-i 


obviously possess power series expansions that are valid in the 
interval — 2 < a: < 2, it is reasonable to preceded to obtain tlK‘ 
power series solution. 
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Substituting 

ao 

2/ = V 

»i-ro 

in (99-2) gives 

oo eo 00 

{2 — x) n{n — l)a«a:’‘-2 -f (x — 1) ^ nanX”^^ — = 0. 

n“0 n=0 n—0 

Rearranging and combining terms give 

oo ao eo 

^ 2n{n — l)anX”~2 — ^ n^anX^'-'^ + (^ — l)cLnX^ = 0. 

n—O n=0 n"0 

Equating the coefficients of the powers of x to zero gives 

2 • 2 • la2 — Ui — ao = 0, 

2 • 3 • 2a3 - 2^02 = 0, 

2 • 4 • 3^4 — 4" a2 = 0, 

2(n -f- 2)(n + l)an 4.2 — (^ + l)^an-f.i + (^ — l)cu = 0, 


The coefficient of x" provides the recursion formula 

_ (n + l)2an-Hi — (n - l)an. 

“ 2(n + l)(n + 2) 



0,2 = 


dA = 


as = 


3, ■ ■ • 

gives 

ao + Oi 

c 

22 

“ 2 • 2!’ ^ 

0,2 

c 

T ^ 2 


3%, - 

0,2 0 

4! 

“2-4!’ 

42a4 — 

2 a 3 _ c 


where c = ao + cti, 


2 - 4*5 


2- 5! 


It is easily shown that in general 

_ c 
" “■ 2-nl' 


a. 



332 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §100 
so that 


= Cto ”1” 0^1^ ”f“ "j" 

^ 1 « « I 

= ao + aix H jz — 


( /j(»2 y>»3 

(21+r! 


+ a„a:" + 

+ • • 


, , Oo + ffli / 1 I , 

= ao + ai® -| 2 — (1 


_ Oo + ai ^ , ao — cti 
2 ® 2 
= Cie® + C2(l - x), 


x) 


+ - + 
^n! ^ 


) 


+ - + 

^ ra! ^ 

do "4" 


) 


(1 +a;) 


where Ci = (ao + ai)/2 and Ct = (ao — ai)/2. 


It happens in this illustration that the series appearing in the 
solution of the differential equation represent elementary func- 
tions, so that the general solution can be written in closed form. 
Ordinarily, the infinite series arising from the solution of linear 
differential equations with variable coefficients represent func- 
tions that cannot be expressed in terms of a finite numb(u’ of 
elementary functions. This is the case discussed in the lu'xt 
section, where the series that provides the solution of the diffi'nui- 
tial equation represents a class of functions of primary importaiu^t^ 
in a great many problems in applied mathematics. 

It is quite obvious that the theorem of this section can 
rephrased to include the case where the functions /i(.r) and 
possess series expansions in powers of x — a. In this cas(', 
there will exist two linearly independent solutions of the form 


Solve 


2/ = X (in(x — a)^ 

71=0 

PROBLEM 


2 /" - (x- 2)y = 0 


by assuming the solution in the form y = 'll Unix — 2)". Also, 

n = 0 


obtain the solution in the form y — X flnX". 

n = 0 

100. Bessel’s Equation. An important differential ecpiation 
was encountered by a distinguished German astronomer and 



ORDINARY DIFFERENTIAL EQUATIONS 


§100 

mathematiciaii, F. W. Bessel (1784—1846), in a study of planetary 
motion. The range of applications of the functions arising from 
the solution of this equation is partly indicated by the fact that 
these functions are indispensable in the study of vibration of 
chains, propagation of electric currents in cylindrical conductors, 
problems dealing with the flow of heat in cylinders, vibration of 
circular membranes, and in many other problems arising in every 
branch of applied mathematics. Some of the uses of this equation 
are indicated in the chapter on Partial Differential Equations. 
BesseFs equation has the form 

(100-1) + xy' + {x^ - n^)y = 0, 

where n is a constant. It will be observed that this equation 
does not satisfy the conditions of the theorem of Sec. 99 because 
of the appearance of x‘^ in the coefficient of y" . In the notation 
of Sec. 99, 

1 Th^ 

/i(^) = r = 1 - 

X 

and it is clear that /i(a-) and /sCx) cannot be expanded in power 
scries in .r. 

In order to solve (100-1), assume that the solution can be 
obtained in the form of a generalized power series, namely, 

00 

(100-2) 2/ = ttrar", 

where m is a conHtant to be determined later and where an can be 
assumed to be distinct from zero Ix^eause of the indeterminate 
nature! of m. 

(laleulatiug ilu! first and se^eond derivatives with the aid 
of (100-2) and forming the teirins entering into (100-1) give 

m(m — l)aii.'r"‘ + mini -|- l)nia:''‘+' -!-••• 

-f- afc(m -j- k'){7Ti k l)x”*'^* -j- ‘ ' i 

maux”' -h (to 4- l)aix’'*+' -!-••■+ “^(to k)x”'+’‘ 

+ ■ ■ ■ > 

a„j"‘+'' -b • • • -f- at_2.r“+*= + ■ ■ ■ , 

-n%oa:"‘ - _ . . • - n‘^akX”'+'‘ - • • ■ . 


dx^ 

dy 

X -p = 

dx 

x-y = 
—n'^y = 
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Adding the left-hand members of these expressions and equating 
the result to zero give (100-1). By hypothesis, (100-2) is a 
solution, and therefore the coefficient of each power of x in the 
sum must vanish. Hence, 

(m^ — n^)aQ = 0 (coefficient of a;""), 

[(m -f 1)^ — n^]ai = 0 (coefficient of 



[(m + — n^]ak + a /,_2 = 0 (coefficient of 

The coefficient of the general term gives the recursion formula 


(100-3) 


fl/c 




(m + ky — 


The equation resulting from equating to zero the coefficient of the 
term of lowest degree in x (here, x'^^) is known as the indicial 
equation. In order to satisfy the indicial equation, choose 
m = +n. If m is chosen as +n or —n, Qq is arbitrary and the 
second condition requires that ai = 0. 

For m = n the recursion formula becomes 


UAj = ” 


aic-2 


^A-2 


(n + k)'^ — n- k{2n + k) 
Setting A; = 2, 3, 4, • • • in turn gives 


— — 

(X3 = — 

^4 ” ”” 
as = - 


ao 

2(2n + 2)' 

ai 

3(2n -h 3) 
a2 


= 0 , 


since ai = 0, 


ao 


4(2n + 4) 2 • 4(2a + 2) (2a + 4)' 

as 


5(271 -|- 5) 


= 0, 


In this manner as many coefficients as dc'sired (‘jui Ix^ c(>iupul<‘(I ; 
and if their values in terms of ao are sul)stitut(‘(l in ( 100-2), 
is obtained the following series, whieli e()nv('i-g(‘s for all \’alu(‘s of .r, 


(100-4) y = aoo;’* 


1 - 


+ 


2(2/1 “f" 2) 2 • 4(2a -|- 2) (2/?^ -f- 4) 


2 • 4 • 6(2ri. + 2)(2w + 4)(2/t + (5) 


+ 


§100 
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If m = — n is chosen, ao is again arbitrary and ai = 0, and 
the resulting series is 


(100-5) y = aoX“’‘ 

+ 


1 + 


+ 


2(2n - 2) ' 2 • 4(2n - 2)(2n - 4) 


2 • 4 • 6(2n - 2)(2n - 4)(2n - 6) 


+ 


]• 


The series (100-4) and (100-5) become identical for n = 0. For 
positive integral values of n, (100-5) is meaningless, since some of 
the denominators of the coefficients become zero, and (100-4) is 
the only solution obtainable by this method. If n is a negative 
integer, (100-4) is meaningless and (100-5) is the only solution in 
power series in x. For n 7 ^ 0 or an integer, both (100-4) and 
(100-5) are convergent and represent two distinct solutions. 
Then (100-4) multiplu^d by an arbitrary constant and added to 
(100-5) multiplied by an arlutrary constant gives the general solu- 
tion of th(^ B(^ssel eciuation. 

The rc'ason for tlu^ failur(‘ of this method to produce two dis- 
tinct solutions wh(ui n is zero or an integer is not hard to find. 
The suc(‘c\ss of this mc'thod de|)ends ii))on the assumption that the 
solutions ai*(^ r(‘])i‘(^s(‘ntal)l(‘- in power senes. The analysis leading 
to tlu‘ d(‘t.(‘rminaiion of the se(‘.ond particuilar solution of (100-1) 
wlu‘n n is an intc‘g(U‘ is not givcai luu'e.* It is sufficient to mention 
th(‘ fact that the second solution can be obtained by assuming 
that it has the form, when n is a j^ositivc integer. 


00 

(100-6) 7/0 = C'\jx{x) log X 4- V 

wliero 7/1 (.r) is tlu^ solution (100-4) and C is a constant. Obvi- 
ously, this sohition l)(a*()m(‘s infinite wluui x = 0. 

It will h(‘ of int(‘r(‘st. to considcu' the particular solution obtained 
from (100-4) by setting 

1 


*S(‘(‘ WA'rsoisr, C\. N., Theory of Fuiiotions; Guay, A., G. B. 

Ma'I'iikws, Mild , 1 . M. M AcU.oHKitT, A Trojitis<^ on Functions and 

Th(‘ir Applical imiH to Idiysics; WiiiTTAKnit, F. J., nnd G. N. Watson, 
Modern Analysis; McLaoiioan, N. W., Bf‘sael Fuuctiona for Fngincers. 
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Tha aoriee (1004) then beoDmaa 


(100-7) /.(*) ■ 2 ^ - 2-+*(n + 1)1 2*+«2l(n + 2)t 

• + ("l)*2*+-«*l(;r-|-lfe)l 
Ik)!' 

Tho function defined by thin eericB ih oidlcd the Bewul fiuiction 
of the flnt land of order n Tliis BcnGB holds for nou-nogutivo 
values of tt. Tor n ■■ 0,* (100-7) gives 

Jfl(x) -1-^-1- 24^, - + (-1)* 2»7]tl)i + ■ ■ • 

and for n »= 1, 

X x^ x^ 

■= 2 ~ 2»^ 2*2l8l “ 

+ (“’^*2'*+‘jfc!(* + ])■) ’ 

Tvhlch aro oallod BoaboI fimctiona ol tlin soro-th atiil firnb (mlorHp 
roapeotivoly 

The fuinnulA (l(XV-7) can bo gtuioriiliUKl for non-LnU«l^nil 
poalblvo valuoB of n with tho aid of Iho Qumma fiiiicLion by 
writing (n + fc)l » r(n + fc + 1), ho that 

(10(W) Mx) - ^ (-1)* 2M-.ijLir(„ -I- fc -1- I)' 

For “ M; (100-8) bocomoH 


* For n 


Jiiix) 



i-\y 




2«HMitlI 



0, n1 IB doflnod to ho unity Tins is oonsisloiiL with tho fonnulu 




n 


wlum n - 1, as woll as with tho gononil doGultlon of n I in Hoc Kl 



IIOQ ORDINARY DIFFMBMNTIAL MQUATIONB 

lb li not dJSooIt to dbow thmt tldi lednoei to* 


887 


Thin formulA HUfflaitH that tbo behaviai of T Wwwd fnnotkMH may 
bo nmowhat idmllaf to that of the brlgononiotrlo ftmationa lUa 
prom to ho tho ofuc, nod It irlll bo ihown In (he nort ■ootton that 
Bonol funobLoua oan bo nnd to ropnoib snltahly nctriotad 
utitnry fuuotiaDH in a wbj ilnillar to that In irhloh trigonamobrlo 
fnufltioM an naod in Fouiicr soioL 
It bi oloor tliat Jt(*) ia on otdq fonotfon and that Jt(x) la an 
odd fonotfon of s, Ibalr graphs an ahown In Fig. OL Fw laigB 



valum of X tho rootn of /|(x) — 0 and Ji(x) ~ 0 an apanod 
Ei))l)n)xlnuibdy r iitilbi apart. It oan bo xhovn that for largD 
vbJiiw of X Iho valuo) of •/■(*) an glyon apinoxlmatdy by tiio 
[urmula 

It 1b not (llfHmilt to hHow with llw nld of {LOO-6), by notting 
f i(j) ^ Jt{x)p tliAt Ulo HoooDd nulutlou of BoioI'h cxi nation of 
onlor lom lirui Uio rurm 

X.(*) - J^x) log 1 + y - 7^^ + s) + ‘ ■ 

-(-■)* » '+ 1 ) + 

TWh funnlloii In oallod Ibo lki#ol funotion of thn nro-th onlor 
* Pnih 3 Lho mkI of Uik votim 
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aad the second kind Thus, tho gonoral solutLoii of the equation 


is 


+v = 0 

y - CiJ,(x) + CMx), 


where Ci and Ci aro m'bitniry oonHtuntn, 

BqshoI fimotionfl of the first kind and of negative integral onler 
are defined* by the relation 

JUx) = (-l)-^.(x) 


The valuoB of BcsrhoI fuiietionK are tabulatiKl m maiiv books f 
Meotrloal engmoom rTe(inoiitly uko the real iviid iinagiimry paKs 
of Jn{^\/^x), wliloh are dciiototl by tho flyinbolH hiuI 

hetfifi, lOBpootivoly, that is, 


JnCV^ x) « hcr^x + » beux 


There are also modiflod DchhoI fmietloiw of tlie first kimb whitli 
arc denoted in tho litornturo by 7»(x) 'Hui <'oininoiily uwmI 
notations for modified Dense*! fnni tioiis of tlie Horond kiiul nn^ 
Y.(x\ HM 


1. Show that 


8 Bliow that 


PEOBLSMS 


- -J,(x) 

/T 

•7^(3r) - x 


Note that r(a + J) — wTOO =* y/x 

8 Bbnw tliat y ~ Jo{kx) ih ii wiluCieii of tho clifTi^miitial (Hpialnm 
xif* + v* + “ () 

4. Show that 

*V' + ay + - «*)z/ - 0, 0, 

can bo roduood to tho fc»rin 





0 


* Soo IlviflHiiY, W K, Koiinor KontH iitifl Hplifinoiil Hti Ul, 

p 310 

t Jaiinkk-Kuok, Fiiiiklioiiciiliiii 111 \\ !■ loMim r Hi n(*H imi 

Bphonnil Hm nil fill IrH, Wawin (■ \ Tliinn nfllisMl linuhniiH 
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OUDIHART DIFfMBMNTlAL BQVATIONB 


uo 


IlinL Sob j 

Attil 


h3j umI 


hinm 


»'” Ss '*2 


Hlunr tbAt /-^(^) 



MS, B thsi tho 


pDoraJ lohitlai of 


Itatil'n o<LiiiLbltn vltii n - H 

t / - + oJ -^ 4 ^^) 

A. Hb( w Ihal y « \/s / .(X«) li s nlnliao. of Uu eqruikHi 
4»V'+(4XV-4m> + l)f -0. 


T. HImi« y ■** **•/■(>) ii ft woMAcm. of tho oquAMm 


B. Hhtiw Uiftt V •< k A ■nkUoii of the oqoAj^n 

sy '' + (1 + a^y + s # - 0 , 

ICL Eiysmioii in Beriet of Bfw4 fmiotiau It wis pditiod out 
In cmniKK*tiun vlUt Uio (tovolofvnaiit of ariritnrj fuiutlona In bAgp~ 
iMPitM‘kri4 mitUm (Hoe 24) iliAb tho Koarlar icrtos ftovolopoiait k only ft 
Hfvrlnl mum U Uin oxiiftjiiiiinn U ft milbftUj nvtrktod ok* of fimotlora 
III nirirw <4 drihupconil functioiiiL It will In ibom la tUa mUon that 
II k iBMliln Up 1pm 1)<1 up wU c4 tirtlKw><^ fiimtlDas with tho lid of 
Homrl fiuu tioiiH, ptn thtvt fiiio oftn ropnioit an iHitrajy faiiatioa In ft 
hnrk«^ i>r rniinikHM. 

It [h h1h>wq In Lho Unitlm* oo BhdI lunotiuu that the oqaiitlon 
J.(x) * 0 Iftoi liiflnitiJy niftoy pmltlvD nMik Xi, ' i X«, , 

wIhmi viihkM (uin ho oftlniiliUMl b> toy do^rwl ck%iua of ftoAiruy It 
will In I'filtililWlKMl ncncL Unit tho funnihHPi 

VTJ.0^is), , VJj , CXrf ), 

nro ctriltofliinnl 1» Ur InUirval from j - 0 to j — I, n that 

(l(M-l) J^' \GJ.0l^) dx ~ Q, If i H J, 

- iy .'( X ) i », ir<-j 

Tlio imRif of lJuM Fart clo|Uiibt ixi lho Ffillovliift IdonUtj, the TiBdttj 
of whiflii, For ll)o Qiumonl, Hiil l» Ukni) Fur Eraotod 


( lOI - a ) O ' - fi *) J,' xJ . OiV . Ou ) 

* B«o Uife rufmOAcn hIvoii In Un fmlDoio, p, W, 
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lAt X « and M “ Xf, whare X< 7 * X„ then 

- IX</.(X,*)/.'(Xtf) - 

Sotting — I and romnmbering that /«(X0 ~ ^ 0 givo the 

flTVt part of tho formula (101-1) 

In ordor to eetabliBh tho Booond part dUTonmtlato (101-2) partially 
with rapoot to X, and thua obtain 

(lOl-fl) 2X «/a(Xx)/»(^) d* -1- (X* — /i") ^ x'J^{jix)JJ0^) dx 
- x\MxJJOix)JJ(px) - /.(/Uj)//(X:r) ^ 

Bot X ^ 1, \ ftj and roooJi that if X la a root of Jm(x) ^ 0 than 
/b(X) 0 Upon fflmpUOcatiaii of (101-^1), one obtains tho Booond ]iArt 

of tliD formula (101-1) 

In ordor to ostabllsK tho identity (101-2), noto that y » y/iJm(Kx) 
Ifl a Bolutlon of tlio equation* 

+ (4X«ai« " 4n* H- l)v - 0 

Sotting u *- -y/xJmO^) and a — \/xJm(jix) givee the idoiitltiofl 
4a;V' 4- (4X"i* — 4a* + l)tt -• 0 

and 

H- (4fiV - 4«* + I)p - 0 

Multiplying the brut uf them by p and tlio uccond by ft and Hiilitradting 
fumiali tho identity 

— (X* — fi*)iw 

Tho integration of both tildes of this iduiitity, between tlio liinltH 0 mid 
yields 

-(X»-M") r lip dx — X* ^ ^ ^ 

" ["Ho “ Jo ■ [Ho ~ /o’ 1 

"Ij 

Uooalling tho doGiutiuiis of u and p gives tho doarod Identity (101-2) 
Bmeo tho fui mula (lOJ-i) la ostablltihod, it in easy to soe that if J{x) 
* Soo Frob 0, ScfL 100 



HU OBDIHAMT DirrMRMNTIAL BQUATIONB 841 

hu in oxi«n^oD of the fonn 

wblflh ati] bo intDfmUd tsm bj torm, fcbon* 

2 C wf{^)j.0^)is 

^ - ■ T-OT 

llifi mont oommnn w of tUii fnrmnU k in eunDooUoo wWi kbo oxpftA- 
kon of luDotkifig In a mt\m of Bcmi funntloai of onler no. 


FB.OBLKMB 

1 . Bho« that ~ [fcf ,W1 - 3/Ji^) 

H Show that /(j) -i- Ij 0 < 9 < Ip wbon oxpaiukvl In a 
Bovnl fuDeUoiA of onhir torop |lTn 




of 


flvti Malm iiB Ilf Um nmlia of Prob, I iJioto and Prob, 1, Boo. 100, 
I, Hhuw that 

5 [W.W] - W.„,(a) 


and 




4 HIhjw Dial 



&. BlioWp with Uin aid iiT tho furmulaH of ^ that 
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0. Expand "1/ in a powor BOiieB in to obtain 

- "j" AJiF, 

and diow that A. - Jm{.s), so that 

- IMx) + hJiia) + AV,(*) + + *•/,(*) + ] 

+ [A'‘/-i(*) + A-*/-i(*) + + k-»J-,{x) + . ]. 

102. L«g«ndre*fl Equation.* Tlio equation 

(102-1) (1 - x*)0 - 2x^ -h n(fl + 1)V - 0. 

where n Is a constant, oocuib frequently in praoticnl mvostigntionH 
when aiiherical coorduiatos are usod Ono of tlio iniiny usm of 
this equation m prnobical proliloms m indientcd in the next 
ohaptor in oonncobion with a study of the dutnbiition of tom])ui- 
atun in a oonduoting sphore 
Aesumo, as in Beo 100, that 

( 102 - 2 ) y “ oiX* -J- + + o*®""*"* -f- * 

IS a solution of (102-1) Then, 

^ — f»(m — l)ai*"“* -f (m + l)fnOi*“-‘ 

-1- (m + 2)(fli -I- l)rtt*“ + 

-I- (m -|- k)(m -|- fc — l)«»j"'*^ * -|- 
dhi 

— ®* — — tn(t» — l)oo®* — 

— (tn -1- fc — 2)(f» + fc — 3)at_»j" • — 

—2® ^ = — 27jiOfl*’* — • — 2(Ta + ik — 2)fit_i®"''* * 

n.(n -f l)y ■■ 7»(n -h l)oi®“ • -|- n(n -|- J )rtk..ij" • *-* 

+ 

Adding these expresaionB and equating to xnro tlin conillncuilj 
of ®“^i , ®*+*“* give the syntom of (Miiiulnins 

•A M Losnndra (1762-1833), an outatandliig ProiKih niialvHt wlio nuuli 
manj brilliant contrfbutlona to the theory of olliplln funnlions 
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n{m - l)a« - 0 , 

«(a + l)ai -i 0, 


(» + *)(ti + J - l)fl* 

+ {n-w^^h + a)(m + m + fc - i)a*^ « 0 

In ordfir to tmUafy Uio flivt of thcBo eqimtioiM, m nan be ohoBBii u 
dthoT 0 or 1, If m ^ If the Boeond eqniiion roqnbei thai 
Gi m Q Pot Hi « 0 the oogSrient of **+*^ gtvei the leonniDn 
farmnla 



from vfalohi in a mannor Analogoufl to that omplx^yed In Beo. 100 , 
tho ooofiUantfl Of, a«, 04 ^ • *> oan be detarmlnecL If « 0 , 

tho seoand erf tho equailonfl erf tho fljBUmi illows ai to be Brtrftrvy, 
If tho TBlne» of the oenffidonta In tenna of a« and ai an nb- 
ititutod In (103-2), tho followliiB aolutlem la obtained 


(lOM) »- 



It Ifl roadlly bhown by Tnoana of tho mUo Loet that for non- 
Intogrnl Vfiiuen of n tho hitorvel of oonvorgonoo of tho aoricff In 
(102-3) 1 h (^1, J) Moroovor, Hinro tho ftrat aoriew In (102-3) 
roproHonbi on ovon fiinollon and tho Hnoond Horloi roproHonta an 
odd function , tho two Hututlona njo llnooHy IndopeindmL TTio 
mm of Llm two HorieM, cvirh muitli)Uod by an orbltr&rj oonatant, 
Clvcsa tho gnnoraJ hoIuUoq of (102-1), wbldi 1 h oortalnly valid IT 
lx| < 1 It 43an Im veirlQod ellrocUy that tho ohedoo of hi ■■ 1 dooa 
not kvui to a now aolutlun but moroly ToproduoeB tho aoluUon 
(102^) wlUi a« - 0 

An Important and Intoroatlng cam arlHoa whan ft h a poeltlTO 
IntogDT It la (doar that, wbem ft la an emm Intofer, the flnt aerlei 
In (102-3) termLnaUv^ niul roeluooa to a polynumla], wheu^oia, whan 
n la an odd Intof^r, tho Hooonel Hnn(M bcMsoim* a polynennial If 
tho Bjidtrary oonaUintH a« and nj am ho adjiudod bm to glvo thiiio 
polynomlala tho voluo unity whem x ■■ 1, them tho foUowlnB aot 
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of polynomials la oblalned. 

P,(x) - 1, 
Pi(x) - *, 


Pi(*) 

P.(*) 

P4(*) 

Piix) 



7-6 
4 2 
0 7 
4 2 


X* — 2 


*• - 2 


6 3 
4 2 
7'6 
4 2 


x* + 


x* + 


a 1 

4*2' 
6 8 
4-2‘ 


• > • I 

where tho aubfloripts on P indloato the value of n Clearly, each 
of these polynomiola la a partioiilar aohitluu of the Legendre 
equation m trh>oh n has the value of the Hubsenpt on P TlioHe 
polynomials are known na Logondro pulynominJa Tlioy nru 
frequently used in apphed matliematioa Very often, thoj" nre 
denoted by Ps(coe 0), where cos 0 = f, ho that, for example 

6 3 

Pa(cofl ■ 2 0 ^ 0 

The veJuefl of tho Legendra iwlyiioniialfl (somotimcw called Hurfart' 
f oTuU hamonioH) aro tabulated* for variouB valuoti of t 


A BolQtion tliak 1 b valid for all valuoR of x outBido tho intomil ( — Ij J ) 
can bo obtalnod by OBBuniing it to have thn form of a aonoM of doBcorifllriR 
powora of z. A procoduro anaJogoua to that uutllnml alxivo loailn to 
tho goBoral solution of tbo fomi 


r n(n — 1) 


+ 


n(» — l)(n — 2)(n — 3) 
2 4(2» - l)(2n - 3) ‘ 
_ n(a - l)(m - 2)(n - 3)(« - ^)(» - 5) ^ , 

2 4 • 0(2n - 1)(2» - d)(2n - 6) * 

+ «•[»-'+ 2 (in + 3) * 

(» + 1)(« + 2)(» + 3)(» + 4) _ , 

2 “4(2« + 3)(*2tt + 6) * 

in + 1)(b + 2)(tt + 3)(rt + 4)(n + 6 )(b + (J) _ 
2 4 lK2n + d)(2n + 6)(2 h + 7} ® 


-T 


+ 


whioli ifl valid for |z| > 1, Avlioro nw a ixwitivo Intogor 

*000 JAirNKK, Kf uiid y huDH, {•'iinktloiicnLiirnlu, limai r, W K| 
Fourlar denoB uid Sphonoal Harmonics 
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U will be ibown nekt thii the Lecoodre pGlynoizilek m orthofoneJ 
\n the InUrril fnua — 1 to n thet th 47 bo t»H io nqm&t e 
kUaUj TQitrietod ErUfcrmry fcuiotiaD djtflniid in tho intenl (^1, 1). 
Note thftt (103-1) otn bo writtoi in u oqulnlont form m 

5 [(1 - "VI + »(* + i)if - 0 , 

ud let PaCe) ud Pmlfl) be two Lo^Mbe pcdjooiniAk. Tin, 

5 [(I - .V-'W! + «(* + l)P.(a) - 0 

and 

5 [(1 - iV.'Wl + M* + i)fUm) - 0. 

Mniypljini the flnt of thos) kkmtltia bj and the BoooDd by 

P.(fl) aod Kbtnating pye 

S 1(1 - £ 1(1 - ■V-'(»)l 

+ (« - «)(* + » + i)p.c*y>-(^) - 0, 

Intogrmidnf both memborB of thle oiprMbHi with nspoot to p betwra 
the Umlti liid +1 ntvei the furmuU 

fli a (*^1 * ~ a “ ■*)^-'(»)3 «*■ 

+ (« - •)(« + m + 1) /I, P-0*)P.(») a - 0 

Hk) appUcmticKi of tho formulm for bibogntkin by portu to tho Ant two 
iDtogrmhi roduen thk fomiiilft to 

(» - m)(» + « + 1 ) ^ - 0 

Tboroforo, 

- 0 . 

■) that the logDailra polyooiulAlH era orUiofDfiaL 
lb QtJi be BbcTwii that 

Hm (kiHTatkm of bhk forroulB. hi Bomwlmt todlmie nml wUl nob be 
glTon boro.* 

*Bai Wqittakhk, K luul 0 N WATnufC, Modam ]) 906, 

MAoTbwBT, J I£h HphorkpJ IlttnnoQhfl, bynrty, W K., KoiLrior Uorla 
and Bpberbid Harmociia, p, 170, 
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Consider next a fonotlon /(js) that ia dedned m the Interval (—1, 1), 
and assume that it can be represented by a serlse of l^gendro 
polynomials 

(ioa-4) /(») - ^ 

that ean bo lategrated torm by term. It fallows Immodintoly from 
Sea 24 that the ooeJffldentB m the sories (1024) are glvon by the 
formula 

0 . - /(*)P.(a!) da:, (n - 0, 1, 2, ). 


PAOBLBHS 


1. Show that the ooeiBdeDta of A* In the binomial exiiaiisJon of 
(1 " 2«A + ore the -?■(«). 

H Verify th^ 




Id*/, .. 


by computing P.(s) for n « 0, 1, 2, 3 
8 Expand /(x) - 1+a — s*ina sonea of Legendro polynomlala, 
4i Show that 

Pi.(s) - Pk(-») 

and 

Plui-lCx) " — Pt»+l(— *) 

S Show that 

T, /«x , .X- 1 3 fi (2» - 1) 

PUQ) - ('!)• - 2 - 4 - 0 - - 2ii ^ 

and 

Piw4i(0) - 0 


6. Show, with the aid of tlio formula 


that 

and 


m 

(1 - 2*A + &■)-« - A-P.(*) (boo Prob 1), 


P.(l) - 1 

P.(-l) - (-!)• 


108 ITomerlcal Solution of Differential Equations. Tho 
mothod of inllnito senes solution of orduiory difTercntinl equations 
affords a powerful moojis of obtaining numoneol approxima' 
tions to the aoliitions of differential oquations, but its uwirul- 
noas la hmitod by the rapidity of oonvorgonoe of tho sonos. 
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Mtny dUTonntial oqa*ttoiiB oooiuilng In phyiliuj problemM 
oBonot be eolvod with the eld d the mstbodf dlsauaed In this 
ehBptor, tnd one 1 b obUgod to Tosort to numoiloal niwthndiL 
Only oni] at tbnfi motbodfl, wUoh ivu deToloped bj the Tranoh 
m>ihnmfcJjn<iLn B, Fto^rd, |j oatUiiod In thlfl aootlan.* 

Con^dor tho proUam of finding thit putlmilar B(^tlon of tbo 
oqoBtlan of fljit Cfdor, 

( 108 - 1 ) 

vfaloh BanimoB tho tbIuo yt whm s — If both manboiB of 
(103-1) an mtiltlptlod by ds and the reeulb 1 b Intogntod between 
tho Undbi *• and s, ooo obtains 

£ /(»,!/) d»* 

or 

(108-a) » - ». + v) dx 

Thin hi an tniegral equation, for it oontalna tlio unknown fnnotlaQ 
V ondor tho Intogrnl nlgD 

filnoo thn (loHlrod intogrol oiirTo ibmuh thnnigh (e«, Vi), aanuno 
an a fimt a^ipnudmntlon to Uio mlutlon of (103-3) that y, appoar- 
Ing In thn rl^t^iand mtunlier nf ( 103-3), liaa tho ralue y%. Then, 
the flnt appruxlnmtlou to thn eolutluu of (103-3) la 

»i(*) - Vi + £AT| »i) ds 

Performing thn liuUcuitocl IntogiiUion p^voH Vi rm an Qxpliolfc 
functiou of Tf ruul milMblUiUng f i(z) In thn rlght^iand mombor 
of (103-3) s(va4 tho noonnd a|>prDxlniiUl()n, luimoly 

yi(*) - vi + Vi(*)l dx. 

Iho proeoii oiui bn m])Gittoxl lo obtain 

l/i(») ■ »• + A*. »i(»)l dx, 

bihI w on It bi olcar that thn fiili rHiproximatlun hnn tho form 

»•(*) - yi + ■/!*■» v^i(»)l dx 

* For other mcrlhof^ n BwicieU, Milne, juhI ItatoDim, NoJbatal Intn- 
^Uon of IXHtwimllal IdquiJioafl, qf f imt tnk 

im. 



848 MATHSliATlCa fOE BNOlUSSaS AND PH73I0I8T8 |10S 

Tbo funotions ^1(2), yt{x), * > ■ , 1/11(2) all take on the value 
t/o when 2 Is sot equal to 20, and it may happen that the suooimvo 
appradmationa Vi(2), yt(x), • > , ^,(2) improve as n Incroasos 
Indefinitely; that is, 

lim ym{x) - p( 2 ), 

VYhore y(s) is tlie aolution of Eq (108-1) It nmy be ronmrkotl 
that, in order to egtabbah the convorgenca of the Boquonoo of 
approximating functions, it is miJffloieut to aHHiuno that /(aj, y) 
and df/dy am oontiniiouB m the noighboihood of tlio ])ouit (:ro, yo) 
Doepite tho fact that these conditions are usually fulflllod in 
phyBLoal problems, the oonvergiBnoe may be so slow os to mako 
the apphoatioa of tho method impraotioable The usofuInosB of 
the method Is likewise Inmtod by the oomploxity of the approxi- 
mating funotions In many instances, it may bo noocssary to 
mako use of numerical integration m order to evaluate tho 
resulting Integrals* * 

The method just outlined con be extended to oqimtlons of 
higher order* 

As an iDufltmfcloTi of tho application of tlio mcthcKl to a sxxKnlUi prub- 
lom, let it ho required to find the intogml ourvo of tho equation 

y^ mm 29 + y\ 

pasriog through (0, 1) 

Thoii (103-3) boooincB 

(103-3) V'^l+f“(2x + ]r^dx, 

and suhatatuting y - 1 in tho intognuul of (103^) glvtw 

Vi-i+J^(2a-f-l)d2-l+2 + ** 

Tlion, 

y* “ 1 -k Jg" [2i + (1 -I- X -|- x*)*J da 

- 1 -t- s -h 2x» -I- X* -f- + }<x», 

and 

*'*“^ + jrt2»+(i+» + 2»*-f-!r*-l-Mx<+ «x»)*l dx 

- 1 + x + 2x* + Hx> + Hi!* + Ht* + Hox* + i % bx » 

+ «o2* + l«f02* + iioX“ + J<T8X“ 

Evon thougii tho intografcionfl in thla oaso are olomontftry, tho prooowH 
or computing tho ooxt approxiinatloD is quite todioua Aa a matter of 
* Boo Boo. 187 
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MO 


Itet, In thh oAM one eio obtain tin daiind loliittan man ouilj by tba 
nfltbod of bfinhe nien. 




y 



0^ 


umI «ppljhi| tho mothod erf 0 m. OfilA^d to tbo loliitioii in Ibe tern 


I “ e* + + (a.* + !)*■ + 


w + ag« 
a 


»• + 


6i* + <W 


T 


5e.» + a-» + 1 




Bbiea tho Intecnl earn mnali pen tfanmch (0, 1), It [oOcvi that et ~ li 
ukI tho dodrad eolutloQ la 

y - 1 + a + aa* + + iHa* + • 

Thin eerm with the aohitlon obtalnod by Pleard'a method up to the 
tonne b 

PSOBLXM 

nml, by Ploaid'e mothod, eotnUom of tbo following equetloai 

(a) / - j* throogh (1, 1), 

(b) y* - a - y* through (0, H). 

(fl) y' - 1 + y* throni^i l), 

(d) y* - a + y thnmgh (1, 1). 



(3HAPTER Vni 

PARTIAL DIFFBRSimAL EQUATIONS 

104 . Prellmiiufy Hemarbs. Aji oqudtlon oontaininK partial 
darlvotlvflB hoa been defined In See 07 on n partial (lliTomiituil 
equation, Thia ohapter oontaina a brief mbroduetlnn to the 
Bolution of Bome of the ahnpler typea of linear partial diiTen'iitlnl 
equationa which oeoor frequently iu pmotioo. It will bo hoou that 
the problem of aolving porldal differontinl equntloiiH 1h hilioroiitly 
more diffloult than that of solving tlio ordinary oiiiiationH and 
that Fourier series, Beasel functions, and Logondro polyiioinlals 
play an Important part In the solution of soinu of tliu pnu'tU^il 
problems Involving partial differential oquatiuns 
It was stated in Boo 08 that the elimination of n aibilniry 
oonatants from a primitive /(a;, y, ci, c», , r,) - 0 liuwls, in 

general, to an ordinary difleroutial equation of ortlor n ('(in- 
versely, the general solution of an ordinary diffennitial n<(iialion 
has been defined to be that solution wliioli oontuiiis n iirliitrary 
oonatants. In the next sootlon. It is indicated, by Home cxainiilcH, 
that one is led to partial differentuU oquatioiis by difforcn tinting 
primitives mvolvuig arbitraiy funotious, and it follon-H that 
partial differential equations may havo Holiitiuns which contain 
arbitrary funotious However, it is not olwiiyH ]iohhiI)Ii' to 
ellmmato n arbitraiy functions from a givoii pniiiitivc by n 
BuooGffiivo differentiations, and tho temptation to define tlui 
general solution of a partial difforoiitinl equation os tho one con- 
taming n arbitrary functions may load to sorioiw diflicultitw 
In some Important oases of Inioor pnrtml diffonmtuil o(]iialioiiH 
with oonstaut coefficients, treated in Boo 107, it m iiossiblc Ui 
obtain solutions that ooutam tho iiumbor of aibitmry functions 
eijual to the order of tho difforoiitud ocpiatiun, and tho tenn 
general aaivlton is used in tins oluiptoi only in coniuHdioii with 
such equations With the exception of tho liiioar partial dllTcroii- 
tial equations of tho first order and of oortain miiwitant types of 
huear equations of tlio second order, no oxUnimvo tlioory of llio 
nature of solutions has been develops so for 

800 



1101 PARTIAL DIPPMUMNTIAL MQUATIONB 81)1 

JoHt u in tho QUO of the onlluBZ 7 dtffeniotlAl DqnAtion, the 
■ohitloii of ft pnotioftl pniblfini oan be obtoliud b7 ntinTtnittm 
the nifnmnnt of ftrtdtnflniH wltb the ftld of the Initial or boundoiy 
oaodltkma. In practleBl probliniia tho boiuuhur oomUtlaoB 
rrnqnanUy botyd bo a gnldo In ohooring a pftrtloulftr solatlai, 
whkih ntiafleii the (tiffaronttBi oqufttlan and the boondaiy eoo- 

dlttODB Bft wdl 

106. BUmlnatlan of A i t ltiar y y nn ctl nfu . Conridor a famOy of 
■urfaoes dehnod by 

• -/(» + v), 

whoro/ b an aitdtmry fimflUon. 

If Uk] argumont of / la danoted hj a, Uim 

• -/(* + »)■ M 

and 

to . 

to " u ftr 


ShiOQ t — j + V, It followB that 


•wboTofix + y) (iDnoUiH tlio dorivatlm of/(* + y) with roBpoct to 
Iti oT^umont s + y Blmllnrly, 


(lOfi-3) § " 

8ul>tnu]tlng (106-3) from (106-1) loailH to tho partk] dUTorantlal 
oquatlun of tlio flmt onlor 


to _ to 
to 6y 


0 , 


whoeo itoluUaii, nlooHy, 1 h j 
I f 


than 



whom « — y/s. 


- /(» + v) 



and 


to 

On 


tUBy’ 
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Denoting ij/da by /(v/^) and substituting tho Tnlu> 
A«/d£ and di/Ay givo 



from whloh/'(i//i) can be olimumtod to give 


a* , flf 


0 


Again tho lesulfc is a partial ddforentinl equation of tho flivt ( 
On the other hand, If 

* “ /i(*) + 

whwe /i(*) and /i{y) ore arbitrary funotioim, difforoiilii 
\nth respect to x and y give 


^ =/{(£) and 


If the first of these rolations is dilTorontiatod ^v1th n’Hpm'l 
a partial differential oquation of tho Hocund uninr mtuIlH, na 

toOy 

Differentiation of the sooond roLition with nniMil to z wil 
to the same equation, for tho dunvativoa invulvod iirt> iih)- 
to be continuous, 

Armthor example, whioh in of cunindcrablo iiniKirtaiicf 
theory of vibrations, will Iw given l«t 


* - /i(* + of) + /i(z - a£) 

If « + ■ r and z ~ oi ■ «, then 

+/.(«) 

and 

^ „ ^(/i +/i) ^ I a(/i +/i ) ^ 

«* flr ai ‘ a* ax 

= /«x + a/)+/i(x-cf) 

Similarly, 

(lOM) g = /l'(a + al)+ r;{x - al) 
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Abo, 

^ . a(/i+/i) ar fl(/i+/o a* 

« dr S’’" da dt 
- + ai)o +ft(M - a<)(-a) 


(lOW) g - /;'(j + oOo* + r,'(. - 

raimliuUiiif //(• + oO vui fti* - ai) from (106^) and (100-4) 

glyw 

db ,d% 


ngudlea of tho ohanotec of /i and /■. Thb partial dillasitlal 
oqoation b of primary Impoitanoe In tha rtady cl vlbnilan and 
will bo oonddorod In moro detail in Bmb. 100, 106, and 100. 

100. IntBpation of Partial DMaraptlal Bquadflna. Thb aeo- 
tlcm oontahiB two axompUa Uluatimtiiig tntasratkn d partial 
dlflarantlnl oquAtloiui. 
liot tlw (lUtoroQUal equation be 


(lf»-l) ^ 

TntoKmllcm with riffpnot to y 
(100-3) ^ - /(*), 

whoro f{x) la arbitrary Tf (100-3) la Inteciated with nqwot to 
X, then 

r - J /(x) dx + r(]/) 

- f(i) + iKlf), 


wboro ^ and aro arldtnry funotlanii. 
Curuddor noxt 


(lOO-.!) 


d*i .SH 
d?"® 


ChiUlgD UiD varialdoH In that ociuntlon by settini r ™ x + of 
and a — X — ul t«» UmL i Iwwjiiioh a funoLlon of r and a. Tlim 
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and aiiice dr/dx » 1 and 8a/dx » 1, ItfoUovB that 


to to , to 
to “ to to 


„ A** ^ I 6h da d*t da dh dr\ 
' ' dx* " \to’ dx dr da dx da* dx da dr dx) 


fl** I g I 

to» ^ to fis ^ to* 


Suniloriy, 


to j. 

«< “ to to fill fli' 


and aboo dr/to » o and da/to = —a, it folluwH that 


61 dr “to 


Diffarentiating this with roniwot to t givcw 


(HIM) 3S 


^ ^to a^to_ 0*2 to 

a/* “ to* at “ to aii at “ a«* at “ a* dr at 


, a*« - , a** , , d*z 


Biibatitutliig (100-4) luid (100-6) m (100-3) givoH llu) (H|iiiilm)i 


whloh IB of tho typo (100-1), whuHc Bolulion wjw foiiiMl to lio 
* ■■ iKO + f(«)j where f luul ^ aro RrliiLnuy Jtccnllnig Hint 
r * -h at nnd a ■■ x — at, it ih hcoii Unit 


(100-fl) e ■■ f(!E -I- ot) -1- ^(x - (It), 

wliiob ifl tho HoluUoTi in tomw of the ungiiiul viiniibIcH If In 
this solution i/f and ^ oru hu (‘hoHon tlint 


^(x -f- at) Hi d sin k(x + at), 

<p{x — <U) at A Hill kix — ot), 

whoro tho variable t is thought to rt'prmout tin' tiiiin mid x in thn 
distanoo along the x-oxin, tlioii tlu» flmt of tlinni* (h)Iiii( iomh n)])!!*- 

HonlHaHiiiuBoidalwavooffimplitiido/l nml wiivolciiRtli X = 2ir/A 
which IB moving to tho loft ivith vulocity a, wIioiihih Mk’ hi'coiiiI 
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(npra^on nproHnla a ilinllar wave moving irlth voloot^ a to 
the rl^t (ne Fig. GS) lUe can boat bo aeon by reoalUng that the 
nplaoemait ofcbyc — otlna — /(x) ehlfta the oqtvb <d tmlta 
In the poalttYfi dliectlaii of s sod that the subetltatioQ d 3 + ai 
for X tranalatoH Uio curve a * /(x) ot unite In the opposite dlie^ 



tlon, fiinoe 1 le a oanttnuous veiiablo rapneentlng the lime, 
It k oloar that the 11^11 npJi-m 

A shi h(x — ai) 

ntaloB that tlio tdnuaold 

f ■■ A idn fcx 

h ulvanelng In tho podtlve dlrooUon of tho x-uda vlth the 
velocity a, Tho poriod of the vuvn 

X ■■ A (dn i(x — ai) 

Id (loflncd an tho tlmo roquirul for tho \ravo to progrom a (Iktauoo 
oquel to ono wave knigth, so tlwt 

X - or 

or 



Coneldor noxt tho wavo roKultliiK frum Ibo miportioeltlon of tho 
two moving idnuenlde A nbi ik(x — ai) (uul A tdn Jb(x + a£) 
IT] on, 

f — A Mill if(x — of) + A fliii l((x + ai) 

V A (hIii kx ooH ktU — oon ks hIh kai) 

+ A (riln hx otv ^ + OOH ix idn kai) 

Of 

(100-7) s — (aA OOH kai) hIii kx 

Tho oxproMoii (100-7) Ih frequontly mfcrml to sii a iiUiidlDg 
wavo, bocauso it may bo Uiuiigbt of se mpruHooLlng a sbiueokl 
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bIq ha whose amplitude 2 d. ooe l»ii varlea with the time 1 m a 
simply hormonlo manner Soveisl ourvas 

I 2 A 006 fco/ mn 

ore drawn in Fig 98 for vanoua voliioa of L Tho points 

» - V (n “ 0, 1, 2, ), 

are etatlonary points of tho mirvo and are oalled noclos 
Inasmuch as (lOQ-7) Is obtainod from (100-0) by making a 
partioular ohoioo of ^ and it satmileH the differential equation 



(106-8), wliatover be the valuos of / and lb, Tins fact is of groat 
importance in tho disoiiBBion of Soo 108 


PROBLEMS 

L Form partial dUIorontuil oquatiuns by eliminating arbitrary 
funoUona 


(а) i - /(a “ 2y) + dip + 4y 

(б) i - /(a* + + f •) 


Note that^ -/'(i* + tf* + **) (2® + 

(e) s - a-f(,y - *) 

(d) < 

L Provo Uiat s - /i(z + ly) + — ly) ih a solution of 


dx* ■*" dy* 


0 


3t Form paitlal difforontial oquations by olinuiiatlng tho arbitrary 
funotloim, m which x and t are tho indo])ODdont variables 

(o) I ■■ /i(* — 20 +/■(» + 2i), 

(6) I -/(x -f + f). 

(fl) i - /i(x + 2i) + /i(x + 30, 
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887 


|UT 


« *-^i(i + 0+/t(« + 0; 
(•) ■ -/i(i + «) +/i<i)i 

(/5 I - /i(p - t) + - 0« 


4 Bhow that a ~ /(sif — oij) la a ntnUoD of tha aquattmi 
Ai At 

wbrn Si ami Sf an oomUnki. 

L Yorify Lhal i — /i(f + Sb) and j * /aCy — 3j) v»tkfy Um oquaUoii 


ud tuQoe dedooo that ■ - fxig + aa) +/i(ir — 3a) la nlu a nlnthni of 
tha eqoatlan. 

3. Blow that 


• - /i(» - f*) + Vi(» - ia) + /•(» + fa) + ^4 (k + ia) 
la a nlotlan of tho oquatloo 




+ a 


9*3 , 9*3 


0, 


prarldad that <• - — L 


107, linear Partial DtflarenUal Bqnatloni wUb Conatant 
Corfldanti. A Uiuvir iiortlal dUTormiUnJ nquatlon with oanatuit 
oooBlclonhf Uiot oftou uomira in oppHoatluna haa tho fonn 


(107-1) 


A-a . 

o,~ + o, 


^“L- 4. 


' Ax^* Ay* 


+ 


+ o— 


A*a 


' A* Air“ 


_l_ ^ 

+ “-aS=- 


FroqiiQiiUy, mirh nqiintlunM am raJlccl ^^hnmucnnnouH” IxxauiHO 
tluiy InYolvo only dortvaUvw of tlin iitii onlor 
TIiIh oqiiaLlon nut bo Holvotl hy a moUicxI Klmllsr to thmb 
omployod In Holvlng an onlliiiLry Hnoar oqii&Uun wlUi ooDstuit 
ooofflokiibL Introduoo blio oiKnlom 


-I 

with tho aid of whioh (107-1) r4Ui Iw written na 

(107-a) (a*Z>T -f- 0|Dr'i>i + fHDr*D\ + 

+ a^iiliZ3|-‘ -I- aJ3l)j — 0. 
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It Ifl mdily oBtabliaJiod* that tho oporators Di and Da formally 
obey the or^nary laws of algobra, bo that one oan doal with 
diflerential operatore of tho form 

i(D], Di) ■ OoD^ + OiDT'^-Di + ‘ + a>Dt 

just 08 one would with polynoimalB m tlie two variables Di and. 
Da Accordingly, the left-hand member of (107-2) can bo 
deoompOBod mto a product of n linear foctom, bo that (107-2) 
reads 

(107-3) (aiDi + fiiD^iaaDi + jJ,D,) • (aj), + pMt « 0, 

where the quantities m and fit, in general, are complex numbois. 
Now tho aystam of equations 

(ixtDi + ffiDa)* — 0, (t » 1, 2, • • • , n), 
or 

(107-t) + (, = i,a, . 

can be readily solvod It in cosy to vonfy that 
8 = Fiicay - pix), 

where Ft la an arbitrary function, in a Boliitioii of (107-4) Ckm- 
8equently,t the solution of (107-3) can !» wntton in tho form 

(107-6) z ™ F i(oiV “ /3i*) "I" FtifliH " jSix) -|- • 

“H f^«(®iiV ““ 

If tho linear factom appearing in (107-8) are all distinct, llin 
solution (107-6) con tains n arbitrary functiuiiB and will bo cal led 
the gentral aoluhon of (107-1) 

If tlio at 111 (107-3) are all tllffcront fniin acre, ono can write 
(107-3) 08 

(107-0) (Dj — miD«)(i)i — ntaDa) • (Di — »ia/l|)8 = 0, 

whore Wi = -Pi/at, (i = 1, 2, , n) In this rnso, (107-6) 

asaumoe tho form 

(107-7) f - Fi(y + mix) + F,(]/ + mii) -|- 

+ ^’.(l/ + iit-nr) 

If Home of the footorH m (107-0) are alike, then tho minilmr of 
orbitrarjf fuiiotionn m (107-7) will be Iona tlinii n, but it is onsy 

* 8oo tho corroepoDdlng diHOunu^n la Boo 67 
t Soo Iho oomiponding oaao In Soo, 88. 
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to ue that the eqnAtion 

(Di — mD^i " 0 

hu the Bohitlan 

* ■ fi(M + •») + *f i(lf + «) + • ' 


+ + M) 


Coneoqaeatly, ooo een obbUn a aotuUan of (107-0) tii&t oonUloe 
the ntimbor of oriiltrmry funotlanfl equal to the order of the 
differendil equatkin sven In the ooae when some of the futon 
In tho kft-hand momber of (107-0) aro not dlBtlnoL 
Am on Uhiatmtlan, ooneLder the equation, whkb fraqaeotly 
Qoeun In the study of olastle plabw, 


dH 






- n 

+ *3 ■ Oj 


or 


(iJl -t- 2DIDI -I- Dl)a - 0. 

'Iho (IfioampOBltiQn Into linear futan (tvou 

(Di + if)0(Di - iD^iDi + iD,)(D, - »D|)s - 0, 

whan ^ B — 1 It follows Uiat tho Benoml eolutlon of this 
equation hu tho form 


* " >’i(» - i*) + — ») + F,(j/ -I- ii) + wFa(jI + ia) 

If tho risht-hand mombor of (107-1) k a functlnD /(a, y), then 
tho gnnoral solutioa of tlie oquatkai Ih 

a - ♦(*• V) + «(*i y)i 

whoro u(x, y) Ih a partlmilAr Intognl and y) U tho gcnonl 
Hotutiun of tho rolmbod hoTnosncooiiH oqiuUlon, Tho dotormlnft- 
tloii of particular IntoKrah of tho oquotiou 

( 107 - 8 ) L(Di,D 0 *-/(*,y) 


emn bo moilo Ui dopond on Ihn nUculuH of n]M 3 nUoni* on win dmio 
In Boo, 80 Tu miuiy oanoH Uh) iwilcular Intofcrml can 1 x 3 obUliiod 
by luHpocUoii If fix, y) Ih ft homogonooiw iwlyiioinlil of dogroo 
i, tbon tho parUoulnr bitogml Hah tho furm 


( 107 - 0 ) f - -h + + ct+^y*+% 

In wlnoh blio ooofBoInntH Ct non l)o dnUumlnod l)y HubHtltutinB 
( 107 - 0 ) Into ( 107 - 8 ) tuid otimiMirlns tho otdnolontH of tlKi cono- 

for moiple, M Morrh mnd O Hrowiii DtlTmiLUJ EqUAlioon, p. 
»4A, A. Coboo, DiiTonmtkl 'tiqnmiboi, ]>. 275. 
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Bpondlng toriBB of the roBultiiig equation. 

Afl an axampla of tlUsi oonBidor 

(107-iO) d^dy ^ By* ^ 

oan be writteo as 

(i)i» + DJ)t - QX>.>)i - aicVi 

or 

(Pi — ilDi)(i}i -h S/^i)f " Bz*y 
Ammo the partloolar integral In tho lurm 
(107-11) f — + Ci^ + oii*y* + Ci^V + 04x1^ + ciy* 

SubetltuUng (107-11) in (107-10) givw 

(20fl. + 4ri - 12oi)x* + (12fli + Oc, ^ a0c,)*V 

+ (Ofli + 60| — 72 c 4 )®v* 4* (2c» + 404 — 120oi)v* - i\x*y 

Henoei equating (ha ooolRoienlia of like torma on both adoe of thin 
equation ^voa 

6co + 4Ji — 3ci » 0, 

12oi H" Oci — 80(5 i " 0, 

ai + Cl — 1204 — 0, 

C| + 2o 4 - 00oi - 0 

Thie Bystom of four oquatlona in lux unknowna oaii alwayH Ixi HDlvuti 
Writing it aa 

Cl — 3ci + 0ci + 0c4 " 

2ci + Cl " Ooi + OC4 " 1, 

Ooi + Cl + Ca — 12 c4 — 0, 

0oi + Oci + cj + 2 c 4 — flOcip 

and solving for Ci, c«, ct| and otlu tonus of Co and ci givo a t\vo-i)arainotor 
family of solutlonSi 

-Ofico + 6480c. + 21 

®* 66 ’ 

700. + 2IGO0. + 7 

66 ’ 

-lOe. + 26200, - 1 

66 ' 

780c, + lOc. + 1 

“ 110 


^kIttLDg Cl C| — 0 and Bubetituting tlio values of tho ooofTioioiits in 
(107-1 1) give a partioular integral of (107-10) in tlm form 
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861 


+ «irV - 

T^mtn the saDerml ■olutkm of (107-10) Is 

i - ^^iCf + a.) + >".(1 ' a*) + «(3, V). 

wbm /i uJ /| in irUbrary funntloQi. 


PEOBLDfB 

L fliMl the (DDenl ■olutim of 


, , dS -6*i n 
Si + 3 ili 


A 

- Sttj - 0 , 


3 ? 

, , „ OH , 34 3% ^ 

, - 34 , 34 „ 

(*0 jCi + ^ 




1 ®** A 

+ jCS “ 0* 


3 »* 

1 Hul puiJmilu btafpiJii for tho follovliiK oqiuttnnH 

“ si + j 6 rsi “ sr '" ’ 

(Mi <Mi (Ms 

IfviL OhUln bho psrtknjUr Intof^ fM'/(s, y) ** V* uxl ror/(x, y) ** s 
umI ukl the miluduiM- 


, , Ml , , ^ , ^(Mi 

Si + ® 3 ^^ + ' 

3j* 3»* 


• + », 


(<0 


106. Tiumtviw YlbnUon ol KUitlc Stilxif Conildnr mi 
djuiUo HtrliiK or wire uf louKtJi / Hbmlrhnd Imbwooii two pofaita on 
tho x-^cdn Lhat nro I unite ajinrt, mid Icrt it Im dktortod Into eomo 
curvo whuHo oquntlon In y — f[x) (llic, 9*1) AL a oorUUn inetonb, 
nay t — 0, tho Htnng \n rrlocwl from nvL and nllowod to vfhmto, 
TTio probloni U to dotc-rmlno tho )MmlUoii of luiy iwint P of tho 
Htaing at wiy Intcrr time L U in luwiiniod that Iho Hiring ia por^ 
footly elaHbir aiul tlial It dom not offer any rradHUuico to bonduig. 

^Tho nmilLlng vibration moy bo tliou^t oT oi betog oompooDd of 
the two vibrations 
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a. TranayerBe vibration, in which evory portiole of tho string 
movoa In the dlreotion of the {/-azIb, 
h. Longitudinal vibration, in whiob every partldo oMllIatoH 
In tile dirootion of tlio x-axie 

It 1 b toleitibly clear that, if tho stretohmg foroo T is large coni- 
parod with the foroo of gravity, then tlie horlsontol componoiit 
of tendon in the string will be sonsibly constant Thoroforo Uin 
displaocineiit of the point P m tho dirootion of tho x-axis con bo 
neglected compared with the displacement of P hi tiie inlirectiou 
In other wor^, the longitudinal oeolllation of tlie stmig con- 
tributes BO little to the resultant vibration that tho entire vibra- 
tion may bo thought to bo given by considering the transvonw 
oomponent-vlbration. 



The relation connecting tho coordinates of tho point P with 
the time I can best bo statod iii the form of a differontial equation 
Thus, denote tho lengtli of tho segment of tlio string between (he 
points P(x, y) and Q(x + hx, y + Ay) by As, and lot tho tniHion 
at P bo r and at Q bo T + A7' In view of tho nsmimplion 
statod abovo, tlie honsontol cum|>onent8 of tonsion at P luid (j 
are nearly uqiiol so tliat tlio drffonnioo AT of tho tensioiiH at tho 
ends of the segment As is taken os equal to tho dilTermco botwi'oii 
the vertical components of tonsion at Q and P llio vortical 
oompoiiont of tonsion at P is 

and the vertical component of tonBion at Q is 

If it IS assumed that tlio transverse displacement of tho stniig 
is so small that one can neglect the square of tlie sloix) of the 
utiuig in compansoii with the slope dy/dx, then the sine of tho 
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^11^0 osn bo TopUflod by the tansDEti,* ■od tbo mdUat of 
^1x0 tonct li P Q b 


(^2L-(^2). 


Nmrton'i ■coond Uw, thb mlUnt must eqa^l the tumm of 
-tlio dammt of the itriiii of kmgth Ac miiltlplked hj the teoBls^ 
In bho dIreotloD of the i^uik Henoe, 


ao8-i) -A.(0X.r[(S)^.-(2)J, 

-\vlio™ ^ k tho mMM por unit lenfth of the ftrinf lud 
^onotoi tho looolcntlac of the element PQ of the itrtng. 
IWTldln^ both kdiai of (108-1) by # Ac nxhioei It to 




_(«I) 

T Kd»J^. W. 


• Aj 


xxiicl paifdiif to thu Umlt aa A*— *0 (It™ 


C10&-2) 

■vvlioro " r/^j, 

n'lio whjUon of (108-a) WHB found In Boo. 100 to b« 
y - ^(* + ttO + r(* - “ 0 i 

wlioro ^ awl ^ nro arbitrary funotlona, ThcBO fonetliBB moat 
Ijo ho ohuHdi Umt, wb«J I ■* 0, 

» - f(*) + ^*) 


j'opranuta Uio ofiuatian dt tho ritto into which tho a^hit 
iiiltiiilly (llatortod Purtbcnnoro, tha strin* waa auppowl to 

h lavo boon roloQHod from rwt, BO lhatAy/« - Owhant - 0 Itli 

Ijoyond tho wjopo of thla book to prove that th« 

tiondlUone auffloo for tho unique dotaraunath* of the funattoiia 

• Note that 
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^ and ^ It will be abovn in the next seotion how tho Hoh 
of thla problem is obtained with tho aid of Fourier aonoe. 

109. Fourier Serlea Solution In the pieoeding sootioni II 
<»tabliHhed that tlie traneyGree vibrations of an elaatlo strini 
defined by tho equation 


(109-1) 



fl" 


dx'" 


and in Boo 100 It was shown that a particular solution of 
equation is given by 

(100-3) y = 2A ooBkai Bin kx 

for arbitrary values of A and ib Moreovorj it is olear tlia 
sum of any number of solutions of the typo (109-2) will ba 
( 100 - 1 ) 

NoW| suppose that the string of lengtli I is distorted into , 
curvo y ^ fiz), and then reloosod witliout receiving any ii 
velocity Tile subsequent bcliavior of the string is give 
ISq (100-1)^ tlio solution of winch must bo clioson so tli 
reduces to — f(x) when f » 0 In addition to tins oundi 
dy/Bl = 0 when i = 0, for, by hyiMiUiosiH, tho Htnng ih rcl( 
without liaviiig any initial velocity imiMvrtod to it h\irth(»n 
fiinoo tho string is fixed at tho cndB, V *= 0 wbon x = 0 and 
X “ i 

ConsldoT tho inflnito sorios 


(109-3) V 


wal TX , 2Kal 2wx 

Gi 008 Bin + Cl COB —p sin -p- 

, Stg^ Sm-x . 

H- Gi 008 sm — h 


oach term of which Is of tho typo (100-2), whore ib has Ixion cl 
80 that each term roduccs bo scro when r = 0 and when x 
When i » 0, tho sencu booomes 

(100-4) Gi sin + G| sill — j — h Gi sm — ^ — |- 


If tlio ooeffi-Cionta a. aro chosen properly, (109-4) can bo mu 
represent the equation y ^ f{x) of tlie curve into wind 
string was initially distorted, for a funotioii /(x), Hiibjc> 
certain reebiiotions,* con bo expanded m a soncs of ames (1 
*BooSoo. 20 
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Aud tha oooffldmtB an clTon by 

(lOO-B) a, - * /(*) Bin ” d*. 

It Ifl readily TcniAod that tlio doriTatlvt) of (109^) with rGq>6ot 
bo I aatk^ tho romainlnK boiindary eonditloD, dy/dl «« 0 
whoD i " 0 Hgdoo tho biQ- 
nlto aorlea (100^), whoro tho 
Tihiou of a, BJD Klvon by 
(10&-fi)p kIyib tho fomml nolii- 
tloD of tho problom 

IT the InltUl dk- 
tortirm of bhe tiring CHf. 96) k 
llronljy Vio, M- 

36 I 

bhon bho ■olution of bho irmhlom b nmilUy fouiul bo bo 

B6 / 1 T J Tfd 1 j \hr9 3rti , \ 

PAOBLUIB 

L Cury oubMolubkm uf Iho pn)l^i givim In bho IDiadratloni Bocl 100 
L A biuib nbriiig uT longth fAirtoDcvl at iKibh oiuk, k dlatorbod from 
ItH poHltion of «in1HI)rium Ivy ImpArtlDg to cull fiT Ibi pulnbi an InltlaJ 
Tiil()dty of magnlbiHlo /(») Bhow Uinb Un rtduUnii of blw prohfem k 

HinL Hw nnhnluln of bote k 

(a) f " Op when I - 0 , 

(b) ^ - /(*), wliQu I - 0, 

(c) y - Op whnn r - 0 , 

(c/) If - Qi when » - t 



ObuTfo bhab 


If » A rin —p kn - 
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fiatlftflflB oonditions (a)^ ( 0 ), and (d), ood bidld up & Bolutlon by forming 


^ >. Am BIQ — p bh — j— 


and iitlllslDg oonditlon {b) 

8, Bhow that the solution of the oquation of a vlbratliig string 0 
length 2, satiafylDg tho initial oonditions 


V " /(*)i f ■■ 0, and ^ - ^(«), when i - 0, 


. nn nrat , ^ . wr® , nrat 

■■ X sin — p DOS — ^ — \r ^ o. sin — ^ aln — 

2 . nwx , 

“• “ r Jo A®) am — li* 


4 Tho differential equation of a vibrating string that is visoousb 
damped is 

ar - «*af. - 


Show that the solution of this o(|uation, when tho initial volodty I 
lero, has tho fonn 


1/ - 5^ [am ^ (ooB «J + ^ sin a-^) ]» 

, a I 2 rt . . . , nrx 

' - — ji &" and 7 Jo ““ ~ ' 


0. Show that tho difTorontial oquatiuii of tho tranavenw vilirallonH ( 
an olastio rod carrying a load of p(®) lb por unit length is 




where E is tho modulus of olastioity, I is tho moinont of inortia of tli 
oroffi-BOOtioiiai area of tho nxi about a lioniontal trauHvorso axis thnuig 
tho centor of gravity, and m is tlio masH por unit length. 

HxtU For small dafleabioiis tho bonding moment Af about a honioiili 
transverse axis at a distanoe x from tho end of tho rod is given by t1i 
Eulor formula M ^ El d^y/dx\ and tho shoariug load p{x) is givo 
by - p(x) 
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C Bhov ibaX hhe ■mnll loofitodliul Tlbnlkmf of a loog rod mJiAMij 
thfi /flffiwnya] nq naiAnn 

8*11 BdH 

whm V k Iht Hiipknmnegt of a point orlgliiAllj at a dkkuM a from 
tho end of ibo roil, A k the modohiB of oUatloltj, and p la fcba donity. 

Hinl, From tho ckAnhion of Yoonf'i TTwiilnhiM Un force coi a 
■MtHnnaJ am $ at A ctktam a unlta frani Uu otd of iha rod k 
Sf(fi%/dm)mt for 8«/8a la the witfiiynn por unit knfUi. On tfaa othor 
huidf the foTOQ on an olazomt of the rod of kmfth Am k pf 

T, If the rod of Prob, 0 k maxk of steal for which J ^ 29 • 10* ^ 
per aquaiD oentlmetar and wfaceo ipe^Qe KmTlt;f k 7.8, show that the 
Teiotdtj of propafaiion of sound in atool is neariy U 10* mL por 
■eeond, whieh k about 10 timoo as froat u tbo Toloaity of sooimI in air, 
Koto that the 04.1. lyvtflm M muit bo ciquMu d in djm p« Hpian 
onttmotiir 

110, Heat CondootlofL. Conaldor tbo slab oat from a body 
r by twD parBlloI pUinoa As unltH apart, und suppooo that tbo 
tempomturo of one of tbo idaiiw u u and that of tho aooond pbmo 
la u + Au, 1 1 la knenwn Tram Uio romilUi of cnqKirimentH that boat 
will flow from tho piano at tho bilker toinpomburo tn that at tho 
lowor and that tho amoiink of boat (lowing acrom tJie slab, per 
unit fluroa of tbo plimo fair aoeondj k appixudmatoly glTun by 

(ilO-l) k^. 


wfaoro ib b a ocnatanb oallod Lho tlionnal ounduottvlby* of tho 
milartanoo. If tho (IbtnncHi Aj Iwlwoai Lbo planoB b deonaaed, 
tbon tho limit of (llQ-l)i 


llm k ^ 



glTGi tho quantity of lioot (lowing ]wr woond per unit uoa of tho 
surfaoo wliQHo normal b dlrortod rUong ■, and tho quantity 
thi/dM glvoH tho rate of rhongo of Uunix^mUiro In tho dbooUoo of 
iDGTOfiAljlB ■ 

Now suiqxiHG that Lho Initial Uun|)oraturo of uuoh a body le 
clvon by 

« - A*, y. *). 


and that It b m|iiliT«l to fliul tho tomprraturo of Lho body at 

* T^dlmaoriDnsof k In Uuiii.fpt. ir^fUD an ok] /( am.-Bpa *0). 
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some lator inataiit t. It is kncrwn* that the funotiou v, 'whiol 
gives the tompoi'attiro at any later tune (, must satisfy the porUa 
dlfFereutlal equation 


/1 11V os ** i d*u\ 

where c 1b the BpociQo boat of the BubBtaiicei p ib the denait} 
of the body, and k la the oonductivlty t Equation (110-2) v 
ddiivod on the oaBumption that kj e, and p remain mdopoiiduiii 
of the temperature u, whereoa m reality they are not conetniii 
but vary slowly with the toini>erfttiirc Moreover, tills oquatioi 
la not true if thoro la any heat generated witliiu tlie body 
This equation muat bo solved aubjoct to cortaiu bouiiclar^ 
oondltiona 

Thua, if the body ib coated with some mibstonce which miikcf 
it imporviouB to heat bo that there ib no heat flow aoi’OHs the hui^ 
face of the body, then, if the cbreotion of the oxtenor noimal to tin 
body IB denot^ by n, this boundary condition can bo exprcHBW 
mathematioally aa 



to 

dll 


- 0 . 


On the other hand, if tlie mirfaco of tlio body radiatee hml 
aooordlng to Newton's law of cooling, ( tlion 

* ^ - Mu), 


whore U| ib the temperature of Uie surrounding nieiliiim and o it- 
a constant callod tho emissivity of the surface It can bo aliown || 
that, if the niitiol and surface conditioua are Bixx;ifiod, tlioii the 
problem of determining the temperature at any lator time I luis 
only one solution. 

It should be obBorvod that If the flow of hent la steady, bo that 
the tomperaturo u is independent of the time 1, then dii/0l = 0 
* Boo don^Uon of this oqantdon in Soo 180 

t Tlio dimonmona of o and p aro, nspcotivdy, in oAlorloe por gmm ixir 
dogroo oontigrado and gmms por oiibio oonbimoLor Tho ooiutant k/cp — it ” 
sq cm« per second u froquonliy oajlod tho diffuMinlj/ 

JSooSoo ISO 
I Soo Picblom 2, Boo 7S* 

d Fordotulcd troAtmontm Caralaw, "Intnxluobion to Lho Mathomatiual 
Theory of tho Conduotioii of Heat In ^bda 
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and (110-3) raduoeB to 

( 11 (M) ^ 


+ ^ + ^-0 


Thli la known aa I^Iilaoo'a equntloQ, bikI It ooonra fnqnaitly 
hi a Urge VBiiety of pliyvioal problouM. 

It may be remarked that bbo problctne of dUTnolon aod the 
drybif of poroua aollda arc govonied by im oquation idinnjLr to 
(ll(V-3)p AO tliat many probloma on dtffualan and boat ooDdnatkRi 
oje mathomatloaJIj India tingulihablo, 

ILL Btaady Heat How. CkaWdor a bugo rootangular plate 
of width dj ono Toog of wtiloh fa kept at tom- y 
pcnUms H « «ip wharoaa the othor faoe fa kept 
at bcraporaturo h ^ u%. If one fax« of tho ^ 

pinto fa iiliiood Ao an to oobiddo with tho 
ye-plano (Fig. 00) p tho mirfaoo oofulltioiiH can 
bo axprmod niabbomatloelly on 


(lll-l) 


- Hi 


whan * ■ 0, 
whan * — rf, 


and tho tomporatum u mimt atvtWy Rq 1 g 1 

(1 10-8) In bhfa fonnulotlon of tlio prublom, 
lb fa BHKUDinl Lbat tho plate nzteiidH IndoB- 
nltoly in tlin y- and f-dlrooUoiiHp a comkiilon 
tliat fa appnndmabod hv tho large rtMiUuigiilar 
plate if tho aitonblan fa iTHtrirled Ui tlio 
middle of tho plate With thnHo mtamiptJoiui, 
lb fa oloar that tlm toTfi[»raUirD u fa Indn- 
IKHidont of tho y- and f-counlmatoH ajid that (LLO-3) rodnexs to 


(III- 3 ) 


^-0 


whinh Ih to Iw moIvcxI milijeet to tlio wniditkAiH (1 1 l-l) 

Tlie HoluUoii of (1 1 1-3) fa ofwily fouml to Iw 

(II 1 ^) « • fliJ + Ol, 

where Cy and am aihllmry ronetontH which iniiat be dotarmliiad 
HG that (1 1 1-«8) Hatfafhw (I I l-l) SulmUtiitlng t ^ 0 and x — d 
In (111-3) glvm U| » Cl luid m — oid + r^, ho that 


Hi - Hi . 

H - — - * + Hi 
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gives tlie solution of the problem Reoalhng that the amount 
^ heat flowing per second per unit area of the plate Is 

^0u t 

A T- = A j 1 

dx a 


It 1 b seen that the amount of heat flowing In i see over the area 
A la given by 

Q = ^ («i - Ui)lA 

These resultn eon be ontioipatod from pliymosl 
oonsiderationB 

A more difficult problem will be solved next 
Suppose that a '* seml-lnflnito ’’ rectangular plate 
(that IB, the plato extonds uideflmtely m the 
' poBibve dirootion of tlio p-axu), of thickneea d, 
has its faces kept at the constant temiiemture 
u — 0, whereas its bnse y » 0 is kept at tem- 
perature u = /(i) (Mg 07) It is clear physically that the tem- 
perature u at any point of the plate mil be Independent of t, so 
that la this case (110-3) becomes 


••fw 


Pro 97 


( 111 - 4 ) 


Si* ^ Sk* 


The eolution of (111-4) must bo bo chonon that it Hatiufica the 
boundary oonditious' 


( 111 - 8 ) 


I f* = 0 
u = 0 
u = /(x) 
« = 0 


when a; ■■ 0, 
when X ^ d, 
when y ■■ 0, 
when y ^ ® 


The last condition rosiiltH from the olworvntion that the tom 
pemture deoroaacB ob the i>oiiit ih rhoHoii farthor and farther from 
the z-axiB 

In order to solve (111-4), rocoui'He w hiul to a Hchemo that 
often Huccoede m physioal problems Amu mo that it jh iXHHiblc 
to express the solution of (111-4) as tho product of two functions^ 
one of which is a function of x nJono and the othor a function of % 
alono Then, 


(111-8) t* - X{x)Y{y) 

Substitution of (lll-fl) in (111-4) and Kimplifioatiou give 
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im 


(111-7) 


1 I d«r 

“TV' 


It will be obeorved th»t the left msnlwr of (111-7) li • InnetlaKi 
of • tloiio, wiumu the right member Is a fmutioii y bIcdo. 
BIimo s ud V an IndepeodoDt vsiiibleB, Eq (111-7) oan bo tne 
onljlf oadi momber k equal toBome ooDstant, say — a* TT#«inw^ 
(111-7) oan be written as 

1 d*Z - . 1 d*7 , 

j-jp- - -o and y-g^ - o« 

or 

^ -H O'Z - 0 and ^ - oiF - 0. 

Tlw Unoariy IndepcudaiLfc Mlutloos* of those oqnjtlonB mre 

X idn o^p 
X - oo« «, 

r-r-, 

andf ahiM u — XYj tho pasribLo rlidoos for u aro 


« 


OOfI ox, 
fdn a*, 
oofl oxj 
6~^ rin ox. 


Tlio first two of thoBO iMrtimilAj solutiorui for u obviously do not 
>«tWy tho last ono of tlio boundary condltionH (111-^ The 
thini partiaular Holutloii ogh qx (Ioch not aatbify tho first 
of tho condltioiiH (J 1 1-6) But if i* 1 h cbowm as etu or, them 
u ^ 0 whon j « 0 end « ~ 0 when y * a> j and If a is ohoson 
ns w/d, wboro n bi on bitogoTp then 


(111-8) u ■■ 0^* sbi 

HatlAfloB all the ooTKlItlons (111-6), oxoopt u /(x) wlm v ~ 0 

It will B&tkfy this oondltlon bIho IT /(x) « Hbi 

Inismiioh as Eq (111-4) b llnoar, any ooDstuit tlnun a aohi- 
tlon (111-8) win bo ft nolubloii, lAd the mm of any numbor of mioh 
06. 
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solutloiiB 17111 bo a Bolutlon Eonoo, 


( 111 ^) 


u « 




8ln-j- 


Ifi a formal aolutlon When — 0, (111-0) boodmoA 


u = 



a> Bin 


nirx 


} 


whioh must reduce to f(x) But, m Sec 20, it wna bIiowii the 
tho ooustnntB On con be ohoeen bo that tho function le repreHcntiH 
by a Bonee of oinea Thoreforo, If 

5 Jo ~d~ 

thon (111-0) will aatiafy nil the boiindiu'v rondilionH of tlio pruL 
lem and henoc it ih tho required Holiition 

lUmlratum In tho prooodmg problem bupimma that /(x) — 1 an 
d - T Then 

a» “ - BUI nx dx, 
w Jo 

and the aolution (111-0) ui oaaily found to l>o 

ii — ^ am « H- j «iii + g Hin B* + * ^ 


PROBLEMS 

li Unng fclio rottiilt of tho illuHtmtlon jiwt aliovOf (HtinpiiUi tho ton 
poraturea at tho follo^vuig ixjlnto {t/ 2, 1), (ir/d, 2), (w/4, 10) 

S Obtnm tho solutmii of tho pnddcni trniiUNl iii Hoc 101) hy ahhiiiilIji 
tliat y can bo oxproaiod on tho pnMlucit of a riinoliuii of j alDiiG 1)3^ 
fiinotloii of I alone and fullnwing tho JirginiiniitH of Hen J 1 1 

8, Computo tho loan «f Iiont por day |Kjr tK{uaro motor of a large ctu 
oroto wall ^vhofio thlokuaw ih 25 oiii , If one faoo Ih kept at 0“C' and LI 
other at 30®C TJuo ib — 0 002 

4. A rofngDrator door ih 10 om thick and hna thn outHido tliinonHior 
00 am X 100 om If tho bomporaturo iiihhIu tho nifngi'ralor ih — I0®< 
and outado is 20^G and if k — 0 0002, And tho gam of htuit |)or ihi 
aoroffl the door by iiwiming tho Aow of boat to l)0 of tho Hamo imtni 
na that botqbs an inAnibo plato 

0 A BDinl-nifiiiito plato LO om In thiokiiom han itH faom kept at 0°( 
and Itu baao kept at 100®C Wliat la tlio Btoody-Btato Unnixiratuni i 
any point of the plate? 
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LUL Vulabl* Haat How CooildBr & rod of nnall xulfomt 
onia BootloQ lod of lengfii L li will be laoinod thAt the sutftoe 
of tho rod fa tniporvlatji to hoet end thet tho wtmIii of the rod ere 
kept it thfi ooutont tcmpontiiro « ■- 0°C At a eartain time 
( - 0, tho dktrlbutlaci of tompam- 
turo along tho rod la glvoo by 
H -/(s), Tho problom la to find tho 
tanporeburo at any point x of tho 
rod at any later tlmo t. 

In thk onao the tamperoton w la 
a fane lion of tho dlataneo along tho 
rod ind tho tlmo t, ao that, If the rod (Tig. 08) la plaoed lo u to 
oolnolda with tho a-axla, (110^ beooiM 

(lU-l) 

whoro a* h/of la the dtffuahrlty In iddlblaQ to naUafylng 
(113-1) tho nolutlon a moat aatlefy tho botmdary eaidlUona 

1 u — 0 whoa j — Ol, „ . 

.-0 ,han , - I } 

« - fix) whon 1-0 

AalnBoo 111, aammio that a eolation of (113-1) la glmi liy the 
product of two fuDoClonH, one a funotiun of a alouo and the other 
a function of t olono. Than, 

n - X(x)T(0, 

and tho milmtltutlon of thla Qxx)iTttdoii In (113-1) given, aftor 
nlmpUBoation, 

1 dr 1 rf*X 

"ar "■ 7 di* 

Thin ocpiatlon can hold only If oorh menbar of It b oqual to aomo 
oonetant, any —ff’ Tlioro nuult 

^ -I- aV*r - 0 and ^ ~ 0 

Tlio UttcaHy Indopondont nohitlona of Ukk) ordinary dlffamtia] 
oquatlons arc roadlly found to bo 

r - 

Z — OOB 

X — bn /Sx 



Tm. n. 
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Then, dnoe by hypotheau u = TX, the poeaible ohoiocs for u ore 

U « 008 jflz, 

u ^ ran px 

The first pnrtioular solution does not satiafy tho flmt one of tho 
oondltlona (112*2) If ^ is ohonon as mr/i, whoro n Is on Integer, 
than 

(112^) u = e 


satisfies the first two conditions of (112-2) but not the lost ono 
The sum of solutions of tlio typo (112-S), each multiplied by a 
constant, will bo a solution of (112-1), ainco the equation is linear, 
BO that 


(1124) 
is a BolutioiL 


— ni- 
5 V ' ran 


ran -j-a; 


For / — 0, (112-4) reduccB to 

nr 

^ a. Bill y 


vhich can be mado oqunl to /(x), provided tlint 


0, - ^ /(at) Hill ^ (Ix 

Then, 

(L12-6) tt «= J* /(x) Min dx j e “ ^ * niii ^y 

Hatinfiofl all tlio oonditioiiB of tlir problem and ih tlion’roru tlio 
required formal Mohitiun 

Noxt, coiiHider an Inflinto Hlab uf tlueknoHH I, ivIxmo raccK iini 
kept at temperature soro and ivLohc tomperatiiro in Uie iiiLonur 
at the time f =» 0 ie given by u » f(x) It ih clear that the 
Holiitiun of thin problem le mdeiiendcnt of y and e, bo tlrnt u HiitiHfloH 
tlio cMoroutial equation 

Bu , Shi 
ai “ ax» 

The boundary and butial conditions ore 


u - 0 
u - 0 
«=/(*) 


when I 
when X 
when 1 


® j- for all t, 
0 



PABTIAL DirrSEWNTIAL MQXJATIONB 


87B 


|1U 

Hie mathomAtioel fonmilAtian of thia problem la Irliwirintil wfth 
ihAt of the prooeding one, and tberoforo the sedutloa of the 
prohlcm la gtrai by (IISWJ) 

Thfl aolutlaiiM of other Important probloma on heat flow an 
ootUnad in detail In Froba. B and 6 at the end of thla aoetian. 


PROHLXMB 

L Bappoae that In the flrat inlilom of Bao, 119 the enda of the rod 
an Imporrloaa to hoai, inetead of boinf kept at no tempDraton 
The Tannolatkni of the problem In loeh a mm ta 


9u 

ST 


a* 


8H 



u -/(j) 


when m 

whoD J 
when L 



for all TaliM erf 1, 


0 


tihow that the aolntLoQ In thli oaae la y 

* - T + 2 'TT' 

wl«„ 

.. -^j;; /(,)«- -r-1-14 — 

L A laifD nKTtanppjIar IrtHi plate (Fig. OD) le 
heated thmoahout bo 100*C aiul li piaood In oun- ” ™ 

taet with ELJwl Intweon two Ukn platon oacb at 0*C The outer fan of 
than oubrido platcM am maintalEioH at (TG IHnl tho tomperaturo of 
the Inner faeci of tlio two plaUw aod the teiiipenitun) at bbo mklpolut 
of the Inner pdih 10 aie. after Lho platoi haYO boco put togtrfiinT OItoq 
a ^ 0 3 o^cA unlL 

HimL Tho boundary auiallUaee are 



of 

0* 

1 


1 : 


« - 0 
« - 0 

» - /(») 

wharey^j) h 0 whon 0 < j < I, 

f[3) la 100 whon \ < x < 2, 

/^) h 0 when 3 < z < 3 


when s 
when X 
wlion I 


g J fur uTl 1, 
0, 
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8, An liiflulated metfU rod 1 m. long hAB ita ends kept &t (TC.i and 
Inmal temporatuiD Is 50*^0. What Ib the temperature m the mlddli 
the irod at any suhsoquont tlnujT Ubo k ^ 1.02p e ^ 0 OO, and p ■■ * 
The faoefl of an InAnlte slab 10 ool thick bjo kept at temp O' 
If the initial tompamture of the slab le lOO^C , what is the state 
temperature at any Bubsoqnont tune? 

B. Lot tbo rod of Prob 8 have one of its onds kopt at (fO and 
othor at 10°C. If tho initial tomporatiiro of the rod Ib 50"C.j find 
tomperatnin of tho rod at any lator tune 

HvU: Let t\va onds of tlio rod bo at 9 — 0 and x ^ 100; tlusii 
oonditioBB to bo fiatia/lod 1^ tlio tomjiGraturo function u(9, 0 an* 
foIlowB ii(0, 0 — 0, ttflOOp 0 — 10, u(x, 0) — CO. Donoto the w 
tion of Prob 3 by then if tho function t0(9i f) BatlBlioH 

oonditlona 

^ - «*0. »(o, 0 - 0, wCioo, I) - 1(», uKx, 0) - n 

u(9, 0 v(9, 0 + 0 Will bo tho solution of tho pn)l}lom Asmi 

the Bolution te(9, 0 In tho form te(*i 0 "9/10 + ^(a:, i), do 
miiio tho function ^(x, f) 

0 Lot a rod of lon^h I have one of lU onds x 0 iniiiiitaincMl u 
temiicraturo u " 0, whilo tho heat is dimlpatod from tlio other t 
w ^ I aocoixUng to Uio law 



tho mitinl tomporaturo Ixi tt(x, 0) - /(x), wlioro/(x) w a proHonl 
function Chouse a particular milutloii of (112-1) in the form 

Hin fix, 

and show bliat the boundary ooiulitionH dnniand that 
a amfil " —h ran fll 

Wiitc this traoBoondontal equation in tho form 

tan ^ 

and show tliat it hau inAmboly many ixwitlvo real rootw^i, fit, 

Henoe, if 

«0 

u(x,0) -/(x) - ]£ A.am/SpX, 

nVl 

tliQu tlic solution hoB tlie form 


«(r, 0 



BjnamX 
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liu 

IIb funotimc (a — 1, S, ), in aid; ihinni to ba artfaac> 

anal hi the Inton] (0, 1), n th^ the MAfflekiite hi the Blntlai ui 
llvau b; (be lonoulE 

-4. - 

118. Ylbration at a Membnns. Coneldar an olastle 
bram, of Burfaoo deoalty p, which Id iUKlor imlform tcoaloD T By 
dcAnltlon the bcuslcm Ifl odd to bo uniform if tbo foroe (sortod 
acron a lino of unit length In the piano of tho membnmo b 
Indopcndoiib of the oiiaibation of tho lino It wU be ammed 

y 


Tta. loa 

that the plane of Uio nunbnmo oolnddcw with tho str-plwo of the 
ruotongular coordinate nyFtoni and that Uio dlni)larainoiit of any 
point of the niotnbmiie In the dlmotlon uomiaJ Lo tlio zy-iilano hi 
(lonotod by i Then a ooniddemtlon of tlra foroTH acting uixn 
the elnment dA of the mombreno (Fig 100) loodn to tJho equation 



whore — T/p, Tho analynb loading to (1 J 3-1) b quite idmllar 
to that UHod In deriving Rq (103-3) for tlie ^braUng atrliigp 
andf Juflt nil m Boo I08| the uiulcriylng luffuiuptloii Ikitd In that 
tho dlnplaaoinoTib i In not boo gruaL 

Hie solution of Llin jirulilnin of a vlbrntlng monibmno oonHUtn 
of doiormlnlng tlie function f « fix, 0i wlileli Katbdk« tl>o 
dlffomittAl oc|iiatlnii (113-1) oh well nn the boiindiiry ajul Initial 
oondlUoufl cliaraotensUn of the pailloulor phyide&l prablom under 
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oonBlderation. Theeo remarks 'will be illustratod by a bnof 
treatment of the ease in which the membrane Is oirouJar. In thiH 
oeae the shape of the membrane suggests the use of the oylmdrioal 
ooorebimte system In preTereuco to the reotaiigidar syntem. As 
will be seen pi'csontly, the choioo of cylindncol coordinates is 
made beoanso the boundary oondltious asnime particularly simple 
forms in those coordinates 

The transformation of (118-1) oan bo oeoumpllslicxl reatlily 
with the aid of tlie relations* ooniiooting oylmdrioal coordinates 
-with leotanguiar, namely, 

X = TQM 0, y — rsintf, 
or 

r = •%/** -j- y*, 0 = tan”' e = i 

It will bo noccMBary to oxpreia bHjbz^ and 5**/dy* in tcirniH of Ihc 


denvativcH of e with rofli>oct 

, to r and 0 Nowf 





0» 

Ot dr , 

Ot 00 





dx “ 

dr to 

00 Ox 



and 







dh 

Oh (OtY 

Oh at 

6h /dO" 

\* 0*0 Ot , 

n 

JUt 

dx* “ 

dr*\dx/ 

Ox'dr"^ 

00* \to, 

1 '^0z*00^ 

2 

dr dO dx Ox 

But 








_ X 

c t*oH 0 

d0 

^ y 


_ Hill 0 

Ox 

Vx* + y 


’ to 

x* + y* 


r * 

B*r 

y* 

ran* 0 

0*0 


2 

! hIiI 0 COK 0 

ax * " 

(x* + y*)^ ■ 

*■ I 

r 

c)x“ * 

(I* + y')* 


r* 


BubHtitiiting thoHt' valium in Iho oxpro&Hioii for givoH 

dh dh , . , diHiii’ 0 . 0 . dz 2 mn 0 coh 0 

, „ (— coH 0 Hin 0) 

Or 00 T 

Similarly, 

Oh t)*z - , OzQOB^ 0 , OH COH* 0 . Oz ( — 2 hiii (7 (oh 0) 

ay* = '*•«’ ® + ^-7" + do* "7* - + 00 

I n f ^ 

+ *drdA — ; 


* Suo Sop M 
^^ceHoc 30 


HU 
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ind (118-1) QBn bo wriltoD mb 

It WBfl nmarkod la Boo. 104 that tho sohitlcai of Buah an eq[n*- 
Uon oontalns two arbltnuy funotkoiB, and In ordar to maJm 
tho problvn deflidta It la noocnmry to know the Inllisl and 
boundary ooodltlonii. Unia, fuppooo that tho membrane li of 
radlui a and la fButoDod at tho odfloa. Then tt is evident that the 
aohitton of (US'S)* 

i - F(r, f, 0, 

moat natlafy tlio oondltlan f » 0 when r — a, for all vahna of L 
If, moTOovor, tho mombrano la dliitartod Initially Into nme 
mirfaoe whan nquatinii 1 h a function of tho radlua only (that la, the 
Initial dlatortlon la Indopondont of f), nay a ~ /(r) when ( » 0, 
than It Ih clnar that tho Milwoquont moLlou will pmorvo tho 
dreular nymmotry and that tho nolution wiU bo a funetkm of 
r and I only TlictKi orFodltionti aJono oro nut aufflolmit for tho 
unlciuo dotonninablon of tho funotloa 

» - f’(r, 0, 


and It la noeomry In H|Kwlfy Urn Initial volnolby of Uio manbnno 
in ordor to moko tho prolilom iioKnotly doflnlta If tho mam- 
bmno bt dbtortal and Uioroofbr rdnaaod from rwt, then 

^ » 0 whon 1 — 0 


Hlnro tho nolutlon la nwtumnl to Iw bidr|xqidont of 0 , (118-3) 
bcoonioi 

oiul lU hoIiiLiuii KtUbifyiii^ Ihn iMHiiKlary bjuI hiltliU csonthtlonii 

I - 0 wlicii r — a, 

j - JXr) when I - 0, 

whan t — 0 

will bo obtalnod by & motitod BlnilluT Lu Lluit iimid lu Boo. ill. 


(IIW) 
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Asimio tliat it 1 b poedble to exproaa the solution of (118-8) oi 
the product of two functions, ono of which is a function of r oloiu 
wheieaa the other Is a function of I alone, llieu, 

f - F(r, 0 - B(r)r(0 

Substitution of tills relation In (118-8) leads to 

or 

icpr^ ./id*s . 1 dB\ 

(IIW) + 

Sinco the left-hand mombei of (1 13-6) iBp by hypothefiUj a fiinc 
tion of t aloiiOp whercoa the right-luuid membor m a fiiTirtlon ci 
r alone, oooh mombor mnat bo ociiml to somo constant, nay — 
Hodoo, (118-6) Gon bo writton qb 

( 11341 ) ^ - 1 - = 0 

and 

( 118 - 7 ) ^ + 

where k m u/e 

Equation (113-0) is tho fnmilmr equation of mmiilc hnnnoni 
motion, and ICq (113-7) is iinsily rtMliinblo to the BchhoI wpialio 
by tho substitution z => Ar Thus, if j •» Ar, 


dR _ _ 1 ^ 

<lx <lr (lx It dr ' 

dx* ^ d* \S dr / ” A dr* dx ™ A* dr* ’ 
HO that (llS-7) ossumoB tlio form 


dx* X dx ' 


which posseesoB the solution (see Soo 100) 
B = J,(i) = Jo(Ar) 

Therefore, 


or 


t " RT = Jo{kr) wn ul 
f — >7’o(Ar) cos (id. 
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Bboe tliB lut ^ the boundau eoadltloea (113-4) reqolm 

^ — 0 when t — 0, 


It Ib neeeauy io rajeot the aohithm In To lv ing dn mL Tnrtho^ 
nu^ the flnt of tboee eondlUaoe dnmenHw that 


■0 that 


■ — 0 whoi r — 0 , 


a Ji(ha) ooe «4 >■ 0 


for all vahiee of L TUa oondltiai will be nUafled If the arUtniy 
Bonatant h 1b ao ohoaan that /•(ha) — 0 In othor worda, ha 



miiat be a root of tho BobboI funatlon of order aero (Tig. 101); and 
if the nth root cf /t(hr) k daootod by 

- h-o, 


then 


Bhiae h 


h. 

u/e, It follows that 


a 


tt ~ h^a 


Honoo, a BoluUon of (113-8) that naUnfla two of tho boundary 
ooodltloDB (113-4) 1 b ^von by 

/•(h^) OOB 

The Bum of any number of sueh BnluUom, onoh niuItJpllod by ao 
arbitrary ocootant, will bo a solution, bo that 


(118-8) * ” ^ A^IiOv) BOB bdsl 

win be a formal aoluUon of (113-8) 
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But irhfln ( « 0, tho sooond cf the boundary condition 
demoudfl that $ = /(r) Suico (113^) booomoH, for f " Oj 


m 

(118-9) » " 5) 

it follovB that, if it u possible to choose tlio cooiSoioiitH m thi 
Betiea (113-0) so as to moke 

(118-10) ^ ■ f(r), 

•-1 

then (118-7) will be the required formal solution of (113-8) whiol 
aatis^ all the oonditions (118-4) 

The problem of development of an arbitrary function in r 
senes of Bessel functions has boon disotisod in Soc 101, whoro n 
was mdioated that a suitably rostrlotod function /(r) can be 
expanded In a series (118-10), where 

“ iyirai* jo »• 

114. Laplace’s Equation. Lot it bo nHimred to dotormine 
the permanent temperatures within a hoIkI Hiihoro of nuliiiH unity 
whon one half of the surfooo of tho spliuiv is kept at the I'oiistonl 
temperature 0°C and tho other hnir is kopt at tlio (■oiistonl 
temperature 1”C 

From the disousaion of Soo 110, it is ovidont tlint tlio tompero- 
ture u within the sphere must aatiafy Ijaplooo's wiiuitlon 


fli* dy* flf* 


0 


The symmetry of the region within which tho tonipnmture Is 
sought suggests the use of sphcncol roonlinalrs If IjijiIocg’e 
equation is tranafonued witli tho aid of the rolntions* (Kig 102) 


X — r Hin 0 cos 
y ~ r un 0 am p, 
* ■> r cos J, 


m a manner similar to that omployod in Soo 118, the o 4 ]iiation 
becomes 


(114.1) .5^ 
* 9ee Ban. aa. 


+ 


1 d 

SUde 



, 1 ^ 
mn* 0 


0 
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It k Tinnwry to aeek a BotqtloQ of Uda oquatlon that will aatkfy 
the Initial oomUtkina 

If the place eopanting the unequally heated hmU phew U 
olKBeD ao that It oolnaldcH with 
the jy-plano of the ooardlnate 
■jntem and If the cantor of tbo 
sphere la takon as the origin, 
then It appean from aymmeky 
that It k nooenaiy to find tho 
tamperatunn only for that por- 
tion of the aphao iriileh Ua to 
tho right of tho o-pUce (bob 
F ig. 103 ) MonovsTjHlaaljBar 
that the tempermturcB will bo 
indopendont of w, ao that ( 1 14 - 1 ) 
boeomn 

(114.3) + 

ThoaoluUon of ( 114 - 3 ) moatboeheeoneoaato aatkfy the bound- 
ary oondltloaa 

««1 for 0 <#<g when r ■■ I, 

( 114 - 8 ) 

W "0 ror 5 <ft<r when r ™ 1 . 

\ ^ 

In order to hoIto ( 114 - 3 ), awiinio that Uio solution 
* - l^(r, #) 

k oxpnMdblo ss tho product of two funotionii, ono of whleh le 
Indepondaiit of 9 and tho othor Indopondont of r Thou, lot 

u - JJ(r)B(9) 

Tho sulMtlUiUon of UiIh azpraslon in (114-3) loads to iho two 
ordinary dUTorentlal equations 



and 

(114-4) 


r^-^K-O 


wfaoe a* U an arUtnuy oonatant. 
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' The Bist of those equations oan bo oipanded to road 


r» 


d'R 

■ 5 * 


+ ar^-M 


0 , 


vhloh IB an equation of the type treated In Boo 97 and the llnoai 
independent solutionfi of \rhich aro 

fi — and R — 

where 

« - + V^+H, 

ao that 


a* «■ Tft(m + 1) 

If this value of a is substituted In (114*4), this equation boooin 


The ohaogo of the independent vanablo 0 to x by moans 
X n 008 0 Leads to L^endro's equation 


+ 1)0 = 0 


If m IS an integer, particular solutions of this equation ora t 
Legendre polynomials 

Pm(x) - P.(C0fl 0), 

and hence the particular boIuUouh of (114-2) aro 


U : 

u 


r"P«(oo8 0), 

P«(coB 0) 

' r-l-‘ 


Tho second of these solutions evidently cannot bo iwod, for 
becomes infinite when r — » 0 Thorofore, It will Im lUHKwnry 
build up the expression for tho tompemturo u intliiii the splio 
from terms of the typo r“/’,(oos 0), whore m is a posltivn iiitrgt 
Consider the mfinite eonoe 


(114-8) “ • S d.rP.(oo8 0), 

mSo 

eaoh term of which satisfies (114r-2) When r 1, (114-j 
becomes 

■ 


u 
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lod, If It li ponlble to ohooee the uiuistannlned coostanta A, 
BOflh % wKj that (114-6) latlafifli tho boonduy oondltliins (114-^/, 
thm (114-6) win be the dnlrad nlatlcii of the pnblam. Now, 
It wu Indloated In Beo. 103 that a wrItAhly rMfarlotad fonethm 

f -^(») 

can be expanded In tho Intwal (—1, 1) in a eorla of Logoidie 
palynoinlilB In the form 

^(*) - i) o»P-(»), 

whan tho oooffldonta a« ato ctroti by 
(114-6) 0. - F(»)Pm(z) dM, 

In tho problom under oofuddmmtloDp 

« - /(I) - 1 for 0 < » < y 

*-/(•)- 0 for I < 0 < W, 

•o tiiat tho probloin la oqulralont to axpandlng F{x) na 

P[x) - X 

whero ^'(■) — 0 for —1 < * < 0, and F(s) — lfQr0<»<l 
If formula (114-6) In uaoil, lb la rnexllly foimd that tho nolntloi of 
(1 14-3), which aotkfloH tho lidtinl oondlUona (114-8), la 

a - j + ^rPj(oaB ») - gr*P,(ooii 9) 

+ 5 5 r*P,((»B 0) - 


PROBLRMB 

L ?1iul kho iteAdy-fitAto taxopormUin) Id a clnniUr pLite oT nuilia o 
▼biflh hAi ono hftlC of Ita dnmmforiuwo mb CTC and tho othor half ab 

io(rc 

IlbiL Un l^plaoD'a oquablon for bho pUno in polar Quordlnabaa, 

OhL Idu 


■nil iimo that w ■ A(r)6(l) u b Bon, 114, Hence, riiow that tho 
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phyaloally poBabla solution Is of the form 

«-a* + O|f 0 OBfl + fl«r* 000 2fl + o»r* oos 8(1 + ' ' 

+ 6if Bin fl + biT* Bln 2fl + 6ij'* aln 30 + ' ’ 


Dotormlne thii ooafllolonta ot and so as to B&tlBry the bounda 
oondltloiu. 

8> Show that lAplaoe’s equation In oyllndrioal ooordinatoe Is 
0*1* ^ 


and in spharlool oooidlnatea is 



+ 


1 6 
slnlM 



1 d*u 

+ 35^5? 


0. 


ft, ^ad tho Btoady-eUite (omporafcuro at aay ])olnt of a Bomlolroulj 
plate of ndliu a, if tho boimding diametor of tho plate us kopt at tl 
temporaturo O^C and tho oiroumforonoe in kopt at tho tominratu 
IWC 

ffirU: Ubo I^plaoe^B oquatlon for tlio piano In polar ooordinatoei namol 


dr* ^rdr “^r*dd* "" “ 


4. Oubllno the aolution of tho problem of tho dlatn button of tun 
porature in a long oylindor whoHO ourfaoo Its kopt at the oniiHtaiit tun 
poraturo loro and whoen initial tumixmiture m the intorlor la unity. 


F* Jg — '♦j 


1 


C D 


rto. loa 


IIS. now of Electricity In a Cable A nimpln prohinm < 
determining the dietrlbution of current and voltage in an oloc 

trioal cirouit^ wliuKe luioar dinuM 
Hioius are ro small that ono (‘ii 
disregard tho vnniibioii of tho n m 
along tho circuit, han born dismiKKo 
m Soon 00 and 01 This Nortio 
IS concomed mtli tho more cuiiipl 
oated problem of the flow of uIim 
tnolty in linear oonduotoie (such as telephone wired or submarin 
cables) in which the ourrent may leak to earth 
Ijofc a long imperfootly Insulated cable (Fig 103) carry ii 
oleotrlo current whose source us at A The current us aHHUmoi 
to flow to tho receiving end at R through the load B and L 
return through the ground It is assumed that the leaks orcii 
along tho oiitiro length of the cable because of imperfoctioiiH ii 
the insulating sheath Let the distanoe, measured along Ih 



HU 
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length ci the o*ble, bo dwwtrtl by a; then both Toltago and 
euiraat will dopond not only on tho timo I, but alu on the dli- 
toDoe x Aooordln^y, tho o.in.r Y (rolta) and the carnnt J 
(unpera) ue funothxifl of j and L The roletanoe of the n«>»1n 
wOl be denoted by R (ohma per mDo) and the eonduotanoe tmm 
Aeath to ground by 0 (mhos per mUe), It la known that the 
cable aota as an eleotroetatle oondensor, and the aapadtanoe ci the 
cable to ground p« unit Imgth ie asaatnod to be C (farada par 
mDe), the Indnotanoe per mOo will bo doioted by L (benrya 
per mUe) 

an elomont CD of the cable of loogth da. If the 
n.nuf la 7 at C and Y + dF at D, then the nhanjn In voltage 
aoran the elemoit da la iffoduixid by the reristanoe and the 
huhiotanoe dropa, so that one ean write 

dF - - (iBd* + ~Lda) 

Hie negative algn HigntHf that tho voltage le a deoroaslng fune^ 
tlon of a. Dividing thraui^ by da end pejadng to tho Hmlt ae 
dx — > 0 gtvon the equation for tho voltago. 


(IIM) 


As 


-IR 



Tho decraBHo Ln ourreut, on tho obhor hand, la duo to tho 
loakago and the action of tho cabin ns a oondonuor. Honoo, tho 
drop In current, dZ, ooron tho olomont ds of tho cable la 

dJ - -FOds - ^Cdi 

(H 

HO that 

(iiM) "._vo-c‘X 


BquatlonH (lifi-1) and (116-2) arc Hlmultaneoua partioJ 
diflonuiUal oquatloiui for tho vulLago (uul current. Tho voltage 
Y can bo nlimliiatod from LIicho oquatlons by difforondatlng 
(116-2) wltJi nwpocl to s U) obtain 

5? te ^ ^ ft* at 


Subetltutbig for AF/As from (1 lS-1) given 
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IJtG + LO~-C 


a*v 

dxdt’ 


from \rhloli d*V/ax dl oan be olmunated by ualiig tho oxprossloT 
for d*Y/dldx obtained from the difforantuvtion of (llfi-l) 
Ibiia, one is led to 

(IIM) ^~LC^~(LO + RO^-JtOT~0. 

A Blmllar oaloulation yields tho equation for V, namely, 

+ W-0. 


whleh la ideatloal m stnioturo mth (116-8) 

In general, it is impomble to nogloot tho oapnoltnnoo C of tho 
cable m praotloal applications of those oquatioiiM to pniblume in 
telephony and telegraphy, but tho loakngo 0 and tlio Iniluctanco 
L, normally, are quite ai^l Noglooting tho lunkago niul iiuluo- 
tanoe effects yields the folloivlng equations. 


(116^5) 

(116-8) 

(116-7) 

(116-8) 


Ox 

W 

Ox 

3 */ 

O'K 

dx* 


-IB, 


It Is clear from (116-7) and (116-8) that tho ]iru)ingnlioii of 
voltage and current, in this caso, is idonticnl with Ihr flow of 
heat m rods. 

In order to give an indication of tho uho of IIu^ho iHiuatioiiK, 
consldor a line I miles in loiigth, and let tho voltagn nl the Hiniri'o 
A, under ateady^tate conditions, bo 12 volts and nl tho roroiviiif^ 
end S be 0 volts At a certain instant { - 0, tho rcm'lving oiid ih 
grounded, so that its potential is roducod to aoro, but the pntoii- 
faal at the source is maintaiuod at its oonstant vnluo of 12 vuILh 
The problem is to dotermino tho current and voltago in tho lino 
subsequent to the grounding of tho roceiving mid 

It follows that one must solve Eq (116-8) subject to tho follow- 
mg boundary conditions 
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IIU 


Y ^ Qj &t 0 » I for aU i ^ 0 

In iddltion^ it fa neMnry to spodfy tho tnltlnl oancUtlaQ that 
HfnHhw the dlatHbutlaii of yolto^ In the Him at the time 1^0 
Nowj prior to the grounding of the Uno, the 7olUge y fa a fimo- 
lion of j bIoiio, bo thnt (llfi-S) liroi 



the nlutlan of whioh fa 

F — OlC + ,f, 

Bhioe, prior to grounding^ F — IS at s ^ 0 ind V '6*'At i — I, 
It foUowB that oi *■ —6/1 and ei ^ 19, k> that 

F - - ^ + la at < - 0. 


AooonUn^y, It h Pfloo —u y to And tho sotutlon of JSq (lU-8) 
■ubjoat to tho following Initial and boundary oondltiona, 


(IIM) 


7(0, 0 - 13, 7(1, 0-0, 

7(*,0)- + 


A rofaruiiOQ to Boc 112 ehowB that tho mothomatloal fonmilo- 
tlon of thfa problom fa rimUsur to that of tho prohlom of heat flow 
In a nxl| oxcrapt for tho cliff otqdoo In tho fominlatlcm of tho oml 
oondiUonn.* Now, tho vottagn V(z, 0 h) iho line, Bubaoquoiit to 
tho grounding, o&u bo thought of bb bohig mode up of a ateody- 
Htato dfatribution Vm{z) and tho tnjielont voltogo Fr(0j 0» whioh 
doorooBOB rapidly vrlLh tho dma Thiui, 


After tho lino hon Ikkui p^nMindodp thn volUigo at tho okIh of 
the Uno must Hntmfy tho following ouncUtJonH. 

y(0, 0 - 13 Olid F(i, 0-0 

It was noted bImjvo tliat the nteoily-Htoto cllairUmLlnn of voltogo 
fa B llnoor funoUon. of x, and ninno after tho hiiiHo of mmo time I 
tho Lraofllcint offoots wUl not bo folt, It followH tlint 

7 m ( x ) - - i^* + 13. 
bovYTTV, Prob, A, ftn, 113. 
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Thus, 

10 

(116-10) V(x, t) ^ + 12 + Vt(x, t). 


The boundary conditions to be satisfied by the transient 
voltsijge 7r(x, t) can now be determined from (115-9). Thus, 

7(0, 0 = 12 = 12 + 7r(0, 0, 

7(Z, z) = 0 = 7 t(Z, 0, 

7(x, 0) = ^ — h 12 = ^ — h 12 + y t{x, 0). 

Hence, the function Vt{x, t) satisfies the following initial and 
boundary conditions: 

7r(0, 0 = 7 t(Z, 0 = 0, 

Vt{x, 0) = 


Since it is obvious from (115-10) that Vt{x^ t) satisfies (116-8), 
it becomes clear that the determination of the transient voltage 
7r(a;, t) is identical with the problem of determining tlic dis- 
tribution of the temperature in a rod when the initial distribution 
is the linear function 6a:/Z. Referring to the solution (112-5) 
and setting = l/(i?C) give 


Vt{x, i) 




sin 


mrx 

ir 


Therefore, the problem of determining the distribution of voltage 
is solved. 

The magnitude of the current in the line is obtained from 
(116-6). It is left as an exercise for the readca* to calculate 
the expression for the current 1. It is easy to see tliat i\\{\ l,erin- 
by-term differentiation of the series for y 7 ’(.r, /) is valid for all 
values of ^ > 0. 

From the discussion of this problem, it is (*lear that the deter- 
mination of the temperature of a rod whose (aids ar(‘ k(^pt at 
different fixed temperatures and whose initial tern pcn^at lire is a 
function of the distance along the rod can be effected in a similar 
way. 

PROBLEMS 

1. On the assumption that the length I of the line in Sec. 115 is 120 
miles, R = 0.1 ohm per mile, and C = 2 • IQ-s farad per mile, find the 
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current in the line. Note particularly the behavior of the solution at 
i = 0. How do you account for this behavior? 

2. Find the e.m.f. in the cable whose length is 100 miles and whose 
characteristics are as follows: R = 0.3 ohm per mile, C = 0.08 micro- 
farad per mile, L == 0, G = 0. If the voltage at the source is 6 volts 
and at the terminal end 2 volts, what is the voltage after the terminal 
end has been suddenly grounded? 

3. A rod 1 m. long has one of its ends kept at the constant tempera- 
ture 0°C. and the other at 100°C. If the initial temperature of the rod 
is 50®C., what is the temperature at any later instant? The diffusivity 
0(2 is 0.04. 

4. A glass rod 10 cm. long has one end kept at the temperature 0°C. 
and the other at 20®C. until temperatures indistinguishable from steady- 
state are reached. At a later time the temperature of the cooler end 
is raised suddenly to 10°C., and that of the warmer end is kept 
unchanged. What is the state of the temperature in the rod? Use 

= 0.057. 

5. Solve Prob. 4 if the rod is made of silver {a^ =» 1.74). 

6. A silver rod 1 m. long, having thermal conductivity A; = 1.04 cal. 
per centimeter per degree per second, specific heat c = 0.066 cal. per 
gram per degree, and density p == 10.6 g. per centimeter, is kept at a 
temperature of 0®C. throughout. If the temperatures of its ends are 
suddenly raised to 100®C., what is the temperature of the rod at any 
later time i? 

7. Find the current in a cable 1000 miles long, whose potential at 
the source, under steady-state conditions, is 1200 volts and at the 
terminal end is 1100 volts. What is the current in the cable after the 
terminal end has been suddenly grounded? Use 7? — 2 ohms per mile 
and C - 3 • 10"^ farad per mile. 



CHAPTER IX 


VECTOR ANALYSIS 


The student who . has had an elementary course in physics or 
mechanics undoubtedly has been impressed by the unnatural 
procedure of decomposing directed quantities such as force 
and velocity into their cartesian components along the coordi- 
nate axes, subjecting these components to some analytical 
transformations, and, then, in the final analysis, forming a picture 
of the effect of the magnitude by studying the effects produced 
by its components. It must have occurred to him that it ought 
to be possible to treat such a quantity as force, which is inde- 
pendent of coordinate systems, without the artificial process of 
referi;ing it to an arbitrarily chosen set of coordinate axes. The 
present chapter answers some questions of this type and gives a 
brief development of the analytical shorthand known as the 
vector analysis. 

116. Scalars and Vectors. Some measurable quantities 
appearing in the study of physical phenomena can be completely 
specified by their magnitude alone. Thus, the mass of a body 
can be described adequately by a single number, say the number 
of grains, the temperature by degrees on some scale, the volume 
f by the number of cubic units, etc. A quan- 
tity that (after a suitable choice of the units 
of measure) can be completely characterized 
by a single number is called a scalar. There 
are also quantities, called vectors, that require 
for their complete characterization the speci- 
fication of the direction as well as the magni- 
tude. As a typical example of a vector 
quantity, one can take the displacement of translation of a particle. 
If a particle is displaced in a straight line from a position P to a new 
position P' (Fig. 104), then the change in position can be represented 

graphically by the directed line segment PP', whose length PP' 
equals the amount of the displacement and whose direction is 
from P to P'. Moreover, a force, of magnitude K dynes, that is 

392 
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directed northesist can be represented by a line seginent whose 
length is K units and whose direction coincides with that of the 
force. 

The initial point P, of a directed line segment representing ‘a 
vector, is called the origin. In a great many problems the loca- 
tion of the origin of a vector is immaterial, and this chapter, for 
the most part, will deal with such problems. • Accordiiigly,'^a 
vector quantity will be represented by a directed line segment 
whose origin can be chosen at will. From this graphical inode 
of representing vectors, it is clear that two vectors are regarded 
as equal if the lengths of the line segments representing them are 
equal and if their directions are parallel. 

In order to distinguish vectors from scalars, boldface type is 
used for vectors in this book. The magnitude of the vector A 
will be denoted either by |A| or simply by A, The equality 
of the vectors A and B will be denoted by the usual symbol, 
namely, 

A — B. 


If the magnitude A of the vector A is zero, then the vector is 
called a zero or a null vector. In this event the notion of the 
direction of the vector becomes ineaningless. 

117. Addition and Subtraction of Vectors. In formulating 
the laws of the fundamental operations of algebra for vector 
quantities, it is natural to be guided by the 
physical meaning of such operations. 

Thus, if the vector A represents a displace- 
ment of a particle, it is desirable to make 
the vector —A mean the displacement of 
the particle through a distance A in the di- 
rection opposite to that of A. Therefore, 
the vectors A and — A are equal in magni- 
tude but opposite in direction. Again, if P 
the paiticle is displaced from its initial posi- 
tion P to P', so thatPP' = A, and subsequently it is displaced to 

a position P" (Fig. 105), so that P'P" = B, then the displace- 
ment from the original position P to the final position P" can be 



Fia. 105. 


accomplished by the single displacement PP" — C. Thus, it is 
logical to write 


A + B = C. 
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This leads to the following definition of addition of two vectors: 
If the initial point of the vector B is placed in coincidence with 
the terminal point of the vector A, then the vector C, which joins 
the initial point of A with the terminal point of B, is called the 
sum of A and B and is denoted by A + B = C. This is the 
familiar ^^parallelogram law of addition^’ used in physics, and its 
immediate extension to three or more vectors is obvious. Clearly, 
the commutative and associative laws hold for vector addition. 
Thus, 

A + B = B + A, 

A + (B + C) = (A + B) + C = A + B + C. 

Subtraction of the vector B from the vector A is defined as the 
addition of the negative vector — B to A. Thus, 

A - B = A + (-B); 
and it follows that, if 

A + B = 0, 

then A = — B. 

If n is a scalar, then nA, or An, is defined as the vector B whose 
magnitude is JS = |n|A and whose direction is that of A if n is 
positive and is opposite to that of A if n is negative. If n = 0, 
then the product is also zero. 

A vector whose magnitude is 1 is called a unit vector. Thus, 
a unit vector ai that is directed along the vector A can be written 
as 



Since the multiplication of a vector by a scalar does not alter 
the direction but simply multiplies the magnitude, it follows that 


Also, 

and 


m(nA) = (mn)A = mnA. 
(n + m)A = nA + mA, 
n(A + B) = nA + nB. 


Thus, the rules governing the addition of vectors and the multi- 
plication of vectors by scalars are identical with those of ordinary 
scalar algebra, and one is justified in using the algorithms of 
ordinary algebra in solving .linear equations. 
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The equation of the line determined by the points A and B 
can be written down at once (Fig. 106). Choose an arbitrary 
point 0 as the origin and let a represent the position vector 
locating A relative to 0, and let b be the position vector locating 

J5, Then the vector AB = h - sl. IfPis any point of the 
line and is determined by the position vec- 
tor r, then 

r = ol + ip 
= a + s(b — a), 

where s is a scalar number such that 



s(b - a) = AP. 

Therefore, 

r = a + s(b — a) 

is the equation of the straight line, where s 
is an arbitrary scalar parameter. If s = 0, 
r = a; if s = 1, r = b; for s > 1, the point P will lie on an 
extension of AB, 

The proofs of many important geometrical theorems become 
surprisingly easy. For example, let it be required to show that 
the diagonals of a parallelogram bisect each other. 

Choose some point 0 as the origin, and locate the vertices of 
the parallelogram by position vectors, as shown in Fig. 107. 

Letii be the position vector of the mid- 
point of i4C; then, since A C = c — a, 

(117-1) ri = a-hi(c-a) = ?^. 

Let r 2 be the position vector of the 
midpoint of BD] then 


B 



(117-2) r 2 = b + J(d- 


b) = 


b + d 


But since the figure is a parallelogram, 

b — a = c — d or a-l-c = b + d, 


and it follows from (117-1) and (117-2) that ri and 12 are equal 
and hence locate the same point. 

Another proof of this theorem, although asymmetric in form, 
may be instructive. Let D be the point of intersection of the 
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diagonals of the parallelogram (Fig. 108), and choose the vertex 
P as the origin, Let 

PS = a . and PQ = b; 

then the diagonal PR = a + b, and QS = a — b. Now, 


DS = m(a — b) and PD = n(a + b), 
where m and n are certain scalars. But 



PD + DS^PS ^ a, 


so that 


m(a — b) + n(a + b) = a, 


or 


(m + n — l)a + (n — m)b = 0. 

Since a and b are not collinear, this equation cannot be satisfied 
unless m + n — 1 = Q and n — m = 0. Therefore, m — n = 


PROBLEMS 

,.j f. . ' , 

1. Show that the lines joining the midpoints of the opposite sides of 
a quadrilateral bisect each other. 

2. Show that the medians of a triangle intersect in a point. 

3. Show how to find the vectors A and B if their sum and their dif- 
ference are known. 

4. 'Discuss graphically the commutative and associative laws of 
addition of any three vectors. 

6. Show that a line from a vertex of a parallelogram to the midpoint 
of a non-adjacent side trisects a diagonal. 

6. Show that the equation of the plane determined by the three points 
A, Bf and C, whose position vectors are a, b, and c, respectively, is 

r = a + s(b — a) + Kc — a). 

7'. Show that the bisectors of the angles of a triangle meet in a point. 

Hint: Construct the unit vectors directed along the sides of the 
triangle; then, the resultant of the two unit vectors issuing from any 
vertex bisects the angle at that vertex. 

118. Decomposition of Vectors. Base Vectors. It follows 
from the definition of the addition of vectors that any vector A 
lying in the j)lane of two nori-collinear vectors a and b can be 
resolved into components directed along a and b. This resolu-r 
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tion is accomplished by constructing the parallelogram whose 
sides are parallel to a and b (Fig. 109). Then one can write 


A = a;a + 2 /b, 


where x and y are the appropriate scalars. 

If there are given three non-coplanar vectors a, b, and c, then 
any vector v can be expressed as 

V = a:a + 2/b + zc^ 

where v is the diagonal of the paral- 
lelepiped whose edges are rra, 2 /b, and 
zc (Fig. 110). The vectors a, b, 
and c are called the base vectors 



Fig. 109. 


and the scalars x, and z the measure numbers. It is clear 
that, if the base vectors are known and the measure numbers 
are prescribed, then the vector v is uniquely determined, since 
there is only one way of constructing the diagonal of a parallele- 
piped whose edges are known. Thus, for the specification of a 
space vector one needs three scalar numbers. 



An im|)<)rtant sfxx'ial case of the notion of base vectors is a 
system of thnn^ orthogonal unit vectors referred to a cartesian 
system of (coordinate axes. Let i, j, k be the base vectors of 
unit length tliat arc dii'cctcd along the j)ositive directions of the 
X- j y~ , and 2 :-ax(\s, respecctively (Fig. 111). It will be assumed 
herucefortli that the system of axes is a right-handed system, that 
is, such that a right-hand screw directed along the positive s-axis 
will advance in the positive direction when it is rotated from the 
positive a:-axis toward the positive y-axis through the smaller 
(90°) angle. 
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Any vector A can be represented uniquely in the form 
A = Agi + Aj/j + 

where A*, Ay, A* are the coordinates of the terminal point of the 
vector A. Since the coordinates of the terminal point are 
Ax, Ay, Az, the length A of the vector A is 

A = VAl + Al+Al 

The direction of the vector can be specified by the direction 
angles, that is, the angles which the vector makes with the 
coordinate axes. If the angles between A and the positive re-, y-, 
and 2 -axes are denoted by (A, x)^ {A, y), and (A, 2 ), respectively, 
then 

Aa = A cos (A, x), Ay = A cos (A, y), Az = A cos (A, 2 ), 

and, since A = \/Al + A^ + AJ, 

(118-1) cos^ (A, x) + cos^ (A, y) + cos^ (A, 2 ) = 1. 

Thus, the direction angles are not independent and if any two of 
them are specified then the third must satisfy (118-1). The 
cosines of the direction angles are called the direction comm. 

Since the projection of A in any direction s is (Kjual to the sum 
of the projections of the components of A in that same direction, 
it follows that 

As = A cos (A, s) 

= Ax cos (s, x) -h Ay cos (s, y) -1- A^ cos (,s*, 2 ). 

Moreover, 

cos (A, x) — COS (A, y) = cos (A, 2 ) = 

so that 

COS (A, s) = cos (A, x) cos (s, x) -f- cos (A, y) cos (.s, y) 

+ cos (A, 2 ) cos (s, 2 ), 

which is the familiar formula for the cosine of th(‘ angles bctwc'on 
the two directions specified by A and s. If A and s are orthogonal, 
then cos (A, s) = 0. 

PROBLEMS 

1. Find the components of the vector A = 2i — 3j -f 4k in tlie direc- 
tion of the two vectors whose direction angles are 70°, 40°, and 7°. 
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2. The vector whose magnitude is 10 units makes equal angles with 
the coordinate axes. Pind Axj Ay, Ag, 

3. Pind the direction and the magnitude of the vector whose com- 
ponents in the i, j, k system are 1, 3, 5, respectively. 

4. If the vectors of lengths a, a, -s/a are mutually orthogonal, what 
is the magnitude of their resultant and what are the angles between the 
direction of the resultant and the directions of the three vectors? 

6, What is the cosine of the angle between the vectors 

A "= 3i + 4j -h k and B = i — j -H k? 

119. Multiplication of Vectors. There are two kinds of 
multiplication used in vector analysis, scalar multiplication and 
vector multiplication. By the scalar product of two vectors 
A and B is meant the scalar quantity representing the product 
of the length of one of the vectors by the scalar projection of the 
other vector upon the first. The scalar product is sometimes 
called the dot product and is denoted by 

(A, B) or A . B. 

It follows from the definition that 

(A, B) = AB cos [A, B), 

Inasmuch as cos {A, B) = cos (J5, A), it is evident that 
(A, B) = (B, A), 

so that the commutative law holds for scalar products. If 
(A, B) = 0 and if A and B are both different from zero, then 
cos (A, JS) = 0, and the vectors A and B are orthogonal. Also 
(A, A) = since cos (A, A) = 1. From the definition of the 
scalar product, it follows that the distributive law holds for 
scalar multiplication, that is 

(A,B + C) = (A,B) + (A,C). 

Since the distributive law holds, 

(119-1) (A, B) = (A JL + Ay] -1- A Jc, BA + + B^k) 

= AxBj) -|- AyBy -h AzBs. 

This result is obtained by observing that 

(i,i) - (j,j) = (k,k) = 1 

and 

(i) j) = (j. i) = (i» k) = 0 = (3i k) = (k» i) = 
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Formula (119-1) is important in that it enables one to write down 
at once the scalar product of the two vectors whose cartesian 
components are 

A.XJ Az and Hxj Hyf JBz- 

The product obtained by the second kind of multiplication is 
called a vector 'product or a cross product. The vector pi'oduet 
of A and B is a vector C, which is normal to the phiiu‘ of the 
vectors A and B and so directed that the vectors A, B, C form a 
right-handed system. The absolute value or magiiitiuh' of C 
is equal to the product of the length of A by the huigth of B by 
the absolute value of the sine of the angle between them. The 
vector product of A and B is denoted by* 

[A, B] or AX B. 

Hence, if 

[A,B] = C, 

then 

0 = AB |sin (A, B)l. 

Numerically, the value of C is equal to the area of the parallel- 
ogram constructed with A and B as sides 
(Fig. 112). 

Since rotation from B to A is oj^posit e to 
that from A to B, it is ch^ar that: 

[A,B] = -[B,A], 

HO that the commutative la-w docs not. hold 
for vector products. The distrihul i\u‘ law 
holds imrostrictedly, and this will IxM'stah- 
lishcd for eoplanar vectors only. Tlu' })ro()f 
for space vectors requires a more complicated diagi-ani and can 
be constructed along the same lines by the siiidcmt. 

It is required to show that 



Fig. 112. 


[A-f B,C] = [A, C]-f-[B, C]. 

This fact will be established by observing that [A + B, C] is a 
vector whose direction is normal to the j)lauc^ of A -f B and C, 
which is also the plane of A, B, and C inasmuch as A, B, a,ncl 


* Since both notations are in common use, Uio rojuh'r is uig(‘(l to n'vvriio 
all formulas of this and the succeeding sections with jiid of t h(' dot, tuid 
cross notation. It is important to acquire equal facility in rending both 
notations. 
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A + B are always coplanar. Each of the vectors [A, C] and 
[B, C] is perpendicular to the plane of A, B, and C, so that the 
direction of 

[A, C1 + [B,C] 

is the same as that of 

[A + B, C]. 

It remains to be shown that the magnitudes of the vectors are 
also equal, that is, to show that 

|[A+B, C]1 = |[A,C]1+1[B,C]|. 

By definition the magnitude of a vector product is equal to the 
area of the parallelogram having the given vectors as sides. 
The parallelograms arising in this case have C as their common 
base, with the vectors A + B, A, and B, respectively, forming 
the second sides. Inasmuch as the parallelograms have a com- 
mon base, they can be com- q 
pared by comparing their al- 
titudes pSj rm, and qn. From ^ 
the geometry of Fig. 113 it is 
clear that 

n 

ps = rm -b ^n, 

so that the magnitudes of the 
vectors in question are also m 
equal. 

Since the commutative law 
does not hold for vector prod- 
ucts, care must be cx(n'cised not to ])ermute the order of the vectors 
entering into vector products. The definitions of the vector 
product and the unit vectors i, j, k lead at once to the following 
foimulas: 

[i, i] = [h j] = [k, k] = 0, 

[i> j] “ "" [j) i] “ k, 

[j,k] = -[k,j] = i, 

[k,i] = -[i,k] = j. 

If the vectors A and B are given in terms of their cartesian 
components as 

A = Axi + Ay] -b Azk and B - BA + By] + B^k, 
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the application of the distributive law gives the following results: 

[A, B] = [Aai + A„j + Bd + + BM] 

= i] + AyBdi, i] + ASdijs-, i] 

+ j] + AyBdh j] + j] 

+ k] + k] + A.Bdk, k] 

= {AyBx — AxBy)i 4 - {AxBx — AxBd)] 

+ i^AxBy — A.yjBx)k. 

This result can be written conveniently in determinant form as 

i j k 

(119-2) [A, B] = Ax Ay Ax ■ 

Bx By Bx 

120. Relations between Scalar and Vector Products. There 
are two important vector relationships that occur frequently in 
vector analysis, and their proofs will be indicated in this section. 
These identities are 

(120-1) (A, [B, C]) = (B, [C, A]) ^ (C, [A, B]) 

and 

(120-2) [A, [B, C]] ^ B(A, C) - C(A, B). 

The proof of the first of these relations follows at once from 
■geometric considerations. The vector pi'oduct [B, C] is numeri- 
cally equal to the area of the parallelogram formed by the 
vectors B and C, and the direction of this vector jiroduct is normal 
to the plane of B and C. Thus, (A, [B, C]) is miiiK'i'ically equal 
to the volume of the parallelepiped formed on the three vectors 
A, B, C. The two other scalar products (lan lx* interpreted 
similarly as being equal numerically to the volume of the same 
parallelepiped. It is easy to verify that in cartesian coordinates 

Ax Ay A z 
(A,[B,C]) = Bx By Bz- 

Cx Cy Cz 

The correctness of (120-2) can be established easily with the 
aid of (119-2). Observe that 

[A, [B, C]] = [A, iiByCz - BzCy) + KBzCx - BxCz) 

+ HBxCy - ByCx)] 

= i[Ay{BxCy - ByCx) ” A z{B zC x “ B xC z)] 

+ i[Ax{ByCz - BzCy) - AxiBxCy - ByCx)] 

4 - k[Ax(BzCx - BxCz) - AyiByCz - BzCy)]. 
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By adding and subtracting 

iAa^BxCx + jAyBjfCy + kAzB^Cz, 

the foregoing result can be written as 

[A, [B, C]] = i[BM.C. + AyCy + AzCz) 

— Cx(AxBx + AyBy + AzBz)] 

+ i[By{AxCx + AyCy + AtCz) 

— Cy(AxBx + AyBy + AzBz)] 

“f" k[Bz{AxCx "b AyCy -f- AzOz') 

- CziAxBx + AyBy + AzBz)] 

= B(A,C) - C(A,B). 

PROBLEMS 

1. Prove that (A, [A, B]) = (B, [A, B]) = 0. 

2. Prove that [[A, B], [C, D]] = C([A, B], D) - D([A, B], C). 

3. Show that ([A, B], [C, D]) = (A, C)(B, D) - (A, D)(B, C). 

4. With the aid of Prob. 2, show that 

[[A, B], [A, C]] = A(A, [B, C]). 

6. Given a vector whose initial point is at (2, —4,0) and whose 
terminal point is at (5, 8, 4), write this vector in the form 

iAz + iAy +■ kA,. 

6. Find the scalar and vector products of the vector of Prob. 5 
with a unit vector tliat makes equal angles with the coordinate axes. 

7. Rewrite the formulas of Sec. 119 in the dot and cr^ss notation. 

8. Show that the necessary and sufficient condition that the vectors 
A, B, and C be coplariar is that 

(A, [B, C]) = 0. 

9. Show that 

[A, [B, Cl] + [B, [C, All + [C, [A, B]] = 0. 

10. Let tlie A^, Y, Z system of axes be rotated about the origin so 
as to occupy a new position A'', F', Z\ Ixit tlio unit vectors along the 
X-, F-, Z-axes be i, j, k, respectively, and those along the X'-, F'-, 
Z'-axes be i', j', k', respectively. If Xj ?/, z are the components of the 
vector A referred to the X, F, Z system and a;', y', z^ are the compo- 
nents of the same vector referred to the X', F', Z' system, show that 

= x'(i, i') +/(i,j') + ^'(i,k'), 
y = x'ihY) +y'(hy) + k'), 

z = x'(k, i') + 2/'(k, j') -Y ^'(k, k') 
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and 

x' = x(i, i') + 2 /(j, iO + 2 !(k, i'), 
y' = x(i, j') + 2 /(j, j') + z{k, j'), 
z' = x(iy k') + yih kO + k'). 

These are the equations of transformation of rotation. 

121. Applications of Scalar and Vector Products. The work 
done by a constant force F producing a displacement s in the 
direction of the force is defined as the product of the magnitude 
of F by the distance s. If the direction of the force makes an 
angle 6 with the vector s, denoting the displacement, then the 
work done by the force F is defined as 

W = FaS = Fs cos 6j 

where Fa is the component of F in the direction of s. Thus, it is 

evident that W can be written in vector 
notation as 

Tf = (F, s) or TV = F . s. 

Two illustrations of the application of 
vector products will be chosen from dy- 
namics. Let the vector g> represent the 
angular velocity of a rotating body; that 
is, <i> is a vector whose magnitiuhi is the 
angular speed in radians i)er s(HH)nd and 
whose direction is parallel to the axis of 
rotation. The positive senses of o is 
chosen as that in which a riglit-handed 
screw would advance if the screw were rotated in the same direc- 
tion as the body. Let r be a vector locating any ])oint F of the 
body relative to some point 0. It is required to find the linear 
velocity v of the point P. If the distance of P from the axis of 
rotation is a, then (Fig. 114) 

z; = coa = cor sin (r, co). 

Moreover, v is normal to the plane of r and co and is so directed 
that o>, r, and v form a right-handed system. Hence, 

(121-1) V = [(o, r] or v = (o X r. 

If V, o>, and r are expressed in terms of their cartesian components. 


<0 




§121 

then 


VECTOR ANALYSIS 


405 



These are the well-known expressions for the components of the 
linear velocity in terms of the components of the angular velocity. 
It must be observed that the single vector equation (121-1) is 
easier to remember and thus possesses a distinct advantage over 
the cumbersome set of cartesian equations (121-2). 

Another example from dynamics will illustrate this compact- 
ness of the vector notation. Consider a rigid body r, and let 0 
be a fixed point in the body. Let the force F be applied at a 
point P, which is located by the vector r, whose origin is at 0. 
The force F establishes a torque, or moment of force, T which 
tends to rotate the body about an axis that passes through 0 
and is normal to the plane of r and F. The magnitude of T is 
given by 

r = rP |sin (r, P)|. 


In addition, r, F, and T form a right-handed system, so that 


T = [r, F] or T = r X F. 


It is clear from this formula that tlie torque docs not change 
if the force is displac(^d along the line of u(‘tion of the force. 

If 0 is chosen as the oi'igin of the cartesian coordinate system, 
then 

X = ix + jy + 'kz 

and 

F - iX + iV + kZ, 

where X, Y, and Z ar‘e tlie rectangular components of F. Hence 

i j k 

T = i7^. + j7V + k7’. = X y 

X Y Z 

and the cartesian components of the torque are given by 
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T, = yZ- zY, 

Ty = zX- xZ, 

Tz — xY — yX. 

122. Differential Operators. If in any region of space a 
function u is defined for every point of the region, then this 
region is called a field. It is assumed throughout the remainder 
of this chapter that the functions under consideration are single- 
valued, continuous functions, possessing continuous first space- 
derivatives in the regions under discussion. If the function u 
is a scalar point function, that is, if w is a function of the three 
variables x, y, z such that corresponding to every triplet of 
values X, y, zix scalar number u is defined, then the field is called 
a scalar field. Examples of such functions are the temperature 
and the electrostatic potential due to a charged body. If the 
function w is a vector point function, that is, a function that 
defines a vector at every point of the field, then the field is 
called a vector field. An example of a vector point function 
is the function representing the force at every point of the field 
under consideration. 

It will be shown in this section that, with the aid of certain 
differential operators, it is possible to associate a ve(‘-tor fiedd with 
each scalar field. This connection is of finidiiinontal im])ortan(‘e 
in many investigations in mathematical physics. 

Let a scalar point function u = /(:r, ?y, z) be defined in a certain 

region of space, and consider 
tliose points of the fiedd for 
which XI lias a fix(Hl value (\ 
The totality of jioints satisfy- 
ing the eciuation /(.r, y/, z) = C 
defines, in geiUM'al, a surfa(*e. 
Such a surface is calh'd a 
level surfa,(*(‘, sima' at (‘very 
point of tlunsurfaec' // has a con- 
stant value C. hvl fix, n,z) - 
and /(.r, ?/, s) - C + Ar 
define two neighboring hwel 
surfaces (Fig. 115). If one 
passes from the point P{x,y,z) on the level surfac(‘ C to some 
point Q on the surface C + AC, the change in the valuer of u is 
AC. This change is entirely independent of the path PQ, but 
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clearly the rate of increase of u per unit arc length PQ is not 
independent of the path. It is evident that the greatest rate of 
change of u will occur when the path PQ is chosen in the direction 
of the normal to the surface C. Hence, the maximum rate of 
change of u is 

T A-u du 
lim 


It is seen from the figure that, if ds makes an angle B with the 
direction of dn, then 

ds = dn sec Oj 

so that 


du du 
ds dn 


e. 


Let the unit vector directed along the arbitrarily chosen direction 
of the positive normal* to the surface be denoted by ni, so that 
the vector 

du 

dn 


is a quantity which represents in magnitude and direction the 
greatest rate of increase of w == /(x, y, z). This vector is called 
the gradient of u, and is denoted by grad u or by Vu.'\ By 
definition 

|Vu| s Igrad u\ = 


On the other hand, the derivative of u in the direction s is 


du 


d u \ ^ \ dv/. (h 

dx ds dy ds dz ds 


du / \ I du f . . du / 

= - cos («. + -- COS («, y) + cos («, .). 


Now, compare this ecjuation with i.he component in the direction 
s of the vector A == i/1 * + j/1 /, + k/l , (see Sec. 118). This 
component is 

As = Ax cos (.s, x) + Ay cos (,s, y) + Az cos (s, z), 
which suggests that dn/ds may be thought of as representing the 

* If tho BurfjuJO is dosed, then the direction of the exterior normal will be 
regarded as positive. 

t The symbol Vu is read “nabla lu” or “dd u ” 
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component in the direction s of the vector 


(122-1) 


.du,.du,,du 

‘to +>aS + ^S- 


Inasmuch as the maximum component of any vector is in the 
direction of the vector itself, (122-1) represents the vector 
measuring the greatest rate of increase of u. Thus, 


and 


The symbol 


_ . du . . du , . du 


i-i +(§)’+(!-:)■ 




is of frequent occurrence in vector analysis and represents a 
vector differential operator somewhat similar to the differential 
operators studied in Chap. VII. 

It should be borne in mind that the symbol V does not itself 
represent a vector quantity. It is mer(‘ly a syml)ol expressing 
the fact that certain operations of (lifforcMifialion are to be 
performed on the scalar function which follows it. ''riius, 
V{x^yz) means 


.dix^yz) 
dx dy ' 


+ k 


d{x^yz) 


= i2xyz -f j.r-c -f- k.r-//. 


It will be observed that this rc.sult is a vecd'Ur poinl. function 
which was obtained from the scalar point function x'hjz. Il(>nc(‘. 
Vw forms the vector field that is associated with the scalar 
field u. 

As a physical example of an importa.nt scalar fiehl, considei- 
the gravitational potential 4’ due to a conconf. rated mas.s* m, 
namely, 



where r is the distance from the point (x, y, z) to the point of 
location of the mass. It was indicated in Sec. (id that the com- 
ponents of force X, Y, and Z are given by c).|>/f).r, M>/(l 7 /, and 
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d^/ dz, respectively, so that the resultant force is 


F 4.k^. 

dy^’^dz 


Therefore, the gravitational force is equal to the gradient of the 
gravitational potential. 


PROBLEMS 

1. Compute the component of a vector Vu in the direction of a unit 
vector 


, dx , .dy 
^ ^ ds~^ ^ ds 


' d$ 


(b) u = + z^; 

{d) u = log {x^ + y^ + 2®); 


Hint: (Vu)s = (Vti, s). 

2. Find Vu, if 

(a) u = xyz; 

(c) U = {x‘^ + 2/^ + 

(e) u (x‘^ + y'^ + 22)-M. 

3. Show that 

(v.,..(v,v.,.(S)- + (|Hy+(g)-. 

4. If ds = i da; + j ^ 2 / + k dz, show that 

du — (ds, Vu). 


6. Compute the directional derivative at (1, 2, 3) of = a;* + 2/® + 2 ^ 
in the direction of the line 

X V _ z 

3 "" 4 “ 5' 

6. What is tlie greatest rate of increase oi u = xyz'^ at (1, 0, 3)? 

7. Show that 


(а) V{u + ?;) = Vw + Vy; 

(б) grad ( 7 //;) = V{uv) - uVv + vVu. 

123. Vector Fields. A definition of the line integral and a 
number of important theorems concerning such integrals were 
given in Chap. VT. This section will reestablish, with th(^ 
aid of the vec^tor differential operators, some of the rcsidts that- 
were obtaiiKul in Chap. VI. A different interpretation of tli(‘s<^ 
results will be found in this and succeeding sections of this 
chapter. 

Consider a r(‘gion of space in which a vector A is dcdiiusl. If 
Po and P are any two points of the region, which arc‘ joim^d by a 
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continuous curve C (Fig. 116), then a vector A is defined at every 
poilit of C. Choose 72 — 1 points which divide the curve into 
n segments As^, and form the sum 

(123-1) (A.-, ACO, 


where Ai is the value of A at Pi(Xj y, z), and AC,; is the vector 
whose rectangular components are Arr,;, Ayt, Azi and which 
joins Pi_i and Pi. Each term of the sum represents the product 
of the component of A in the direction AC,- by AC,;. If the sum 
(123-1) approaches a definite limit when the number of points of 

division is inci-eased indefi- 
nitely so that AC,; — > 0, then 
this limit is defined as the lino 
integral ds along the 

curve C. Thus 

n — 1 



lim V (Ai, ACi) = f A. rfs. 


A reference to S(h*.. (>0 will suf- 
fice to ('stal)lish the fact that 
this definition is e(|iiivalent to 
the on(‘ ])n‘vi()usly giv(‘n. 

In general, tlie value of this int(‘gral will (i(‘|)(unl upon the path 
C joining ih(‘ end |)oints 7^) and J\ Now, sui)i)ose that the ve<*t()r 
A is the gradient of soin<^ function u, that is, 


A - 



I • I 1 

+ 'a7/ + '' 


Ou 

dz 


The restriction tliat the vc'ctor A = i/l^, + is the 

gradient of u impli(\s that 


Similarly, 


dy dy d.r d.v dy dx 

OA, <1A, , dA, dA^ 

dz^ai 


These conditions are |)re(^isely the same as those' discovered in 
Sec. 63 and arc the necessary and sufficient conditions that tlie 
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expression 

Aoi dx + Ay dy + A, dz 

be an exact differential of some function u. 

If the vector ds is defined by the equation 

ds idx + i dy + kdz, 

then the line integral J^Aeds can be written as Jc (A. ds). 
Moreover, if A = Vti, then 

(A, ds) = + j + k i da: + j dj/ + k dz^ 

du j i du j , dtA j , 

HO that 

(123-2) .1. ds s (Vw, ds) = = u(x, y, z) p^ = up ~ «j.„ 

a result that depends solely upon the values of u at the end 
points of C. If Po and P coincide, so that the curve C is closed, 
then the value of tlie integral is zero.* This is a familiar result, 
which was diseusHcd in See. 03. The function u whose gradient 
is the vector A is called a 'potential function, and the integral 
(123-2) measures the difference of potential between P and Pq. 
The vector function A obtainable from a potential function u is 
usually called the force function, and it is clear that the integral 
(123-2) measures the work done in a forego field in moving from 
Po to P. In this (^ase (A = Vu) the integral around the closed 
curve C is zeu-o, and for that reason the field of force is called 
conservative. J^]xami)les of such fields ai’c gravitational and 
electrostatic fields of force (see Sec. Ofi). 

124. Divergence of a Vector. If some pliysieal (mtity is 
generated within a certain region of the field, t.hat region 
is termed a source. On the other liand, if the j)hysi(*al (udity is 
absorbed, then the region is called a sink. (Nearly, if then^ are 
no sources and sinks present in the fitdd, then th(‘ net, outflow of 
the incompressible physical entity ov(U‘ any ])art of th(^ U'gion is 
zero. If the total strength of the sources is greatcu- than that 
of the sinks, tlie net outflow is said to be positive, and conversely. 

* NotiO thnt the continuity of u and of its dc*riviitiv(>s throughout tho 
region enclosed by the curve C is assumed in the foregoing. In this coinioc- 
tion, see Example 1, Sec. 63, 
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Consider a volume element At (enclosing a point P) of a vector 
field. The net outflow per unit volume of a vector A over the 
surface of the element is 

J An d(7 

A<r 

Ar ’ 

where An is the component of A along the exterior normal to the 
surface of the volume element under consideration and A<r is the 
surface enclosing At. The quantity 

I An da 

lim , 

At 

where the limit is computed by shrinking At to the point P, is 
called the divergence of A at P and is denoted by div A. This 
quantity does not take into account the dirc'ction of tlie outflow 
and is therefore a scalar quantity. 

Inasmuch as it is inconvenient to compute div A directly from 
the defining equation 

r An da 
div A s lim — 






Ar 

it is desirable to develop a simi)lo rornuila for ilu^ computation 
of the divergence at any point of a v(‘c(.or fi('ld. L(‘t. the rec- 
tangular components of tlie vector 
A(.r, ?/, z) 1)(^ Ajf, and con- 
sider a point (.r, //, z) of the fi(h.L 
Surround tJu' point, witli a paral- 
lelepiped \vlios(‘ (‘(lg(‘s li:tv(‘ hnigths 
A.r, A/y, A^, in such a way t hat the 

1 point (.r, yy, z) is at t lu^ c(‘nt(‘r of th(^ 

parallelc‘pip(‘(l ( Mg. 1 17). ''fhe to- 
tal outflow of t h(‘ v(‘ej.or (luant.ity 
over th(^ surfa,(‘(' will 1)(‘ computed 
next. C'OnsidcM' first. t h(‘ front face 
of the parallelepiped, whose area is Aa ^ Ay Az. Th(‘ (‘omponent 
of A normal to this face, yl*, is responsible' for the' out, flow, and its 
value will be computed at the center of this front, face'. Now, 
if the volume element At is small, the approximate outflow over 
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An Ao- = (Ax) Ay Az. 

Moreover, the outflow over the back face which is parallel to the 
2 / 2 -plane is approximately 


AnA(T = — Ay Az, 


Then, the net outflow over the faces parallel to the y^-plane is 
[(-A*) Ax (A-u) Aa;] Ay Az. 

Proceeding similarly for the other faces gives two analogous 
expressions, and the sum of these three results yields the total 
outflow over the surface, which is given by 

(124-1) [(Ax) Aa; (Ax) A*] Ay Az -|- [(Aj/) Ay 

^/] Az + [(Aa) Aa (A*) A*] Ax Ay, 
V - 2 ^+2 *"-2 

If the value of (A*) , ax is computed in terms of the values of 

Ax and its derivatives at the point (x, y, z), there results 


(Ax) A® 


(Ax)x 4“ 




+ • • • . 


Similar expressions can be obtained for (Ax) ax, 

' X ^ 

2 


When these series are substituted in (124-1), the 
the net outflow becomes 


(Ay) , A|/; OtC. 
z/-t— g- 

expression for 


+ 

+ 




Ay Az 
Ax Az 


Since At = Ax Ay Az, the net outflow per unit volume i 


IS 


(124-2) 


(-ilr). + (f ). + (^). + 
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where 0{Ax\ Ay^, Az^) represents the terms of the series contain- 
ing the powers of Ax, Ay, and Az which are higher than the first 
and which vanish as Ax — > 0, A 2 / 0, and Az — > 0. 

By definition, the limit of (124-2) as Ax, Ay, and Az approach 
zero is the divergence of A at {x, y, z). Thus, 


div A 


^Ax I dAy dAz 
dx dy dz ^ 


where it is understood that the values of the derivatives are 
computed at the point {x, y, z). This formula enables one to 
compute the divergence of A easily when A is given in the form 
\Ax + ]Ay + kAz. It is worth noting that, if V is treated as a 
vector, then 




, i^a; + ]Ay + ki 4 


QAx , dAy dAz 
dx dy dz 


div A. 


z 


) 


Example. Consider the vector 


A = i3a:“ + j5xy'^ + kxyz^. 


Here, 


= Zx\ 

It 

A, - 

xyz\ 

and 

dA, 

= 6a;, 

^Ay 

dA, 



dx 


dz ” 

‘Axyz\ 

so that 


div A 

= ();r + lOxy 

+ :ix!Jz'K 



If the value of div A is desired at (I, 2, 3), it is tlusv^foin^ 


div A = 6 + 20 + 54 = 80. 


PROBLEMS 

1. Pind div A if 

(o) A = Lr + jy + ka; 

(6) A = i - + j - + k where r = \/ x- 
(c) A = i(a — y) -|- j(x - a) + k( 2 / - x). 


2. Show that 

_ dhi dhi . dhi. _ 

+ d? ^ ^ 

3. Compute V div A, where A = iAx + j.l „ + k.-l,. 
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4. Show that 


(a) div (u + v) - div u + div v; 

(h) div (uv) « V • (uv) = (Vuy v) + u(V, v) ; 

(c) div [u, v] = V • [u, v] = (v, [V, u]) - (u, [V, v]). 

6. Show that div [r, c] = 0 if r = ia; + + kg and c is a constant 

vector. 

6. Find div (w) if u = and v = ix + jy +lsz, 

126. Divergence Theorem. An important theorem eissociated 
with the names of Green and Gauss permits one to express certain 
integrals calculated over the vol- 
ume by means of surface integrals. 

It has many fruitful uses in applied 
mathematics and is commonly 
known as the divergence theorem. 

Consider a field in which a vec- 
tor A is defined, and let a closed 
surface be taken in this field. Sub- 
divide the volume enclosed by this 
surface into volume cells Ar<, and 
consider the divergence over one of these cells (Fig. 118). By 
definition, 



r An da 

div A = lim 

^,.,-+0 Art 

so that 

div A Ari == An A<Ji 


where Adi is the surface area of the cell Arf and €,• is an infinites- 
imal. If this equality is summed over the common surface area 
of two adjacent cells, Aa is identical in both, whereas in one 
coll is the negative of An in the other (for An denotes the exterior 
normal). Hence, the terms An Act will vanish over the common 
boundary. If tli^ summation is extended over the entire volume 
T, the only terms of the sum 2i3An Aa-i which will contribute to the 
result are those which involve the exterior boundary, enclosing 
the volume t. All the other terms will cancel each other in pairs. 

Now, let the number of cells be increased indefinitely in such 
a manner that Aa and Ar, which represent the surface and the 
volume of the largest cell, approach zero. Then, 


lim VAnA<rt= lim V div A Ar,- — lim V Ar*, 

A<r ~^0 At ”-+0 
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which can be written as 


(125-1) Jr ^ 

where the integral on the left is taken over the exterior surface S 
of the volume r and the integral on the right is extended through- 
out the volume r. The restrictions imposed on A in See. 122 
permit one to show that 

lim |5^€£Ari| < lim je^Artl = r lim lei = 0, 

At — ►O At— >0 At — >0 

where [ej is the value of the greatest |etl. 

Recalling that 


and 


An = cos (r, n) + Ay cos (y, //) -f ^4, cos ( 2 :, n) 


divA = M? + -^;'" + -^As 
dx dy dz 


enables one to write (125-1) in the form 


X 


[Ax cos (x, n) + Ay cos {y, n) -f cos (z, -/()] da 


-lit 


+ dr. 

cty dz / 


If the surface S encloses some sources ami sinks, llicn it is dear 
that the total normal flow (flux) of the pliysieal (Mitity o\'('r Ihe 
surface can be measured in two ways: (1) by sunmiiiifi; (li(> out- 
ward normal flux over the surface, or (2) by eomputiiip; the 
algebraic ,sum of the souret's and sinks tiiroughont ili(‘ \'olumc. 
Stated in words the divergence tlu'orem is: In <i rtrlor field the 
surface integral of the normal component of fux is eijiiol to the 
volume integral of the divergence taken thronghovt the rolienie. 

It is easy to establish, with the tiid of th(“ div('rgene(‘ t heorem, 
the following useful formula: 


(125-2) X Vu dr = tin defy 

where n is the unit normal exterior to the surface i; l)ounding the 
volume r. Indeed, 

n = i cos {x, n) -4- j cos {y, n) -f k cos (z, n). 
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Hence, (125-2) is equivalent to the three scalar equations 

u cos {x, n) daj 


^ rfr = J* COS (2/, n) d(Tj 
— dr = J' u cos (z, n) da, 


which are precisely the statements of the divergence theorem 
applied to the vectors iu, ju, and ku, respectively. 

Example. Verify (125-1) for 

A»i5 + j^ + k?, 

r *' r r 

where -h 25 ^ and t is the sphere — a^. The 

computation of div A gives 

dA^ dAy x'^ + 

and 

dA, x‘^ + v" 


so that 
Then 


(.r' +■ 

d_A 
dz 


{X^ + 2/2 + 252 ) % 


' (x*^ + 
div A = “• 


filivAdr = X~dT = 8 ^ fg" prHin ffdddv>dr 
= 4n-a‘'*, 

since dr == r'^ sin B dO (hp dr in spherical coordinates. On the other 
hand, since the normal component of A is directed along the radius r 
and since the vector A is a unit vector, it is evident that 

A ,i da — I ■ da = 47ra^. 

PROBLEMS 

1. If u is a scalar and A is a vector, show that 

div 7/A == u <liv A + (A, Vu). 

2. If n is an exterior unit-normal to the closed surface 2 and r is 
the position ve(‘-t()r of any point on 2, show that 

(n, r) do- = 3 t, 

where r is the volume bounded by S. 


418 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §126 


3. If u and p are scalar point functions and A = Vu and VHt = p 
(see Prob. 2, Sec. 124), show that 


f du j 



where r is the volume bounded by 2. 

4. Substitute for A in (125-1) the vector uVv, where u and v are scalar 
point functions. Then, 


div (uVv) dr = {uVv)n dcr. 


Show that this equation can be written as 


r rro j r j C (dudv dudv . du dv\ , 
u V ^ Js ^ Jr \^x dx dy dy dz ds/ 


In this last result set y = w and obtain another important theorem 
bearing the name of Green, 

X uVh, dr = X « gd<r - X (Vw, Vm) dr. 


6. Using Prob. 4, obtain the symmetrical form of Green’s theorem, 

X {uV^v - vVhi) dr = X (■» ti - " dID 

which is of frequent use in numerous iiiv(‘stig{itions in mathematical 
physics. 

126. Curl of a Vector. In S(H^s. (>8 and 123 t ln‘ n(‘(*(‘SHary and 
sufficient conditions for indopoTidonec' of (li(‘ palli of the line 
integral were given. It wall he shown in this s(‘eiion that these 
conditions are intimately connected with tJi(‘ notion of the curl 
of a vector, which will be dcveloi)od lU'xt,. 

If a closed curve G is drawn in a v(‘(*tor fi(hl, tlum the lino 
integral 

(126-1) £(A,ds) =f^A,fh 

depends in general upon the vector A and f.lio contour C. The 
value of (126-1) is called the circulation of A iirouiid the path C. 
If the circulation of A is zero for every closed pal li C {( hat is, if 
A, ds is an exact differential), then the v('cl.oi' fu'ld is said to bo 
irrotaiional; otherwise it is called rolalional. The r<'ason for this 
terminology will appear when the applications are discussed in 
Secs. 129, 130, and 131. 
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The average circulation of the vector A per unit area of an 
arbitrary surface S spanning C (that is, S passes through C and 
has C for its boundary) is 


(126-2) 


Sc (*■ 


which clearly depends upon the path C and the area of S. Con- 
sider a point P on 2, and let the contour C shrink to the point 
P. Then the limit of the quotient (126-2), if it exists, is called 
the circulation at the point P. It must be kept in mind that the 
circulation at a point depends, in general, upon the choice of the 
arbitrary surface 2. However, if A fulfills the conditions imposed 
in Sec. 122, there will exist a unique limit that is independent of 
the type of surface 2 and of the mode of approach of 2 to zero. 
It will be assumed henceforth that such is the case. 

It is possible to construct a vector whose component in the 
direction of the positive normal to 2 is the circulation at P; such 
a vector is called the curl of A at P and is denoted by the symbols 
curl A or rot A. Inasmuch as it is inconvenient to apply this 
definition for purposes of computation, it is desirable to develop 
a set of formulas for computing curl A when A = iAa, + 

+ is given. 

It will be observed that the definition of curl A is somewhat 
similar to that of div A given in Sec. 124. A procedure similar 
to that employed in developing the formula for div A can be used 
in deriving tlu^ expression for curl A, considering one component 
of curl A at a time. That is, one can ai)ply the defining equation 


Ic 

(126-3) curlnA= hm^*' 


to the elements of area Ao- tluit ar*e normal to the coordinate axes. 
As a result of sucli a development, it is found that curl A is a 


vector whose .r, y, z com])onents are 

curia A “ 

curly A = 
ciirlg A = 


dA^ 

dAy 

dy 

dz ’ 

dA X 

__ dA. 

dz 

dx ’ 

dA y 

dA. 

dx 

dy 
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Hence, in convenient determinant form, 


curl A = 


(126-4) 

Upon recalling that the operator V represents 


i j k 

AAA 

dx dy dz 
Ax Ay Az 


, d . , d , - a 

1 h 3 h k 

dx dy dz 


(126-4) can be written compactly as 

curl A = [V, A]. 

If curl A s 0, it follows that 

curl* A == curlj, A = curb A = 0. 

Hence, 


dA 


■V _ 


0 , 


dAx 

dz 


BAx 

dx 


0 , 


dA; 


BA: 


= 0, 


dAt 

dy dz dz dx dx dy 

which are precisely the necessary and sufficient conditions that 
Ax dx + Ay dy + Ag dz 
be an exact differential.* 

Example, Compute curl A if 

A = ixyz + ]xyz^ + iLv^yz. 


Since 


Ax = xyz, Ay ~ xyz-, At = r'*//s, 
curl A = i{x'^z - 2xyz) + jixy - :U-yz) + kiyz'^^ - xz). 


PROBLEMS 

1. Find curl A, if 

(а) A = ia; + ji/ + k?; 

(б) A = i ® + j I + k p r''! = *2 + ■)/■■! + 

(c) Find curl Vu where u = + ip -f- s-. 

2. Show that div curl A s 0. 

3. Show that curl A s 0^ if A = Vw, whore ii. is a s(*a.hu’ point function 
having continuous second partial derivative's. 

4. Show that curl curl A = — V‘A V div A. 

* In this connection see Prob. 3, just Inflow, 
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6. Show that curl A can be defined as 

lim ^ r [n, A] do*. 

Ar->0 At Js 

See Wills, A. P., Vector and Tensor Analysis, page 86. 

6. Show that 

(a) curl (u + v) = curl u + curl v; 

[b) curl (w) = [VUj v] + u[Vj v]. 

7. Show that curl r”t = 0 if r == lx + iy + kz. 

127. Stokes’s Theorem. This important theorem permits 
one to transform certain integrals calculated over the surface into 
line integrals. It can be stated as follows: 

Theorem. The line mtegral of the tangential component of 
a vector A around a closed path is equal to the surface integral 
of the normal component of curl A over the surface enclosed by the 
path. 

In symbols the statement of the theorem becomes 
(127-1) A, ds — curln A d<r, 

or, when written out in full, 

[Aa, cos (.r, s) + A// cos (?/, s) + A, cos (z, s)] ds 

Since 

, s dx . . dy . . dz 

cos (x, s) = cos (y, s) = cos (z, s) = 

it is obvious that the line integral in the left-hand member can be 
written as 

j^(A:,dx+Aydy + A, dz). 

A proof of this theorem, which makes use of the definition of 
curln A [see (12()-3)], can be constructed in a manner similar to 
that given for the divergence theorem in Sec. 125. If the surface 
bounded by the closed curve C, is divided into small triangular 
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areas Ao-., of which AABC (Fig. 119) is typical, then from the 
definition (126-3) it follows that 

curl„ A Affi = As ds -f e,- Ao-j, 

where the integral is extended over the boundary of the tri- 
angular area Aat and is an infinitesimal. Form the sum 

(127-2) curln A Ao-i = ^ r As ds + 2) 

i i ^ i 

where the summation extends over the entii'c area of S. The 
line integrals over the common parts of the boundaries of the 

triangles Aai cancel, for these com- 
mon parts of the boundaries will be 
traversed twice in opposite direc- 
tions. Thus the integral in the right- 
hand member of (127-2) represents 
the line integral around tlie curve C. 
If the number of triangular areas is 
increased indefinitely, (127-2) 
reduces to (127-1). The passage 
from (127-2) to (127-1) needs some justification, even though 
it may appear physically obvious. 

128. Two Important Theorems. There are two tlu^orems in 
vector analysis that arc of cardinal impoi‘tan(‘e in hydi-odynamics, 
theory of elasticity, and electrodynamics. 

Theorem 1. 2'he necessary and Huffi^nvnt condHion that the 
curl of a vector vanish identically is that the vector hr the nabla of 
some function. 

The proof of the sufficiency part of this tlu'orc'in was given as 
an exercise in Prob. 3, Sec. 12(); thus, assuming that A = Vu and 
computing curl A give curl A = curl Vu ^ 0. In onha* U) prove 
the necessity, assume that curl A ^ 0. Them, by Stokes’s 
theorem, 

Aa ds = curb; A dcr = 0, 

and, since the integral around an arbitraiy (‘losed curve C is 
zero, the expression Asds is an exact differential (see Sec. 123), 
so that 



A = Vu. 
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Theorem 2. The necessary and sufficient condition that the 
divergence of a vector vanish identically is that the vector be the curl 
of some other vector. 

To prove the sufficiency part, assume that A = curl B. Then, 
by Prob. 2, Sec. 126, 

div A = div curl B s 0. 

The proof of the converse is not so simple as that given in the 
preceding theorem. It can be made to depend upon a demon- 
stration of the existence of a solution of a certain partial differ- 
ential equation and will not be given here.* 

PROBLEMS ^ 

1. Show that (r, dr) = 0 if r is the position vector of a point on the 
closed contour C. 

2. If u and v are scalar point functions, show that 

J * dw , f du 

c^-^ds^ - 

3. A vector field A whose divergence vanishes everywhere in the 
region (that is, div A = 0) is called solenoidal. Prove that the neces- 
sary and sufficient condition that the surface integral J ^ (n, A) shall 
be capable of transformation into a line integi’al around the contour 
bounding S is that the field be solenoidal at all points of the surface. 

4, A vector field A is said to be lamellar j or irrotational, if curl A = 0 
in the region. Show that the necessary and sufficient condition that 

the field is lamellar is that ^ q (A, ds) = 0 over all contours C bounding 
simply connected regions. 

5. Show, witli tlie aid of Green’s theorem (Problem 4, Sec. 125), 
that a vector i)()int function A is iini(iuoly determined within a region r, 
bounded by a sui*face w, when its divergence an<l curl are given through- 
out r and the normal component of A is given over IS. 

129. Physical Interpretation of Divergence and Curl. From 
tho definition of the divergonce (See. 124), it is clear that the 
operator div api)li(^d to a vector function A gives at each point 
the rate per unit volume at which the physical entity is issuing 
from that point. If the vcc^tor A represents the flow of heat and 

Pho stud(uit who is iniorcsted in tho proof and applications of this 
th(^orcTn will find it profitable to consult the mathematical appendix of 
an excellent treatise on electrodynamics by M. Mason and W. Weaver, 
The Electromagnetic Eield. 
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if div A is positive at a point P, either there must be a source of 
heat located at P, or else heat must be leaving P so that the 
temperature at P is decreasing. If A represents the vector 
velocity of a fluid and if div A is positive at P, then there must 
be a source of the fluid at P or else the density at this point is 
decreasing. For an incompressible fluid a non-vanishing value 
of the divergence at P indicates the rate at which the fluid is 
being introduced or removed at P and thus gives the measure 
of the strength of the source or sink at P. If there are no sources 
or sinks in some portion of the incompressible fluid, then the 
divergence is zero at every point of such a region. 

The physical interpretation of the curl of a vector is not so 
simple as that of the divergence. It will bo shown that the curl 
of a vector function A gives a measure of the angular velocity at 
every point of the vector field. Lot the v(H*t()r A re])resent the 
velocity at every point of an incom[)ressible fluid, and at a given 
instant consider a small sph(M*e of fluid whoso (*(^nter is at the 
point P. At a later instant, this sphei‘e may have b(‘eu trans- 
lated to a new position, or it may have beiMi sul)je<d(Ml to a strain 
that leaves it no longer a sidiore, oi* it may ha\'(^ bcxui rotated 
as a whole about some definite axis. Th(‘ g(‘ii(‘ral motion of a 
small sphere of fluid is made up of tlu^ thr(‘(‘ fyp(\s of motion 
just listed, and the cairl of a V('(d.or gives tli(‘ measure of the hiwst 
one of the three enunua-atc'd. 

For simplicity the only case considen-ed will Ix^ that of rigid 
body motion. Let v„ be the instaiitmu^ous velocity of a, point 
P of the body. It is known that v„ can Ix^ iH'solved into two 
components, one of which is the v(‘lo(*ity of translation Vo of an 
arbitrarily chosen point 0 of th(‘ body, wh(‘r(‘as th(‘ oth(‘r is due to 
the angular velocity of rotation (.> of tlu^ body about a lino 
passing through 0. Let r be tlu' vixtor from O to P; tlnai the 
velocity of any point P of the body [sec^ (121-1)] is 


and 


Vj, = Vo + [w, r], 


curl V;, = curl Vo + ciii'l [(o, rj. 


Now the velocity of translation Vn, at a, givtm instant of time, 
is the same for all points of the body, and iKmec' it. is ind(‘j)(‘nd(‘nt 
of the coordinates .r, 7j, z of the points of the* body. Conse- 
quently, curl Vo = 0. If the point 0 is (*lios(m as tln^ origin 
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of coordinates, then r = he + jy + kg and, from (121-2), 

[w, r] = i{uiyz — u,y) -f- j(«^ — -j_ k(w«y — Uyx). 

Calculating curl [o>, r] gives 

curl [w, r] = 2(iw* ja)„ -{- kw,,) = 2(o. 

Thus the angular velocity of rotation <o, at any instant of time 
IS equal to one-half the curl of the velocity field v, ’ 

The following two sections contain applications of the diver- 
gence and Stokes’s theorems to the derivation of some important 
dineiential equations of mathematical physics. 


PROBLEMS 

1. Show that (liv [A, B] = (B, curl A) - (A, curl B). 

2. Show that curl [A, B] = A div B - B div A -f (B, V)A - (A V)B. 
The symbol C = (A, V)B is a vector whose components are 


C - A A 


C„ = A. 


dBy 


— 4- A ^ 4. A 
dx + 52/ + IF’ 


+ ^‘=1F’ 


SB, 


dB, 


SB, 




C. = A.r 

3. Show that 

(nirl iiA = u curl A + [Vm, A] 
wlicre It is a scalar point runction. 


130. Equation of Heat Flow.* The following derivation of 
tlic l'’()Mri(>r cciuatioii of l,<'at (low illiistratcw admirably the use 
of the (liv<Mgetie(> theorem in mathematical physics. 

Tt is known fnmi ('mj)irical results that heat will flow from 
l)oints at high(‘r tem|)(>ratures to (.h<)s(> at lower temperatures. 
At any point the ral.c of dem-ease of tiunjicraturo varies with the 
direction, and it is generally assumed that the amount of heat 
AH crossing an element of surface A<r in Al hoc. is proportional 
I'O the gri'atest rate ol decn'ase of the (('mperaturc u, that is. 


Afl = k A<t At 


da 

dn 


Define the vector q, representing the flow of heat, by the 
formula 


Sec also Sec. 110. 


q = -kVu, 
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'where fc is a constant of proportionality known as the thermal 
conductivity of a substance. [(The units of k are cal./(cm, 
sec. °C.).] The negative sign is chosen in the definition because 
heat flows from points of higher temperature to those of lower, 
and the vector Vu is directed normally to the level surface 
u = const, in the direction of increasing u. 

Then, the total amount of heat H flowing out in At sec. from 
an arbitrary volume r bounded by a closed surface S is 



since qn = —k dujdn. 

On the other hand, the amount of heat lost by the body r 
can be calculated as follows: In order to increase the temperature 
of a volume element by Au°j one must supply an amount of heat 
that is proportional to the increase in temperature and to the 
mass of the volume element. Hence 


dUj 

AH = c Au p At = c — At p At, 
01 


where c is the specific heat of the substance [eal./(gr. °C.)] and 
p is its density. Therefore, the total loss of heat from the volume 
r in At sec, is 

(130-2) 7/ = -A/ ^cprfr. 

Equating (130-1) and (130-2) gives 


(130-3) 




du 

Jt 


cp dr. 


Applying the divergence theorem to th(‘ k^ft-luind member of 
(130-3) yields 


Jdivqdr = - 


and since q = —IcVUj the foregoing eciiiation assumes the form 


(130-4) 



div { — kVu) + 

at 


dr - 0 . 


Now,* if fc is a constant, 


div {kVu) = /cV^w 


*Sce Prob. 2, Sec. 124. 



§180 VECTOR ANALYSIS 427 

and (130-4) becomes 

(130-5) J (^-kVhi, + cp ^ dr s 0. 

Since this integral must vanish for an arbitrary volume t and 
the integrand is a continuous function, it follows that the 
integrand must be equal to zero. For if such were not the case, 
r could be so chosen as to include a region throughout which the 
integiand has constant sign. 6ut if the integrand had one sign 
throughout this region, then the integral would have the samp. 
sign and would not vanish as required by (130-6). 

Therefore, 

-kV^u -t- cp^ = 0 

dt 

or 

(130-6) 
where 


Equation (130-6) was developed by Fourier in 1822 and is of 
basic importance in the study of heat conduction in solids. A 
similar eciuation occurs in the study of current flow in conductors 
and in i)roblems dealing with diffusion in liquids and gases. 

It follows from (130-6) that a steady distiibution of tempera- 
tures is characterized by the solution of Laplace^s equation, 

= 0 . 


W = 


h. 

cp 


It was assumed in this derivation that the body is free from 
sources and sinks. If there are sources of heat continuously 
distributed within r, then it is necessary to add to the right-hand 
member of (130-2) the integral 

y, z, t) dr, 

whei-e /(r, ?/, z, t) is a function representing the strengths of the 
sources. The reader will show that in this case one is led to 
the equation 


^ - 1 - L 

dt Cp 
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provided that the thermal conductivity of the substance is con- 
stant. Thus the presence of sources leads to a non-homogeneous 
partial differential equation. 

131. Equations of Hydrodynamics. Consider a region of 
space containing a fluid, and let v denote 
^^"‘-^o-the velocity of a typical particle of the 
fluid. The amount Q of fluid crossing 
( arbitrary closed surface Z drawn in 

I ^ I the region can be calculated by deter- 

\v j mining the flow across a typical element 

/ Ao- of the surface Z. A particle of fluid 
is displaced in sec. through a dis- 
■ tance v Lt ; and since only the component 

of the vector v normal to the element Ao- contributes to the flow 
across this element, the amount AQ of the fluid crossing Ao- is 

AQ == p^n Ao- a;, 

where p is the density (Fig. 120). 

The entire amount Q of fluid flowing out of the volume r, which 
is bounded by Z, in A^ sec. is 

Q — At pvn d<T. 

On the other hand, the quantity of the fluid originally con- 
tained in r will have diminished by the amount 


--“i 


for the change in mass in At sec. is nearly (Hiual to (dp/df) At At, 
and the negative sign is taken bee.ause p is a dcMnxuxsing function 
of t 

Equating these two expressions for Q gives 


(131-1) 


pVn da — 




Applying the divcn-gence theorem to the left-hand meinl)er of this 
equation gives 

C _ r J 


div (pv) dr 


-i 


div (pv) + ~ dr = 0. 



§181 


VECTOR ANALYSIS 


429 


Since the integrand is continuous and the volume r is arbitrary, 
one can conclude that 

(131-2) I? + 

This is the basic equation of hydrodynamics, known as the 
equation of continuity. It merely expresses the law of conserva- 
tion of matter. 

It has been assumed that there are no sources or sinks within 
the region occupied by the fluid. If matter is created at the 
rate kp{x^ Zj /), then the right-hand member of (131-1) should 
include a term that accounts for the increase of mass per second 
due to such sources, namely, 

J kp dr. 

In this event the equation of continuity reads 

4- div (pv) = kp. 


The constant of proportionality k is sometimes called the growth 
factor. 

Since the density p(Xj y, t) of a particle of a fluid, located at 
the point (a*, y, z) at the time t, changes as the particle is dis- 
plac(?d, the total derivative of p with respect to i is 


(131-3) 


jL ^ -U jL ^ ^ 

dt ~dt dx dt dy clt dz dt 


In this equation, dp/dt means the rate of change of density as one 
moves with the fluid, whereas dp/di is the rate of change of 
density at a fixed point. 

Upon noting that 


dt ^^dt 


-t-k 


(h 

di’ 


and 


i A. 


the formula (131-3) can be written as 


d^ 

dt 




(131-4) 
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Substituting from (131-2) in (131-4) gives 
(131-5) ^ = -div (pv) + (Vp, v). 


But div (pv) = (Vp, v) -t- p div v [see Prob. 4(5), Sec. 124], so 
that (131-5) becomes 


dt 


— p div V, 


or 

(131-6) 


div V = 


p dt 


It is clear from (131-6) that div v is equal to the relative rate of 
change of the density p at any point of the fluid. Therefore, 
if the fluid is incompressible the velocity field is characterized by 
the equation 

(131-7) div V = 0. 

If the flow of fluid is irrotational, then curl v = 0, and one is 
assured that there exists a scalar function such that* 


V = V<1>. 


Substituting this in (131-7) gives the differential equation to be 
satisfied by namely, 


(131-8) 




dr- d]j^ 


= 0 . 


The function is called the vvlocity polcniial, A similar result 
was obtained in Sec. 06 For the two-dimensional flow. 

If the fluid is ideal, that is, such that th(‘ forc'e (lu(‘ to pressure 
on any surface clement is always dii‘ect(‘d noi*mally to that 
surface element, one can easily derive h]uler’s ecjuations of 
hydrodynamics. Denotes th(‘ pr(‘ssur(‘ at any point of th(‘ fluid by 
p; then the force acting on a surface elemcait Act is — pn Aa, and 
the resultant force acting on an arbitrary closed suiface X is 

pn d(T. 

The negative sign is chosen because the forc'c due to pressure 
acts in the direction of the interior normal, whereas n ckMiotes 
the unit exterior normal. 

* Theorem 1, See. 128. 
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Let the body force, per unit mass, acting on the masses con- 
tained within the region r be F; then the resultant of the body 
forces is 

fr 

Hence, the resultant R of the body and surface forces is 
(131-9) R = J^FpdT — Jl^pndcr 

= Fp dr — Vp dr, 

where the last step is obtained by making use of (125-2). 

From Newton^s law of motion, the resultant force is equal to 

(131-10) 

where t = ix + + kz is the position vector of the masses 

relative to the oiigin of cartesian coordinates. It follows from 
(131-9) and (131-10) that 

and since the volume clement is arbitrary and the integrand is 
continuous, 

(131-11) p^ = Fp-Vp. 


This is the desired equation in vector foi-m, and it is basic in 
hydro- and aerodynamical applications. 

In books on hydrodynamics, the cartesian components of the 
velocity ve(^t()r dr/dl are usually denoted l)y u, v, and w, so that 


dr 

dt 


, , , , . dx . . dy , , dz 


Since u, v, and w are functions of the (H)()rdinates of the point ^ 
(o^, 2/, z) and of the time it follows that 


dt^ 


dx dt dy dt dz dt) 

,-{dv dvdx dv dy .dv dz\ 

^ \dt dx dt dy dt dz dt) 


+ k 


fdw dw 
\dt ^ 


(h 

dt 


4_ , 

dy dt 


dw 

dz dt) 
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Substituting this expression in (131-11) and setting F = 

]F„ + idFi lead to three scalar equations, which are associated 
■with the name of Euler. * 


(131-12) 


du , du , du , du 

5 + 5;“ + 55'' + 'a; 

dv , dv . dv , dv 

dw , dw , dw . dw 

1< +te“+5F"+ & 


w ^ - 

W = Fy - 

w = Fs — 


1 ^ 
p dx^ 
1 dp 
f> 

1 ^ 

p dz 


It is possible to show with the aid of those equations (and. by 
making some simplifying assumptions) that the propagation of 
sound is governed approximately by the wave equation 


dh 

dV^ 




In this equation, a is the velocity of sound and .s‘ is related to the 
density p of the medium by the formula. 



where po is the density of the medium at rest. 


PROBLEMS 

1 . Show that in the case of irrotational flow of a fluid the equations 
of the stream lines (that is, the (uirvos having the direction of the 
velocity v) are determined from 

dx _ dij __ dz 

Vx Vu ~ Vt 

Note that the stream lines are normal to the ocpii potential surfaces. 

2. Prove that for irrotational flow of a fluid the (*ir(uilation around 
every closed path is zero. 

3. In a certain two-dimensional flow of a fluid the velocity potential 
is $ = log (a;^ -|- y^). Find the componcritH of velocity, and show 
that a suitable stream function is Sk ~ tan^^^ (//AO- 

For various applications of those ociuiilions t,o prohh^nis in hydro- and 
aerodynamics, see L. Prandtl jind 0. (i. FundniniMitiils of Hydro- 

and Aeromechanics; L. Prandtl and 0. (J. Applied Hydro- and 

Aeromechanics; H. Lamb, nydrodynaini(*H. 

An exposition of the fundamontals of hydrodynann<!s will also be found 
Vt Introduction to Theoretical Physias, Chaps. V aad VJ; H. Lamb, 

Hydrodynamics. 
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4. Discuss the two-dimensional flow of a fluid for which the velocity 
potential is $ = ca;. What is the stream function for this flow? 

6. Find the velocity potential of a two-dimensional flow if the stream 
function is = 2xy, 

132. Curvilinear Coordinates. One of the chief advantages 
of the vector representation is that the equations appear in a 
form that is independent of the particular choice of the coordi- 
nate system. 

The choice of the coordinate system to be used in any par- 
ticular problem is dictated by the simplicity of the equation of 
the boundary of the surface entering in the problem. Thus, in 
treating the problems of Sec. Ill it was found expedient to use 
the cartesian system, because the equations of the boundaries 
of the rectangular plate are simply expressed with the aid of the 
equation x = const. The cylindrical coordinate system, on 
the other hand, was used in treating the problem of the vibrating 
membrane (Sec. 113), because the circular boundary of the mem- 
brane then has the simple equation p = const. Likewise, the 
advisability of using splieiical coordinates in Sec. 114 was dic- 
tated by the fact that the equation of a sphere is given by the 
simple relation p = const. In ellipsoidal coordinates the bound- 
ary of an ellipsoid is n^presented by the equation u = const. 

Up to this point the vector equations have been ^'translated" 
into the language of orthogonal cartesian coordinates, and it 
remains to translate the expressions for vaiious vector operators 
into the languages of other coordinate systems that are commonly 
used in applied mathematics. It will be seen that all the 
coordinate systems used in this book arc merely special ca^es of 
the general cuiwilincar system which will be discussed next. 

Consider the three independent functions u, v, iv of the inde- 
pendent variables x, y, 2 , 

U = fi{x, y, z), 

V = Mx, y, z), 
w = S»{x, y, z), 

where, by Independent funetioiiK, it Is meant that these equations 
can be solved uniquely for x, y, and z to yield 

X - (pi(«, V, w), 
y = (pziu, V, w), 
z = <pa(M, i), w). 
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For example, in the case of spherical coordinates the latter set of 
equations has the form 

X = p sin 6 cos <p, 
y = p&in $ sin <p, 

2 ! = p cos 6, 

where u ^ p, v = 6^ and w ^ (p; for the cylindrical coordinate 
system, they are 

X = p COB 

y = P sin d, 
z - z, 

where w == p, y = ^, and w — z. 

If Uj V, and w are assigned the fixed values Wo, ^o, Wo, respectively, 
the equations 

ffiix, y, z) = uo, 

(132-1) \ /2(^7 = ^0, 

2 /, 2 ) = 

determine three surfaces. Two of those surfaces intersect in 
general in a space curve, and the third interscHd.s the space curve 
in a point. Thus, a triplet of values (M), /;o, Wu dc'tc'rmines a point 
in space. The surfaces (132-1) are called the coordinate sur- 
faces, and the spa(^c curves in which (uxch pair of surfa(‘es intersect 
are known as the (coordinate liiucs. 

The rectangular coordinate system is a v(M*y sp(‘eial case* of the 
general curvilinear system which (cornesponds to th(‘ choice* 

fl 1 /‘i Vi /h •“ 

so that the surfaces in (picstion an* the planes 

X = y = /»(), = UH). 

The intersection of any two planccs is a sti-aight lim* and th(* third 
l)lane cuts this line in the point (?/o, Cn, VU)). 

If the three familucs of surfjwucs (132-1) int(‘rs(*ct, orthogonally, 
the coordinate system is said to Ixc orthogona-l. This s(‘ct.ion will 
bo restricted to the discussion of orthogonal syst(*ms only, for 
most physical problems can be treatced succc^ssfully with tlu'ir aid. 

Mxamples of orthogonal syshems that ai'c in fr(‘(pi<‘nt, use are 
the cartesian, spherical, cylindrical, and (‘Hipsoidal syslx'ins. In. 
s})lierical coordinates the surfaces (132-1) an* conc(*ntric s])heres 
p = const., a family of cones 6 = const, having a common 


VECTOR ANALYSIS 


436 


axis and vertex, and a family of planes (p = const, intersecting 
in one straight line. In cylindrical coordinates the surfaces 
(132-1) represent a family of coaxial cylinders p = const., a 
family of planes cp = const, intersecting in the axis of the cylin- 
ders, and a family of parallel planes z = const, that cut the axis 
of the cylinders at right angles. The ellipsoidal coordinate 
system makes use of the three confocal families of ellipsoids, 
unparted hyperboloids, and biparted hyperboloids. 

Although the expression for the element of distance ds in 
cartesian coordinates is 


ds = + {dyY + {dzY, 

it is not so simple in either spherical or cylindrical coordinates. 
In fact, if the polar coordinates (?•, &) locate a point in a plane, the 
cle ment of distan ce ds is given not by V(dr)‘'“ + {dsy but by 
■\/{drY -t- {rd9y\ where dr represents the change in distance 
measured along the radius vector and 
r do is the distance along the circular 
arc in the direction of increasing 6 
(Fig. 121). 

Similarly, in spherical coordinates 
the linear jdomont of distance is given 
not by \/ {dpy + but by 



V (<hy^ + (p (16)- +- (p sin 6 d(py\ 

where the distances in the direction of increasing p, 6, and (p, 
which arc dp, p dd, and p sin 6 dip, arc shown in Fig. 4(). 

By examining Fig. 47 the student can readily convince him- 
self that the distances in cylindiic^al coordinates in the directions 
of increasing p, 6, and z arc dp, p dd, and dz and that the element 
of distance is 

da = \/ (dp)- + Ip dey^ + (dzyK 

Tn general, the distaiuio da,^, ineasunHl in the direction of u 
between two surfaces for whicdi differs by an amount du. Is 

dSn — cidu, 

where ci is some function of u, v, and w. Similarly, 

ds„ = carfu 

and 

ds^ = ezdw. 
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The quantities eij ^2, cz can be calculated analytically; but in 
most cases the functions ei, 62, ez can be obtained directly from a 
figure by inspection, for they are those quantities by which the 
increments dUy dv, dw of the variables must be multiplied in order 
to give the distances measured in the directions of increasing 
u, V, and w. For example, in spherical coordinates the point is 
located with the aid of the numbers p, d, <p. Setting u = 

2; = one obtains, from Fig. 46 , 

dsp = dp, dso = p dd, dstp = p sin 6 d<p, 

30 that 

ex =1, ^2 = p, Oz = p sin d. 

In cylindrical coordinates, 

u — Pj V = 6 , w — z 

and 

dSp = dp, dso = p dOj dsz = dz. 

Therefore, 

ex == 1, 62 = P; ^'3 = 1. 

The analytic calculation of the (luantitic^s ri, Cz in the case 
of more complicated coordinate systems (‘an bo pcM'formed as 
follows: If the equations of transformation fi*om the (^artesian 
coordinate system x, z to tx e.urvilinear system Uj Vj w are 

X == <piiu, V, w), 

y == ^^ 0 ; 

z = <pz(u, V, w), 

then 

dx = ^ du + di) + dw, 
du dv dw 

with similar expressions for dy and dz. Forming (ds)^ — {dxY 
+ {dyY + {dzY with the aid of these (‘xp]-(‘ssions gives 

(*)’ - (Is * + Tw 

+ (^-f‘du + ?Sd. + f 

\du dv dw / 

= Qxx (duY + 2^12 du dv + 2(7i;{ du dw 

+ 2 fif 23 dv dw + g22 {dvY + gzz {dwY, 
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where the coefficients are expressions in terms of the partial 
derivatives. For example, 



If the system u, v, w is orthogonal, then it can be shown 
that Qii = 0 if i i, so that the quantities ei, e%, and es, defined 
above, are related to the ''metric coefiScients"' as follows: 

= V'gf22, cs = y/gzz- 

Frequently, it is found more convenient to express a vector A, 
not in terms of its cartesian components as + AJ + AJe, 
but in terms of its components in the direction of increasing 
% Vj and w. For example, in many problems requiring spherical 
symmetry it is found expedient to resolve a vector A in the 
directions specified by p, 6j and tp and ox pirns it in the form 

A = giAp + ^lAo + 

where 91, 61, and are the unit vectors in the directions of 
increasing p, and respectively. 

Consider a vector A that is expressed 
in terms of its components in tlu^ ?/-, 
and 'ti;-directions as 

(132-2) A = Uii4„ + ViAv + Wi/l„,, 

where Ui, Vi, and Wi are unit vectors in 
the directions of increasing u, r, and w. 

The expression for the divergence of 
(132-2) can Ix' obtaiiuxl by the use of Fia. 122. 

a method (Mnjiloyed in S(‘c. 124 . All that is necessary is to replace 
dr = dx dy dz by tlu'i (M)rresponding volume element in curvilineai 
coordinates (s(i(; Fig. 122) 

dr == ds^^ dso = C1C2C3 dii dv dw, 

and the elements of area dx dy, dy dz, dz dx, by 

d(Tuv = eie>2dudv, 
da-vw = C2^3 dv dw, 
d(T CiCzdu dw. 
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The result of such substitutions leads to the general expression 
for div A in curvilinear coordinates, namely, 


(132-3) div A 


1 

6102^3 L dU 


, djAyexes) d(A.»,eie2) 

dv dw 


Similarly, it is found that 


(132-4) curl A = ui — [ 

e^ez L dy dw 

_L V _L r d(^i^^) __ d((? 8 A ,,) 1 , ^ J|_ djczAy) 

^ 6361 dw J ^ CiCz du 


d (eiA^) 

dv 


The expression for the gradient of a scalar function is obtained 
readily, for 


so that 
(132-5) 


V<i> “ Ui 


dSu 


, d^ , 

+ V.5J-+W. 


d<l> 

dsj 


V4> = Hd^4-!i^4- 

ex du C2 dv Cz dw 


Inasmuch as div V4> == it is checked r(‘adily with the aid of 
(132-3) that 


(132-6) V24> = 


1 ^ / C2C3 , d f eiCod^lA 

6162^3 [dt^V ei du.J^dv\ ('2 dv / ^ dw \ ^du)/ 


If the appropriate values of ci, C 2 , cz, for various systems of 
coordinates, arc substituted in (132-3) and (132-6), the following 
important relations result: 

a. Polar coordinates in the plane: 


div A = 


1^ 

r 


v«<[> = - 

r 


d( rAr) , dAo 
~ df' ’ 

A 4 - 

dr V Or / 00 V' 00 ) 


6. Cylindrical coordinates: 


divA = i.%y 

P dp 


p dO dz ^ 
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c. Spherical coordinates: 

p* dp ^pBine 


= 




dp 


+ - 


1 


sin $ 


a (sin $ A b) , 1 a (Ay) 

aa p sin a a<p ^ 

1 at 

aa p^ sin^ a a^^ 


PROBLEMS 

1. Using (132-5), write the expressions for V<i> in cylindrical and 
spherical coordinates. 

2. Show that (132-4) can be written as 


curl A 



eiUi 

e2Vi 

esWi 

1 

£ 


± 

6162^3 

du 

dv 

dw 


CiAu 


63 A TP 


3. Express curl A in cylindrical and spherical coordinates (see 
Prob. 2). 

4u Show that = 1/p satisfies Laplace’s equation. 

6. Find the metric coefficients Qij and hence the quantities ei, € 2 , Ca 
for polar and spherical coordinates. Verify that, in these cases, 
On = 0 if i j. 

6. If the position vector of the point (w, v, w) is 

r = i<pi('w, /?, ir) + V, w) + kipniu, v, w) 

^ ix + iy + k 2 , 

show that the nud.ric coefficients are given by the formulas 
Qii - (a,-, a,), where at == dr/dii, ay = di/dv, an = di/dw. 

I tint: (dsY^ = (dr, dr). 

7. Referring to Prob. (>, show that the volume element is 

dr = ± (ai, [a-j, aa]) du dv div. 


8. The expression for (ds)“ in parabolic coordinates is 

(ds)“ = W + V“)[{du)“ -f (r/?i)“] + uVicLpY^. 

What is the form assumed by Laplace’s equation in these coordinates' 

9. Show that 

<h = p C.OS d H 

satisfies Laplat'.e’s ecpiation in spherical (coordinates. 

10. The force per unit charge <hi(c to a dipole of constant strength p 
IS given by 

p ^ r . A P 

I 

Compute div F and curl F. 


+ 0 , 
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COMPLEX VARIABLE 

133. Complex Numbers. The analysis in the preceding 
chapters was concerned principally with functions of real var- 
iables, that is, such variables as can be represented graphically by 
points on a number axis, say the x-axis of the cartesian coordinate 
system. The reader is familiar with the fact that the calculation 
of the zeros of the function /(a;) = bx + c,in the case where 

the discriminant — 4oc is negative, necessitates the introduc- 
tion of complex numbers of the form u + iv, where u and v are 
real numbers and i is a number such that = — 1. 

A number of the form u + iv can be represented by a point in 
a plane referred to a pair of orthogonal x- and 2 /-axes if it is agreed 
that the number u represents the abscissa and v the ordinate of 

the point (Fig. 123). No confusion 
is likely to arise if the point (w, v), 
asKSOciatcd with the number u + iv, 
is labeled simply u + iv. It is clear 
that the point (u, v) can be located 
by the terminus of a vector z whose 
origin is at the origin 0 of the coor- 
dinate system. Ill this manner a 
one-to-one correspondence is estab- 
lished between the totality of vectors in the .ry-plane and the 
complex numbers. The vector z may be thought to represent 
the resultant of two vectors, one of which is of magnitude u and 
directed along the x*-axis, and the other of magnitude v and 
directed along the 2 /-axis. Thus, 

z = u + iv, 

where u is spoken of as the real part of the complex number z 
and iv as the imaginary part. Therefore, if the points of the 
plane are referred to a pair of coordinate axes, one can establish 
a correspondence between the pair of real numbers {u, v) and a 
single complex number u -f- iv. In this case the xy-plane is 

440 
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called the plane of a complex variable, the a;-axis is called the 
real axis, and the 2/-axis is called the imaginary axis. 

If V vanishes, then 

z — u + 0- i=^u 

is a number corresponding to some point on the real axis. Accord- 
ingly, this mode of representation of complex numbers (due to 
Gauss and Argand) includes as a special case the usual way of 
representing real numbers on the number axis. 

The equality of two complex numbers, 

a + ib = c + idj 

is interpreted to be equivalent to the two equations 
a = c and b = d. 

In particular, a + ib = 0 is true if, and only if , o = 0 and b = 0, 
If the polar coordinates of the point (w, v) (Fig. 123) are 
(r, 6), then 

u = r cos 0 and t; — r sin 0 

so that 

p 

r — and 0 = tan“^ — 

u 

The number r is called the modulus, or absolute value, and 6 
is called the argument, or amplitude, of the complex number 
2! = w + iv. It is clear that the argument of a complex number 
is not unique; and if one writ(\s it as d -f- 2^7r, where —ir<6^ir 
and fc = 0 , ± 1, ±2, • • • , then 6 is called the principal argu- 
ment of z. The modulus of the (complex number z is frequently 
denoted by using abs()lut(^ value signs, so that 

r == |2f| = + iv\ = \/ u'^ + 

and the argument 6 is denoted by the symbol 

6 = arga;. 

The stu(l(Mit is assumed to be familiar witli the fundamental 
algebraic opcn’ations on (^oini)lex numlxu's, and th(\s(‘ will not bo 
entered upon in (hdail h(‘re. It should r(icalled that 

21 + 22 = (.ri + + (.r2 + m) = + 'iil/i + 2/2), 

2i • 22 = (:r, + iyi) • (^2 + = (;riu:2 - 2/P/2) + i(^i2/2 + 

^ 4 . i 

22 :r2 + iyi A + 2/1 ^2 + yl 

provided that IZ2I — \/xl + yl 9^ 0. 
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It follows from the polar mode of representation that 

Zi-Zi = ri(cos Bi + i sin fli) • j’ 2 (cos 02 -1- i sin ^2) 
= rir2[cos (01 + 02) + i sin (0i -1- 6 ^] ; 


that is, the modulus of the product is equal to the product of the 
moduli and the argument of the product is equal to the sum of the 
arguments. Moreover, 


21 n (cos 01 + i sin^) ^ ^ ^ _ 

22 n (cos 02 -h ^ Sin 02) ^2 " ^ 


so that the modulus of the quotient is the quotient of the modul'i arid 
ihj? argument of the quotient is obtained by subtracting the argzcrnent 



of the denominator from that of the rmmerator. If is a positive 
integer, one obtains the formulas of D(^ Moivrc, uamoly, 


2^ = [r(cos 0 + t sin 0)]'' = r“((‘<)s nO + i sin n0), 

1 

= {r[cos (0 + 2/c7r) + i sin (0 -|- 2fc7r)]}^‘ 

1/ 0 + 2/cx , . . 0 + 2hTr\ 

= r” I cos h % sin • 


n 


n 


so that 


= ZJ(cos <p + i sin (p)j 
6 4" 2/ct 


J 


V = 


{k = 0 , 1 , 2 , 


n 


- 1 ). 


This last formula can be illustrated by finding the expressions 
for the cube roots oi z = 1 — i. Siiuui u = 1 and w = — 1, it 

follows that r = y/2 and 0 = tan-> f^-)' Hence 
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cos 




+ i sin 


- I + 2Jbr ’ 


Assigning k the values 0, 1, and 2 gives the values of the three 
roots as (Fig. 124) 

^ [cos (- i) + i sin (- r)], 

0 ' 


and 


7ir , . . 7ir> 
cos 12 + ^ sm ^ 


= ^2(i 

Zi = -v/I ^cos ^ + 


% sin 


SttN 

V 


The following important inequalities will be recalled, for they 
are used frequently in this 
chapter. 

(133-1) l2i+32| 

^ 

that is, the modulus of the sum 
is less than or equal to the su7n 
of the moduli. Tills follows 
at once upon observing (Fig. 

125) that the sum of two 
sides of tlu^ triangle is not loss than the third side. 

(133-2) l2i + Z 2 I ^ Izil - I 22 I, 

that i.s, Ihc modulus of the sum is grcalor than or equal lo Ihe differ- 



Ccg,y2> 


Zj-’£2 



ri(j. 120 . 


cncc of the moduli. This follows 
from th<^ fa(d; that the length of 
one side of a triangle is not less 
than the diff(n*enoe of the other two 
sides. 

(13.3-3) Izil - jz-il 

[zi - z-il ^ |zil + Izjj. 
This follows from Fig. 12G. 


PROBLEMS 

Find the modulus and arguinont of 
in) 1 + i V-'l, (b) 2 + 2i, 


(c) (1 + i)/(l - »> 
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TT. 

2. If Zi - 36^* and z% — e find Zi • Z2 and Zi/zz, Illustrate the 
results graphically. 

3. Under what conditions does one have the following relations? 

ia) \zi + 22I = l 2 !i| + M; 

( 6 ) \zx + Z 2 \ = kl - 122!. 

4. Setting z = r(cos B + i sin B), show, with the aid of the formula 
of De Moivre g” = r"(cos nB + i sin nB), that 

cos 2B = cos^ B — sin^ B and sin 2^ = 2 sin B cos B. 


6. Find all the fifth roots of u nity, a nd represent them graphi(^ally. 

6. Find all the values of -^1 + and V t, and represent them 
graphically. 

7. Find all the roots of the equation — 1 =0. 

8. Write the following complex numbers in the form a + bi: 


(a) Vt; 

(b) VT=1; 

(c) (1 - V3 ir; 


id) 


(1 + i)^ 

1 - i ’ 


ie) 


2 - V3i 

' i + i ■ 


9. Express the following functions in the form u + iv: 


(a) r- i; 

g +i’ 


(c) 2 “ - 2 + 



10. The conjugate of a complex number a + ib is (Icfined as a — ib. 
Prove that 

(а) The conjugate of the product of two complex numbers is ecjual 
to the product of the conjugates of the complex numbers. 

(б) The conjugate of the quotient of two (complex numbers is (Mjual 
to the quotient of the conjugates of the complex numbers. 


134. Elementary Functions of a Complex Variable. A com- 
plex (luaiitity z = X + iyj where x and y are null varial)l(^s, is 
called a complex variable. If the assigimi(uit of valuers to z 
determines corresponding values of some expression J{z), then 
J{z) is said to be ei function of the complex variable z. For example, 
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the values of f{z) can be determined by recalling that, if a? — x 
+ iyj then 

gs — ^2 __ 2/2 4- 2ixy. 

So long as the functions under consideration involve only the 
operations of addition, subtraction, multiplication, division, and 
root extraction, the discussion of Sec. 133 provides methods of 
determining the values of these functions when arbitrary values 
are assigned to z. Thus, if f{z) is any rational function of Zy 
that is, the quotient of two polynomials so that 

f/.N _ + • • * + an 

boz^- + + • • • + 

there is no difficulty in ascertaining its values. The discussion 
permits one to ascribe a meaning even to such an expression as 



For, if « = X + iy^ then 

— 1 = \/x2 — 2/^ “ 1 + 2ix2/ 

= [r(cos ^ i sin 6)Y^y 

where 

r = V(a:" - Z/’* - 1)'' + 4xV and d = tan-^ — --- f — 

X 2/ ““ 1 


Applying Do Moivrc’s formula gives 

-v/gi! — 1 = r^'^^[cos y 2 {^ + 2A7r) + i sin + 2fc7r)], (fc = 0, 1), 
and therefore, 


yz 


1 V 


6 4“ 2fc7r . . 
cos i sm 


e+_2k7r\ 
2 


r 


ik = 0, 1). 


Matters become somewhat more involved when it is necessary 
to define transcendental functions of z su(4i as 


c% sin Zj log Zj etc. 

It is evident that it is (hssirablo to define these functions so that 
they will include as special cases the corresponding functions 
of the real variable x. It was indicated in Sec. 73 that the series 


«2 

= 1 +^ + 2 ! + ^! + 
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■which converges for all real values of x, can be used to define 
the function e®, where z = x + iy, so that 




+•■(=' -I-: 


+ ^ - 
^ 5! 


)] = 


e*(cos y i sin y). 


Also, from Sec. 73, 

QVi _L g-l/i 
COS y = 2 ^ 

sm y = 


These formulas lead one to define the trigonometric functions 
for a complex variable z as 


cos z = 
tan z = 
sec z = 


Qzi Q—si 


sin z 
cos z 

cos z 


sin z = 


2 ^ 

, cos z 

cot z = - . > 

Kin z 


CSC z 


sill z 


It can be easily verified by the reader that these definitions 
permit one to use the usual relations between these functions, 
so that, for example, 

sin‘^ z + coK*'^ 2 : = 1, 

sin {zi + 2 : 2 ) = sin Zi cos 22 + cos Zi sin 2 : 2 . 

The logarithm of a com})lex number z is defined in th(‘ same 
way as in the real variable analysis. Thus, if 


then 


w = log z, 
z = e”'. 


Setting w ^ u + iv gives 

z == = e"(cos V + i sin v). 

On the other hand, z can be written as 

z ^ X + iy r(cos 0 + i sin 0). 
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r(cos 0 + i sin 6) = 6“(cos v + i sin v), 

which gives 

== 7’, y = ^ + 2A;7r, (fc = 0, ±1, ±2, ± * * ■ ). 

Then, since u and r are real, u = log r, so that 

(134-1) w u + iv = log z = log 7’ -|- (^ + 2hn)i. 

Hence, the logarithm of a complex number has infinitely many 
values, corresponding to the different choices of the argument of 
the complex number. Setting fc = 0, one obtains the principal 
argument of log 2 , if it is assumed that — tt < 0 ^ t. 

It is obvious that (134-1) provides a suitable definition of 
log z for all values of z with the exception of 2 ; = 0, for which 
log z is undefined. 

The definition (134-1) permits one to interpret the complex 
power tt? of a complex variable z by means of the formula 

. qXO loff z • 

ajid since log z is an infinitely many-valued function, it follows 
that, i\\ general, z'^ likewise has infinitely many values. 


PROBLEMS 

1. Verify the formulas 

(a) c‘i ■ r*a = 

(b) siir*^ 2 + cos- 2 = 1; 

(r) cos (zi + S'i) = cos Z[ (!os z^ — sin Z[ sin z<i; 
(d) (H)s iz = cosh z] 

{e) sin iz == i sinh z. 


2. Represent grapliically the complex numbers defined by the 
following: 

(a) loffi; 

(c) log (I - Si); 


3. Show that 


(^0 

ib) 


, 1 - 1 

tan z — -r ■ ■ “I — r ; 

i -f- r 

, . + I 

COtZ ^ l -77; r- 


(d) IS- 
(c) «'*•. 
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4. Express tan z in the form % + iv. 

6. Express sin z in the form u + iv, 

6. If a and b are real integers, show that 

= r*e"*>®[cos (ad + b log r) + i sin (a$ + h log r)]. 

7. Write in the form r(cos 6 + isin d) 

(a) (1 + lY] id) V; 

(h) (1 - (e) 

(c) 

136. Properties of Functions of a Complex Variable. Let 

w = f(z) denote some functional relationship connecting w with 
z. If z is replaced by a; + iy, w can be written as 

w = f(x + iy) = u(x, y) + ivix, y), 

where u(Xj y) and vix^ y) are real functions of the variables 
X and y. As an example, one may consider the simple function 

w - = (x iyY = - 2/2 + 2ixy, 

If X and y are allowed to approach the values .To and 2/n, respec- 
tively, then it is said that the complex variable z = x + iy 
approaches zq = x^ + iy^. Thus the statement 

z-^Zq^ or X + iy Xo + ^2/o» 
is equivalent to the two statements 

X Xo and y — > 2 / 0 . 

Since /(^o) is, in general, a complex number, one extends the 
definition of continuity in the following way: The f unction f(z) 
is said to he continuous at the point z = Zo provided, that 

(135-1) Siz) -^f(zi)) when z Zi). 

Since f(z) = w(rr, y) -h ivix, y) and /(so) = u(xo, ?/o) + ?>(.ro, 2 / 0 ), 
the statement (135-1) implies the continuity of the functions 
u(x, y) and v(Xj y). If the function f(z) is continuous at every 
point of some region R in the ; 2 :-plane, then J(z) is said to be 
continuous m the region R. 

The complex quantities z and w can be represented on separate 
complex planes, which will be called the g-plane and tlui 'u;-plane, 
respectively. Thus the functional relationshii:) w = f(z) sets 
up a correspondence between the i)oints (Xj y) of the 2 !-plane and 
the points (u, v) of the le-planc (Figs. 127 and 128). 
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If the variable z ^ x + iy acquires an increment Az, then 
(Fig. 127) 

z + Az = (x + Ax) + i{y + Ay) 
and 

Az = Ax + iAy. 

The change in -u; = /(a), which corresponds to the change Az in 
z, can be denoted by Aw (Fig. 128), and one defines the derivative 
of w with respect to z to be the function/' ( 2 ) such that 

(135-2) /'( 2 ) = lira ^ 


where the limit must exist and be independent of the mode of 
approach of Az to zero. 



It should be noted that this requirement, that the limit of 
the difference quotient have the same value no matter how Az 
is allowed to approach zero, narrows down greatly the class of 
functions of a complex variable that possess derivatives. Thus, 
consider the point P in the z-plane that corresponds to 2 = a; + iy, 
and let Q l)e determined by 2 + A 2 — (a: + Aa:) + i{y + Ay). 
In allowing the ])oint Q to approach P, one can choose any one 
of infinitely many paths joining Q with Py and the definition 
(135-2) demands that the limit f{z) be the same regardless of 
which one of the paths is chosen. 

Let it be assumed for the moment that w ^ f{z) has a unique* 
derivative at the point P) then 

* It is assumed throughout that we arc fioncornod with singlo-valued 
functions; licncc, the discussion of the derivatives of such functions as 
■\/jr — Zy for example, is restricted to a study of one of the branches of the 
function. 
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(135-3) /'(«) = lim M, 

Az-^Q AjS 

where 

f(z) = u{x, y) + iv(x, y). 


If Q is to approach P along a straight line parallel to the a;-axis, 
then Ay = 0^ Az = Ax, and 


(135-4) 


dz dx dx ^ dx 


On the other hand, if Q approaches P along a line parallel to the 
2 /-axis, then Ax = 0, As: = i Ay, and 

(135-5) f = = + 

dz I dy t \dy dyj 

_ dv .du 

“ dy dy 

Since the derivative is assumed to exist, (135-4) and (135-5) 
require that the functions u(x, y) and y (a;, y) satisfy the conditions 


(135-6) 


^ dv dv _ du 

dx dy dx dy 


These are known as the Cauchy-Riemann differential equalions, 
and the foregoing discussion proves the necessity of the condi- 
tion (135-6) if f{z) = u{x, y) -t- iv{x, y) is to possess a unicjiKi 
derivative. 

In order to show that the conditions (135-6) are sufficient for 
the existence of the unique derivative/' ( 2 :), one must suppose that 
the functions u{x, y) and v{x, y) possess continuous partial 
derivatives. * 

It is not difficult to show that the usual formulas for the differ- 
entiation of the elementary functions of a real variable remain 
valid, so that, for example. 


dz^ 

dz 


— nz^ 



d sin z 
dz 


cos z, etc. 


As an illustration of the application of the formulas (135-4) and 
(135-5), consider the calculation of the derivative of 


^ = g*+iw 

or 

w u + iv = e»(cos y + i sin y), 

* On^y the existence of these derivatives was required in the proof of the 
necessity. See references at the end of Sec. 14). 
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e» cos 2/, V = e® sin and it follows that 

Bv, du 

^ cos y, ^ sin y, 

Sv . dv 

Qy. - e» sin y, = «* cos V- 

Since Eqs. (135-6) are satisfied and the partial derivatives are oon- 
tiixuous, dwjdz can be calculated with the aid of either (136-4) or (135-5) 
Then, ^ 

dw 

= 6» cos 2 / + ie” sin. y = e*. 

The functions of a complex variable z that possess derivatives 
are called analytic or holomorphic. * A point at which an analytic 
function ceases to have a derivative is called a singular point. 
It is possible to prove t that, if /(z) is analytic in some region R 
of the z-plane, then not only the first partial derivatives of u and 
V exist throughout the region R, but also those of all higher orders. 

This last statement loads to an important consequence of Eqs. 
(135-6). Differentiating (135-6) gives 


A ( _ d 

dx\dx/ dx\dyj 
and adding gives 

Similarly, one obtains 


and 


A ( ^ ^ A 

dy \dx/ “ dy / 


dx^ 

dh 


d^u 


+ = 0 . 


+ 


dy^ 

dh) 


= 0. 


dy^ 

Hencej the real and imaginary parts of an analytic function satisfy 
Laplace^ s equation. 

On the other hand, if a function u{Xj y) satisfying Laplace\s 
equation is given, one can construct an analytic function f(z) 
whose real part is u. Multiplying the first of Eqs. (135-6) by 
dy and the second by dx and adding give 


7 d/j dr , 

av = dx + -~dy = 
dx dy 


(In j du , 
(hj ^dx^ 


Then, since dii/dy and dii/dx are known, 
(135-7) 


rU.n) / 

?/) = ( - 

JixihVQ) \ 


/(■ro.j/o) 

* Tlu) t(‘rni regular is jilso uho<1. 

I* S(^o S(‘(^ 140 . 


dll , du , \ 
■ di 


dy 
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where the line integral (135-7) will not be ambiguous if it is 
independent of the path joining some fixed point (xoj yo) to 
the point (x, y). Applying the conditions for the independence 
of the path,* namely, 

\ ^v) ” 

gives 

dx^ ^ dy^ 

which is precisely the condition assumed to be satisfied by u{Xj y). 
Since the line integral (135-7) depends on the choice of the point 
(xqj yQ)f it is clear that the function v{Xj y) is determined to 
within an arbitrary real constant, and hence the function 
f{z) = u iv is determined save for a pure imaginary additive 
constant. 

It may be further remarked that the function ?;(x, y) may 
turn out to be multiple-valued (if the region of integration is not 
simply connected) even though u{x^ y) is single-valued. The 
connection of analytic functions with Laplace’s equation is one 
of the principal reasons for the groat importance of the theory of 
functions of a complex variable in applied mathematics, f 


PROBLEMS 

1. Determine which of the following functions are analytic functions 
of the variable z = x iy\ 

(а) x - iy\ 

(б) - 2/2 -h 2ixy] 

(c) H log (a;2 + 2 / 2 ) + i tan-i {y/x ) ; 

{d) x/{x^ -h ?/“) + + y^)) 

(e) a;/(a;2 + y^) - iy/{x^ + if), 

2. Verify the following formulas: 


, , rf(cos z) 

(a) — jz — = — sm z; 


dz 

d(log z) 
dz 

, . d(tan z) 


( 6 ) 


1 ^ 

V 

sec2 z' 


* See Sec. 63. 

t See, in this connection, Secs. 66, 111, and 130. 
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\U>} ; 

2 vr+i’ 

S (l - a) “ {1- g)2- 

3. Knd a function w such that u> = m + w is analytic if 


(а) u = 

(б) n = 


a ;2 - 2 / 2 ; 


(c) = a:; 

(d) w = log v'a;^ + 

(e) u = cosh y cos x. 

4. Prove that 

(а) sinh ^ s i^(e. - g--) jg analytic; 

(б) cos {z + 2hir) = cos (A = 0, ± 1, ±2, • • • 

(c) sinh {z + 2i^r) = sinh 2 , (A; = 0, ± 1 4* 2 • • V 

W) log.,., = log., + log.,; ^ 

(e) log ^ a log ., where a is a complex number. 

6. Show how to construct an analytic function f{z) = u{c y) 
+ %v{Xj y) if v{Xy y) is given, and construct /(.) if t; = Sx'^y — y^ ^ 

6. An incompressible fluid flowing over the ^ry-plane has the velocity 

potential $ = ^ function ^ 

7. Referring to Prob. 6, what is the velocity potential if the stream 
function IS ^ = 3x-^/ — y^? 

136 Integration of Complex Functions. Let C be a curve 
aenned by the parametric equations yA p 

^ — vit), 

y = m, 

where <p and are voiil difTereiitiable p 

furietioiis of tlie i-eal variable L Con- 

sider a (*oiitinuous (but not necossarily 

analytic) functioii/(.), of the eomplex "" ^ 

variable. = x + defined at all points 1^,0. 120. 

of C. Divide the curve C into n parts by insortiiig the points 

^ 0, Pi, • • • , P^_,, wluTo Po c()iiH‘id(»s with the initial 

immt of the curve and P,, with the end point (Fig. 129 ). 

Let fi bo any point on the are of the curve joining P^,, with Pi 

and form the sum 
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The limit* of this sum as n “ in such a way that each element 
of arc approaches zero is called the line integral of 

along the contour C, that is, 


(136-1) 




s lim X/(ri)(2« 


- Zi-i). 


The fact that this integral exists follows at once from, the 
existence of the real line integrals into which (13(5-1) can be 
transformed. Indeed, separating /(z) into real and imaginary 

parts as . . / n 

Hz') = u(x, v) + iv(x, y) 


and noting that dz = dx i dy give 

(136-2) p(z) dz = f^{%dx-v dy) + i (v dx + u rfy). 

Thus, the evaluation of the line intogi-nl of a complex function 
can be reduced to the evaluation of two line integrals of real 
functions. It follows directly from tlu; propcrtic's of real line 
integrals that the integral of the sum of two (u)ntimious complex 
functions is equal to the sum of tlic^ integrals, that a constant 
can be taken outside the integral sign, and (hat the reversal of 
the direction of integration merely ehangew tlu^ sign of the 
integral. 

It follows from (136-1), upon noting thiii tlu' modulus of the 
sum is not greater than the sum of tho moduli, that 

I H ^ X 

If, along C, the modulus of f(z) do(^s not vkcvxhI in vuluo some 
positive number ilf , then 

(136-3) I Jp f(z) dz\ ^ M l(( 2 l = M J,, Wj- + i '///I - H J,, = ML, 


where L is the length of C. 


* The precise meaning of the symbol Urn in ) is 1 li(‘ lol low'll tip; : Con- 

sider any particular mode of subdivinioii of lb(‘ urt^ into n\ iimiMh iintl denote 
the maximum value of \zi — in this sulidivisioii by oi, nnd lot stand 

for 2 KU)iZi — 3i-i). A now sum, oorn^Hpondinp; to t lir subdivision, ofthe 
i-l 

arc into 712 parts, is denoted by and t.lu^ muxiniutii vnluc* of 
in this new subdivision is Sa, otc. In ibi.s way, one foriiis u himi nonce of 
numbers * • • » • in which t lio inunbiu’s Um assiarned to 

increase indefinitely in such a way that tin; 5, - » 0 
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137. Cauchy’s Integral Theorem. The discussion of the 
preceding section involved no assumption of the analyticity of 
the function /(a) and is applicable to any continuous complex 
function, such as for example f(z) = z = x — iy, m which event 

f^^dz = f^(x- iy)(dx + i dy). 

If the integral (136--1) is to be independent of the path, then 
it immediately follows from (136-2) that 

dy dx dy dx 

ThiLSj the conditions that the integral of a complex function f(z) 
be independent of the path are precisely the Cauchy-Riemann conn 
ditions; in other words, the function f(z) must be analytic. 

Now, let R be any region of the if-plane in which /(s) is analytic, 
and let C be a simple closed curve lying entirely within R; then 
it follows from the properties of line integrals that* the following 
important theorem holds: 

Cauchy^s Integral Theorem. If f{z) is analytic within 
and on a simple closed contour (7, then dz == 0. 

It should bo noted carefully that the theorem has been estab- 
lished essentially with the aid of Green’s theorem, which requires 
not only the continuity of the functions u and v but also the 
continuity of the derivatives. Thus, the proof given above 
implies not merely the existence of f(z) but its continuity as 
well.t It is possible to establish the validity of Cauchy’s 
theorem under the sole liypothesis ihiiifiz) exists and then prove 
that the existence of the first derivative implicis the existence 
of derivatives of all orders. Ac^cordingly, the proof given above 
imposes no practical limitation on the applicability of the 
theorem. 

138. Extension of Cauchy’s Theorem. In establishing 
(/aindiy’s tlKMinnn in Sec. 137, it was assumed that the curve C 
is a simph^ closed curve, so tliat the region bounded by C is 
simply (‘onne(‘,t(ul. It is easy to extcnid the theorem of Cauchy 
to multiply (connected regions in a manrun’ indicated in Sec. 64. 
Thus, eonsidm- a doubly connected region (Fig. 130) bounded 

* Soo Sec. 03. 

t See (135-4) and (13,5-5). 
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by the closed contours and C., where Ca lies entirely withiix Cj. 
It will he assumed that the function /(«) is analytic m the region 
exterior to C2 aad interior to Ci and analytic on C2 and Ci. The 
requirement of analyticity on Ci and C 2 implies that the function 
f{z) is analytic in an extended region (indicated by the dotted 
curves Ki and K,) that contains the curves Ci and C, 

If some point A of the curve Ci is joined with a point B of C 2 
by a crosscut AB, then the region becomes simply connected, and 
the theorem of Cauchy is applicable. Integrating in the positive 
direction gives 

where the subscripts on the integrals indicate the directiaixs of 
integration along Ci, the crosscut AB, and C.,. Since the second 

and the fourth integrals in (138-1) 
"s M, are calculated ovtu- the same path 
' in opposite dirc(d.ions, their suicn is 
zero and one has 

(138-2) 

+ X,o'fW''» 

where tho integral along C\ i« trav- 
ersed in tho (M)unt(‘rcl()(‘*k\visc) direc- 
tion. and tlnit along C 2 in the 
clockwise direction. Changing the order of iiitogiiition in. the 
second integral in (138-2) gives* 



Pig. 130, 


(138-3) 




This important result can be oxtciulcd in an obvious way to 
multiply connected regions bounded by several (H)n tours, to yield 
the following valuable theorem. 

Theorem. If the function f{z) is analytic ifi a multiply/ 
nected region hounded hy the exterior contour C and the i^nterior 

coTitours Cij C2, * * • j Cn, then the integral over ike exUo'ior co'ntour 

C is equal to the sum of the integrals over the interior corvtours 
Cl, C2, • • • , C«. It is assumed^ of course, that the vniegration over 
* See Sec. 64. 
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all the contours is performed in the same direction and that jyz) 
analytic on all the contours. 

139. The Fundamental Theorem of Integral Calculus. Let/( 2 ;) 
be analytic in some simply connected region 5, and let the curve 
C join two points Po and P of R 
(Fig. 131). The coordinates of Po 
and P will be determined by the 
complex numbers Zo and z. Now 
consider the function F(z) defined 
by the formula F{z) = 

The function F(z) will not depend 
upon the path j oining zq with z so long 
as these points lie entirely within B. 

Forming the difference quotient 
gives 


F{z + Az) — F{z) 
As; 


Az 

A2! 


r 





[ ['mdz+ f ^ f{z)dz- (‘f(.z)dz\ 
IJzo jzo J 


_ j_ 


f{z) dz. 


In order to avoid the ooufu.sion that may occur if the variable z 
appeal's in the limits and also as the variable of integration, 
denote the latter by f, so that 


(139-1) 


F(z + Az) 


'2 + As 


Az 


’s -H As 


F(z) _ 1 f 
Az X 

= -* r 


/(f) df 


[/(f) -m +/(z)]dr 


df 

: -f- As 


since df = Az. 
Now if 


= + A"z 


^Z'\- As 

I ' 

X 
X ' 


+ 


[/(f) -/(z)]dfj 
[/(f) -m]d!:, 


(139-2) 


lim 

Az 


^s + As 

X ' 


t/(» - /Ml « - 0, 
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then it follows from (139-1) that 

&>=/(«). 

dz ' 

In order to prove that (139-2) holds, one merely has to make use 
of (136-3) and note that max |/(r) - /(a)! -4 0 as A2 0. 

Any function Fiiz) such that 


is called a 'primitive or an indefinite integral of f{z), and it is easy 
to show that if ^*1(2) aiid F^iz) are any two indefinite integrals of 
f(z) then they can differ only by a constant.* Hence, if Pi(z) 
is an indefinite integral of f(z), it follows that 


m = r/(2) dz = Friz) -f C. 

[n order to evaluate the constant C, set z = then, ;5inee 
flf(z)dz= 0,C = Frizo). Thus 

(139-3) F(2) = Cfiz) dz = Friz) - Fi( 2„). 

The statement embodied in (139-3) esta))lislies tlie r^onnection 
between line and indefinite integrals and is calhMl ftindm-nental 
theorem of integral calculus bccauso of its import, anco in the 
evaluation of line integrals. It states that, fho value of the line 
integral of an analytic function in equal to the difference zn. the 
values of the primitive at the end points of the path of integration. 

As an example consider 




e‘ dz 


= - 1 = -2. 


This integral can also be evaluated liy recalling that 

e» = = (.r II _|_ {f.r j^Ijj 11^ 

* Proof; Since Pi' («) = p,'(z) = it is i.vidciil, tliiit 

Fi'ii) - Pj'(z) = (f(p, - r<\)/dz = ,ia/(h = n. 

But if do/ dz = 0, this means that G'{z) = 
dv 


dx dx By dy 


+ . {IV . fri4> « 

i — =z — 2 - = O, SO 

OJO ()X ()}l Oil 


— 0, and ii and v do not depend on x and v. 
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r (*(.0,v) 

e* cte = (e» cos j/ + ic» sin y)(dx + i dy) 

(0 0 ) cos y ~ si*! y <^y) 

J ’(O.t) 

(0 0 ) sin y cte + e» cos y dy). 
As a more interesting example, consider 
f‘(z-a)-dz, 

where n is an integer and the integral is evaluated over some curve 
joining zq and 2 . If n — 1, an indefinite integral is 

^(*) = (* - o)”""*- 

For n ^ 0, the integrand f{z) = (2 — a)" is analytic throughout the 
finite 2 -plane and hence 

(139-4) (g - a)» dz = [(2 - a)»+' - (go - a)’*+i]. 

If the variable point 2 is allowed to start from Zo and move along some 
closed contour C back to 20 , then 

(z — a)” dz = 0. 

Of course, the latter result could have been obtained directly from 
Cauchy’s integral theorem. 

Suppose next that < — 1 and that the path of integration does not 
pass through the point a. If the point a is outside the closed contour 
C, then the integrand is analytic and it 
follows at once from Cauchy’s integral 
theorem that 

(2 - rt)" dz = 0. 

Suppose now that the point a is within tlie 
contour C. Delete the point n by enclos- 
ing it in a small (urcle of radius p, and con- 
sider tlie simply (u)mi(^ctcd rogioji/J shown 
in Fig. 132. Then, so long as —1, 
the single-valued function /(z) == (2 — a)" is analytic in R and (139-4) 
is applicable to any curve C joining Zo ami z in R, Now if 2 is allowed 
to approach 20 , then it follows from the right-hand member of (139-4) 
that 

(2 — a)”’ dz ^ 0 for n f^ — 1 . 
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There remains to be investigated the case when n = — 1 . For any 
path C not containing si = a, one obtains 


z — a 


= log 
= log 


Z(t — a\ 
z — a 


Zo — o 


= log 

:o 

+ i arg 


z — a 
Zo ^ a 
z — a 


Zo — a 

+ i arg (z — a) — i arg (zo — a). 


Now if the point z starts from zo and describes a closed path C in such 
a way that a is within the contour, then the argument of 2 : — a changes 
by 27r, and therefore 

J * dz 

c 


jcz — a 


2TrL 


If a is outside the contour, then {z — a)”^ is analytic within and on C 

and hence the line integral is zero by 
Cauchy’s theorem. 

A different mode of evaluating the 
integral 



(2 - a)-"d 2 , 


Fio. 133. 


where n is an integer greater than unity 
and C is a closed contour, will be given 
next. If the point a is outside C, then 
the value of the integral is zero by 
Cauchy’s theorem. Accordingly, consider the case when a is inside C. 
Draw a circle 7 of radius p about the point a (Fig. 133) and, since the 
integrand is analytic in the region exterior to 7 and interior to C, it 
follows from the theorem of Sec. 138 that 

(2: — a)-« dz = (z - a)-’« dz. 

But z — a = pe^* and dz — ipe^^ dd on 7 , so that 

if n 7 ^ 1 . 


r dz 

Sir ipe*^ dd 

- ^ f 

)c (2 — a)" “ Jo 
_ i 

pneinO 
^(.l—n)di 1 

P““‘ J( 

|2ir 

— r\ 


pn-l 

This is the same result as that obtained above by a dilferent method. 
The reader should apply the latter method to show that, if a is inside C, 

then (25 — dz = 27 ri. 
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PROBLEMS 

1. Show that ^ for all paths joining Zq with z. 

2. Evaluate the integral (2 — a)“^ cfe, where (7 is a simple closed 
curve and a is interior to G, by expressing it as a sum of two real line 
integrals over C. 

Hint: Set z -- a — pe^^; then dz = e^^idp + i pdB). 

3. Evaluate J ^ z‘~^ dz where the path C is the upper half of the unit 
circle whose center is at the origin. What is the value of this integral 
if the path is the lower half of the circle? 

4. Evaluate J q z--^ dZj where C is the path of Prob. 3. 

6. Evaluate + 1) dZj where C is the circle =» 2. 

6. Discuss the integral f c where C is a path enclosing 

the origin. 

7. What is the value of the integral (1 + dz^ where C is the 

circle = 9? 

8. Discuss Prob. 7 by noting that ^ « 2 ^. 

evaluating the integrals over the unit circles whose centers are at 
S' =* i and z — — i. Note the theorem of Sec. 138. 


140. Cauchy’s Integral Formula. The remarkable formula 
that is derived in this s(^ei,ion ponnits one to calculate the value 
of an analytic function f(z), at any interior point of the region 
bounded by a simple closed curve C, from the prescribed bound- 
ary values of f{z) on C. 

Let f(z) bo analytic throughout the region R enclosed by a 
simple closed curv(^ C and also on the (uirvc C, If a is some 
point interior to the region R (see Fig. 133), then the function 


(140-1) 


z — a 


is analytic throughout the region R, with th(^ possibles exception 
of the i)oint z = a, wIku’o the (huiominator of (140-1) vanishes. 
If the point a is (^\c.lude<l from thc^ region R by a circles 7 of radius 
p and with (tenter at a, them (140-1) is analytic throughout the 
region extcirior to 7 and interior to C, and it follows from Cauchy’s 
integral theorem that 


f + f dz = 0, 

jeo 2 — a J 70 2 ; — a 
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or 

(140-2) 


f f 

Jco Z — a Jyo Z - a 


The integral in the right-hand member of (140-2) can be 
written as 

(14M) f JW.& . f r 

^ ^ JyZ - a Jy z - a ' JyZ - a 

It was demonstrated in Sec. 139 that 

dz 


X 


= 27ri, 


and it will be shown next that the first integral in the right-hand 
member of (140-3) has the value zero. Set z a = 
then, so long as z is on 7 , dz = ip&^ ddj 
and hence 

(140-4) j dz = f j’ [/(z) - /(a)] de. 

If the maximum of \f{z) — f{a)\ is denoted by M, then it follows 
from Sec. 136 that 


(140-5) 


IX 


/(g) - fja) 

z -- a 


dz\ 


^ M 


r2v 

Jo 


dd = 2tM, 


Now if the circle 7 is made sufficdontly small, it follows from 
the continuity of f{z) that \f(z) — /(a)| (^an he made as small as 
desired. On the other hand, it follows from (13S-3) t.hat the 
value of the integral (140-4) is iiuh^pcnich^it of Uie radius p of 
the circle 7 , so long as 7 is interior to H. Thus the l(4t-haiul 
member of (140-5) is independent of p; and sine<^ M — > 0 wIkmi 
p — > 0 , it follows that the value of the integral is zcm*o. 
Accordingly, (140-2) Ixuamies 

(140-6) r = 2 «/(a), 

Jc z — a 

where a, which plays the role of a param(‘t(‘r, is any point interior 
to C. Denote the variable of integration in (140-6) by and 
let z be any point interior to C; then (1 lO-O) can be written as 
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The relationship stated by (140-7) is known as Cauchy^ s integral 
formula. 

It is not difficult to show that an integral of the form (140-7) 
can be differentiated with respect to the parameter z as many 
times as desired,* so that 


(140-8) 




r(z) 


= IL f /(f 

2iri Jc (f — 




^ r 

2un Jc 


/(f)_ 

/(f) 




C (f - 2)'*+* 


df. 


In fact, if f{z) is any continuous (not necessarily analytic) function 
of the complex variable 2 , then the integral 

defines an analytic function F{z), To show this, all that is 
necessary is to form the difference quotient [F{z + Az) — 
F(z)]/Az and to evaluate its limit as Az 0. It follows from 
such a calculation that 

"'W-Xif®-;,-* 

The assertion made in Sec. 137, concerning the fact that the 
continuity of the derivative of an analytic function follows from 
the assumption that the derivative exists, is now made clear. 


1. If 




PROBLEMS 

+ 7r +1 


(/f, 


where C is the circle of radius 2 about the origin, find the values of 
f{i — i) and /"(I — ^)- 

2. Apply Cauchy’s integral formula to Ih’oh. 7, Sec. Use the 

integrand in the form given in Prob. 8. 

* Form the difference quotient {J(z + Az) — /(z)l/Az, and investigate the 
behavior of the quotient as Az — > 0. 
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3. Evaluate with the aid of Cauchy’s integral formula 

■ + f 


Jc r* - 1 ‘ ’ 


where C is the circle 1?1 = 2. , „ , i j 

4. What is the value of the integral of Prob. 3 when evaluated over 

the circle If — ll = 1’ 

6. Evaluate 

f 

Jc 2 

where C is the circle 1^1 = 1* 

141. Taylor’s Expansion. Let/(2;) 
be analytic in some region R, and 
let C be a circle lying wholly in R 
and having its center at a. If is 
any point interior to C (Fig. 134), then it follows from Cauchy’s 
integral formula that 

z 



(141-1) 




But 


1 + t + t^ + 


1 f m_( ^ 

2iri Jc f - «■ , z_- « 


rff. 


+ I"-' + 




and su))sti- 


f - * • - ■ - ■ [ - t 

tuting this expression, with t — {z — c)/(f — «), i'l (141-1) 
leads to 

m - + <*-») X (/-»)>''*■_+ ■ ■ ' 

where 


Rn = 


Making use of (140-8) gives 


{z - ay C /(f) 
2ri jc (r - «)" 


(f - z) 


/"(«) 


df. 


(141-2) fiz) = /(o) +/'(«)(« - «) + • 21 • 
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By taking n sufficiently large, the modulus of Rn may be made 
as small as desired. In order to show this fact, let the maximum 
value attained by the modulus of /(f) on C be Af, the radius of 
the circle C be r, and the modulus of « — a be p. Then If — 25 1 
^ r — p, and 


\Rn\ 


^ \z - a|" I r fit) 

27r 1 Jcr (t - a)’‘(t - «) 

^ _ Mr / pV 

2 t r^ir — p) ~ r — p \r/ 


Since p/r < 1, it follows that lim |/2n| = 0 for every z interior 

n— ► « 

to C. 

Thus, one can write the infinite series 


m=m+r(a)iz-a)+f^ 


(3 - o)^ + 
n\ 


(25 - o)" + • • • , 


which converges to /(25) at every point z interior to any circle 
C that lies entirely within the region R in which /(25) is analytic. 
This series is known as the Taylor's series.* 


PROBLEMS 

1. Obtain the Taylor’s series expansions, about 25 = 0, for the follow- 
ing functions: 

(a) e‘, (h) sin 2, (o) cos z, {d) log (1 + 25). 

2. Verify the following expansions: 

(а) tan 2:==25 + -^ + -j^+’*’; 

(б) sinli ^ = + 

(c) cosh 2 — 1 “h + j"j + ' ‘ * ; 

(d) (1 -f 2 )"' = 1 + mz + ^ 2'^ + * * • • 

142. Conformal Mapping. It was mentioned in Sec. 135 that 
the functional relationship = f(z) sots up a correspondence 

* For a more oxtoiisivi^ treatniont, soo D. R. Curtiss, Analytic Functions 
of a Complex Variable; F. J. Townsend, Functions of a Complex Variable; 
H. Burkhardt and S. E. Rasor, Theory of Functions of a Complex Variable. 
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between the points z = x + iy, of the complex 2 ;-pIane, and 
w = u + iVy of the complex ly-plane. If ty — f{z) is analytic in 
some region R of the 55 -plane, then the totality of values w belongs 
to some region iS' of the ty-plane, and it is said that the region R 
maps into the region R\ If C is some curve drawn in the region 
R and the point z is allowed to move along C, then the corre- 
sponding point w will trace a curve C' in the ^y-plane (Fig. 135), 
and C is called the map of the curve C. 

The relationship of the curves C and C' is interesting. Con- 
sider a pair of points z and z + Az on C, and let the arc length 
between them be As = PQ, The corresponding points in the 



region R' are denoted by w and w ■+• Aw, and the ur(5 Icnigth 
between them by As' = P'Q', Since rat.io of the a,r(^ hnigt hs 
has the same limit as the ratio of the knigths of tli(‘ correspoinling 
chords, 


lim 

Az— +0 


^ = lim = lim 

Aw\ 


dir 

As Az — +0 lAj^j -►() 

Az\ 


dz 


The function w = f{z) is assium^d to Ik‘ analytic, so that dwldz 
has a unique value regardless of tli(^ inaniKn* in wliicli A^; —> 0. 
Hence, the transformation causes (‘lenuMits of an*, passing t li rough 
P in any direction, to cxperuaicc' a (‘hange in kaigth whosc^ 
magnitude is given by the value of th(‘ modulus of dw/dz at P. 
For example, if ty = z^, then the linear dinuMisions at the point 
z = I are stretched threefold, but at tlxe point z = 1 + i they 
are multiplied by 6. 

It will be shown next that th(^ argunuuit of dw/dz determines 
the orientation of the clement of arc A.s*' r(‘lativ(‘ to A.s. Tin’s 
argument of the complex mimixcr Az is m<‘asur(‘d by tlu^ angh' 9 
made by the chord PQ with the r-axis, whil(‘ jirg Air measures 
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the corresponding angle 6' between the w-axis and the chord 
P'Q'. Hence, the difference between the angles 9^ and $ is 
equal to 

arg Aw — arg Az = arg 

AZ 

for the difference of the arguments of two complex numbers is 
equal to the argument of their quotient. As Az 0, the vectors 
Az and Aw tend to coincidence with the tangents to C at P and 
C' at P', respectively, and hence* Bbvgdwldz is the angle of 
rotation of the element of arc A^' relative to As. It follows 
immediately from this statement that if Ci and C 2 are two curves 
which intersect at P at an angle r (Fig. 136), then the corre- 


V y 



sponding ciii’vcs C[ and in the z^-plane also intersect at an 
angle r, for the tangents to these cui'ves arc rotated through the 
same angle. 

A transformation that preserves angles is (tallcnl conformal, and 
thus one can state the following theorem: 

Thkokem. The mapping performed by an analytic function 
f{z) is conformal at all points of the z-plane where f'{z) ^ 0. 

143. Method of Conjugate Functions. The n,ngle-pr(\serving 
property of the transformations ))y analyti<^ fun(*tions has many 
immediate and important })hysieal applicat ions. 

For example, if an in(^ompr(\ssiI)Ie flui<l flows oven* a plane 
with a velocity potentiaM’(r, ?/) (so that />x = = d^^/dy), 

then it is known tliat the stream Uiuns will Ix^ diretd^ed at right 
angles to the ecpiipotential curves y) == (H)iist. Moi*eover, 
it was shownf that the functions <I> and 'k satisfy the Cauchy- 
* Note that this statement assumes that dwidz 9 ^ 0 at the point 
t See Sec. 66. 
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Riemann equations, and hence one can assert that the functions 
and ^ are the real and imaginary parts, respectively, of some 
analytic function that is, 

f(z) = 4>(a:, y) + i^(x, y). 

Now, let w — f(z) = ^ and consider the two families 

of curves in the 2 /;-plane defined by 

(143-1) y) = const. and y) = const. 

The orthogonality of the curves 4> = const, and ^ = const, in 
the s-plane follows at once from the conformal properties of the 
transformation by the analytic function f(z). For — const, 
and ^ == const, represent a net of orthogonal lines (Fig. 137) 



])arallcl to the coordinate axes in ihe 7 e-i)lan(‘, and they are 
transformed ])y the analytki function iv = + /'b into a net of 

orthogonal curves in the 2;-plane. 

It is obvious then that every analytic function /{2;) = /y) + 

w(x, y) furnishes a pair of real fuiu't-ions of ihe variables 
X and y, namely, u(a*, y) and v{x, y), ea(‘h of which is a solution 
of Laplace’s equation. The fun(‘,tions //.(.r, y) and v(.v, y) are 
called conjugate funcMom^ and the incdliod of obtaining solutions 
of Laplace’s eciuation with the aid of analyth* functions of a 
complex variable is called the method of (a)njugat(^ fun(‘tions. 

Example. The process of obtaining pairs of conjugahi fuiu^tions from 
analytic functions is indicated in the following (‘.xainple. Let 

w u + iv = sin z = sin {x + iy)', 


then, 


u + iv ^ sill X cos iy + cos x sin ?!yy, 

= sin X cosh y + i cos x sinh ?/, 
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so that 

y) ®= sin X cosh y, 
vixj y) — cos X sinh y. 

It is not difficult to show that the inverse of an analyiiic func- 
tion is, in general, analytic. Thus, the solution of the equations 

u = y) and v = y) 

for X and y in terms of u and v furnishes one with a pair of 
functions 

X = v) and y = \p{u, v) 

that satisfy Laplace^s equation in which u and v are the inde- 
pendent variables. 

The following three sections are devoted to an exposition of 
the method of conjugate functions as it is employed in solving 
important engineering problems.* 

PROBLEMS 

1. Dis(HisH tlie mapping properties of the transformations defined 
by the following functions. Draw the families of curves u = const, 
and V = const. 

(a) w = u + iv = z + a, where a is a constant; 

(b) w == bz, wh(‘re b is a constant; 

(c) ir — bz + 0 , whore a and b are constants; 

{d) tr = 

(c) w = 1/2. 

2, Obtain pairs of c.on jugate functions from 

(^0 ir — cos Z] 

(b) w - c*; 

(r) ic = 

(d) ir - log 2; 

(r) ir 1,2. 

* Th(^ m!p(‘rijd (roniaincd in Sees. 14'1 to 140 is extracted from a lecture on 
conrornijil i'(‘|)n‘H(‘ntjil.i<)n, wliich was dclivi^rcul by invitation at the S. P. E. E. 
SunniKT S(‘.sHi()n for 'rc'judHM's of MatlKunatics to Engin(^oririg Students at 
Miniu'apolis, in S(‘i>t-<unbcr, lOSl, by Dr. Warren Weaver, director of the 
Division of Natural Scicn(‘.cs of th(^ Itockeb^ller Foundation, and formerly 
professor of niMili(unMii(‘.s Jit the Univi'rsity of Wiseojisin. 

'Phe juiMiors did not f(‘el Mnit tli(‘y eoiild improves upon the lucidity and 
clarity of Dr. VV(‘}i.v(U’’h cxposit/ion of the subject and are grateful for his kind 
permission t,o make use of the l(M*.iure, which was printed in the October, 
1 932, issue of tlu^ A jrwrican M atfieniaticaL M onthly. 
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144. Problems Solvable by Conjugate Functions. Specific 
examples of the method of conjugate functions will be given later, 
but it may be well to indicate here two general sorts of problems. 
Suppose that an analytic function w = u + iv = f(z) = f(x + iy) 
maps a curve C of the s-plane (see Fig. 138), whose equation 



is 2/ = onto the entire real axis y = 0 of the ?i?-plano. This 
will obviously occur if, and only if, 


v[x, <p{x)] s 0. 


Then the function 

y) = v{x, y) 

clearly is a solution of Laplacc^s cciiiatiou that reduces to zctvo, 
on the curve C. In an important class of problems of applied 
mathematics, one requires a solution of Lapla(*c’s o(piation that 
reduces to zero, or some other constant, on som<^ given curve. 
Thus, one may, so to speak, go at such probhnns l)ackward; 
and, by plotting in the z-planc the curves u(x, y) = const, and 
y) = const., he finds for what curves C a given analytic 
function solves the above problem. Similarly, oiuj may inter- 
(change the roles of u, v and x, y and may plot in tlui ?C“i)lane the 
(uirves x(u, v) = const, and y{Uj v) = const. Thus a ])roperly 
drawn picture of the plane transformation indicates to the 
(\yo what problems, of this sort, are solved by a givcm analytic 
function. It must be emphasized that the pieduro must be 
properly drawn that is, one requires, in one plane, the 
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two families of curves obtained by setting equal to various con- 
stants the coordinate variables of the other plane. 

In a second and more general sort of problem, it is necessary 
to obtain a solution y) of Laplace’s equation which, on a 
given curve C whose equation is y = <p{x)j reduces to some given 
function y). The previous problem is clearly a very special 
case of this second problem. Suppose, now, that an analytic 
function w = f(z) map the curve C of the ai-plane onto the axis 
of reals y = 0, of the w-plaxie. Since the curve C maps onto 

= 0 in the i^-plane, v[Xj (p(x)] = 0, and the values of at 
points on C are equal to the values of 

0), y(u, 0)] s %(u) 

at the corresponding points on the transformed curve y = 0. 
Suppose now that the function v) be a solution of Laplace’s 
equation (u and v being viewed as independent variables), such 
that 

0 ) = 

It is easily checked that 

Hx, y) = y), v(x, y)\ 

is a solution of I^aplace’s equation, x and y being viewed as 
independent variables. Moreover, on the curve C one has 

^[x, <p{r)\ = <ir{u, 0) = = ^*(x, y), 

so that ^ is the solution sought. 

The chief service, in this case, of the method of conjugate 
functions, is that the form of the boundary condition is much 
simplified. Ratluir than seeking a function that takes on 
pi-oscribed values on some curve C, one has rather to find a func- 
tion that takes on i)rescrib(5d values on a straight linCj namely, 
the axis of abscissas. This latter problem is so much simpler 
than the fornuT that it can, indeed, be solved in general form for 
a very general function This solution will be referred to 
later, in Sec. 14()C. 

146. Examples of Conformal Maps. As a preparation for the 
consideration of appli(!ations, this section will present six specific 
instances of the conformal mapping of one plane on another. 
''Fhe examples chosen are not prccjsely those which one would 
select if, building up from the simplest cases, one were to study 
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the mathematical theory in detail. The examples are chosen 
for their characteristic features and because of their important 
and direct applications. The first case is : 

a. The Transformation w = m a Positive Integer. If one 
write both z and w in polar form, so that 


then 

and 


z = 

w = Re^^f 

W ^ Re^^ =Z 

R = 

4 > = mcp. 


Thus the curve r = const, in the 2 :-plane (that is, a circle about 
the origin) transforms into a curve R = const, in the ttJ-plane 



(also a circle about the origin), the radius of thc^ (nrclc in the 
?^-plaiie being equal to the mth ])owor of the radius of tlu^ circle 
in the 2 :-plane. Also, a radial line (p == const, in tlu^ js-plane 
transforms into a new radial line <t> = const., tlu' aniplil.ud(' angle 
for the transformed radial line being /// time's tlu' amplitude 
angle of the original radial line. Thus, a s(‘ctor of tlu' 2 :-plano 
of central angle 2Tr/m is ^'fanned out” to cover the (nitire //;-plano, 
this sector also being stret(died radially (see Fig. 13i), drawn for 
m = 3). One notes the characteristic feature that a s(*t of 
orthogonal curves in one plane transform into a set of orthogonal 
curves in the other plane. 
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This example suggests several interesting questions which 
cannot be discussed here. The “angle-true^' property clearly 
does not hold at the origin, which indicates that this point 
deserves special study. Further, it is clear that only a portion 
of the g-plane maps onto the entire ^^;-plane. In the case for 
which the figure is drawn, it would require three t^-planes, so to 
speak, if the entire 2 ;-plane were to be unambiguously mapped. 
This consideration leads to the use of many-sheeted surfaces, 
called Riemann surfaces. Such questions and apparent diffi- 
culties correctly indicate that a thorough knowledge of the mathe- 
matical theory of analytical functions is essential to a proper 
and complete understanding of even simple instances of conformal 
representation.^ 

To get a clear idea of the way in which the 2 J-plane maps onto 
the i(;-planc, one may choose various convenient families of curves 
in one plane and determine the corresponding curves in the other 
plane. The resulting picture, as was mentioned earlier, does not 
give any indication of the immediate physical applications of the 
transformation in question unless one of the sets of curves, in 
one planf^ or the other, consists of the straight lines parallel to the 
(coordinate axc^s. It should thus be clear that Fig. 139 does not 
give a direct indication of the type of problem immediately 
solvable by the transformation w = The curves in the 
ii?-planc obtained by sotting x = const, and y = const, are, in 
fact, cubic curves; and no simple physical problem is directly 
solved by this transformation. This transformation may, how- 
ever, be used to solve various physical problems for a wedge- 
shaped region, since the bounding curve C of such a wedge 
(say the lino y? = 0 and the line y? = tt/S) is transformed into 
a curve C" of the M;-planc that consists of the entire real axis. 
Thus the transformation can bo used, in the way indicated in 
Sec. 144, to solve problems in which one desires a solution of 
Laplac(i\s e(iuation tliat reduces to a given function (or a con- 
stant) on the boundary of a wedge. 


h. 


The Tramformation w = 



Tills again is a trans- 


UiridBiCKBArii, 1 a, lOinfi'ilining in die konfonno Abbildung, Berlin, 1927; 
Lkwent, Tj., C^)nf<)r]niil lieproHcntation, TjOiuIoii, 1925; Osooop, W. I., 
Lehrbuch der Funkiionentlieorio, vol. 1, Chap. XIV. 
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formation that does not have immediate applicability. It 
however, interesting features, and subsequent discussion 
indicate how it may be made to serve a practical purpose. 



(2 + -) 

U) = M + w = V 

2 2 ^ 2r’ 

" 2 + 7 ) + sin 

SO that 

+ 7) V’, 

= K" ~ 0 

Thus, <p and r being eliminated in turn, 



From these equations, it follows by in.spection that the c 
r - const, of the a-plane transform into a family of ellips 
the u;-plane (see Fig. 140), the ellipses being confocal, since 
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(»• + 7) “ ~ 7) = ^ 

It is also clear that two circles of reciprocal radii transform into 
the same ellipse. Similarly, the radial lines (p = const, of the 
g-plane transform into a family of hyperbolas which, again, are 
confocal, since 

cos® <p + sin® ^ = 1 = const. 

Thus the exterior of the unit circle of the 2 -plane transforms 
into the entire ty-plane. The unit circle itself ^'flattens out’’ 
to form the segment from — 1 to +1 of the real axis of the t^plane. 
All larger circles are less strenuously flattened out” and form 
ellipses, while the radial lines of the 2 -plane form the associated 
confocal hyperbolas of the tc-plane. A similar statement can be 
made for the inside of the unit circle. 

c. The Transformation w = c*. If one set w s and 
z — X + iyj then 

= 6*+**' = e* • 

so that 

R = c*, 

^ = y. 

It is thus clear that vertical linos of the 2 -plane map into circles 
of the w-pUmc, the radius being greater or less than 1, accord- 
ing as X is positive or lu^gativc. Horizotital lines of the 2 -plane, 
on the othcir hand, map into the radial lines of the ly-plane, and 
it is clear that any horizontal strip of the 2 -plano of height 2^ 
will cover the entire ?4;-plane once (see Fig. 141). 

The curv(is in the t/j-planc of Fig. 141 are drawn by setting 
equal to a constant one or the other of the coordinates of the 
2 -plano. Thus these curves give direct indication of physical 
problems to which this analytic, function may be applied. For 
exam[)le, one could obtain th<i oh^ctrostatic field due to a charged 
right circular (blinder, the liiuis of flow from a single line source 
of currcnit or licpiid, the circulation of a lic^uid around a cylindrical 
obstacle, etc.. 

By considcu’ing this example in conjunction with the preceding 
example, one gives lunv significance to Fig. 140. In fact, if one 
starts witli the 2 -plan(j of Fig. 141 and then uses the le-pla.ne of 
Fig. 141 as the 2 -i)lane of Fig. 140, it is clear that the curves 
drawn in the ly-planc of Fig. 140 then arc obtainable by setting 
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equal to various constants the coordinates of the 2!-plane of 
Fig. 141. That is to say, the iz;-plane curves of Fig. 140 give 
direct evidence of physical problems that can be solved by the 
pair of transformations 


zi = e\ 



d. The Transformation w = cosh z. If, in the two preceding 
equations, one eliminates the intermediate variable Zi (so he may 



pass directly from the 2 :-planc of Fig. 14 L to the i(;-plauc of Fig. 
140), the result is 

. 

W = = 

Thus 


u iv = cosh (.T + ?'?/) = cosh x cosh iy + sinh x sinh iijy 
= cosh X cos y + i sinh x sin ?/, 

so that 

u = cosh X (^os y 
V = sinh X sin y/, 
or 

. cosh^ X ” sinh'-^ x ’ 
cos® y sin® y 
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This transformation is shown in Fig. 142, and it may be used to 
obtain the electrostatic field due to an elliptic cylinder, the 
electrostatic field due to a charged plane from which a strip has 
been removed, the circulation of liquid around an elliptical 
cylinder, the flow of liquid through a slit in a plane, etc. 

The transformation from the 2 !-plane to the w-plsne may be 
described geometrically as follows: Consider the horizontal strip 
of the z-plane between the lines 2 / = 0 and y = t; and think 
of these lines as being broken and pivoted at the points where 
a; — 0. Rotate the strip 90° counterclockwise, and at the same 



tiinc^ fold oa(‘h of tlu^ l)rokeu Hiioh 7/ = 0 and y = tt back on itself, 
the strip thus Ixdng doubly fanned out” so as to cover the 
(‘iitire le-plaiu^ 

c. The Tran fijiyrrmf ion One has 


so that 


n + io == X + iy + 

= X + iy + c*^(cos y + i sin y). 


u = .T + COH ?/, 

V = y + J^in y. 


This transformation is shown in Fig. 143. If one considers the 
portion of tlu‘ s-plaiu^ Ixdwoen the linos ?/ = ±7r, then the portion 
of the sij'ij) to I'iglit of .r — —1 is to bo ^‘fanned out” by 
rotating tht‘ port ion of // == +1 (to the rigid of x — —1) counter- 
(dockwisc; and t,h(‘ portion of y = —1 (to the right of a; = — 1) 
clockwise until v.iiv.h line is folded back on itself. This trans- 
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formation gives the electrostatic field at the edge of a parallel 
plate condenser, the flow of liquid out of a channel into an open 
sea, etc. 

/. The Schwartz Transformation. The transformations just 
considered are simple examples and are necessarily very special 
in character. This list of illustrations will be concluded by a 




more general transformation. Su|)])o.se oiu^ has (see Fig. 144) a 
rectilinear polygon, in the 'u;-plane, whose si(l(\s changes din'ction 
by an angle aiir when one passes tlu^ ith v(!rt(^x, going around the 
boundary of the i)olygon so tliat tlu^ inten’ior Ii(\s to tlu^ loft. 
The interior of this polygon can be mai)ped onto tlio upper 
half 2 ;-plane by the transformation 


w 


-/■ 




(z - ZiY'iz - 22 )“’ 


(2 — 2 „)“'* 




§146 


COMPLEX VARIABLE 


479 


where Zi, z<i, • • • , Zn are the (real) points, on the a>axis of the 
g-plane, onto which map the first, second, • • • , nth vertex 
of the polygon, and where A and B are constants which are to be 
determined to fit the scale and location of the polygon. Three 
of the points Zi may be chosen at will, and the values of the 
remaining ones may be calculated. 

This theorem may be used to find, for example, the analjrtic 
transformation that solves the problem of determining the 
electrostatic field around a charged cylindrical conductor of any 
polygonal cross section. It should be noted, however, that one 
requires for this purpose the function y{Uj v), whereas the 
theorem gives one -u? as a function of z. It is often exceedingly 
difficult and laborious to solve this relation for as a function of 
Wj so that one may obtain the function y. It should further be 
remarked that this theorem may be applied to polygons some 
of whose vertices are not located in the finite plane and that 
the theorem is of wide applicability and importance in connec- 
tions less direct and simple than the one just mentioned, 

146. Applications of Conformal Representation, a. Applicch 
tions to Cartography, It is natural that a mathematical theory 
which discusses tlie ^‘mapping’’ of one plane on another should 
have application to tlu^ problems connected with the drawing of 
geographic maps. Since tlie surface of a sphere cannot be made 
j)lanc without distortion of some sort, one has to decide, when 
map])ing a portion of the sphere on a plane, what type of distor- 
tion to choose and what to avoid. For some purposes, it is 
(‘ssential that areas be n^presented properly; for other purposes, 
it is most iinpoi’tant tliat the angles on the map faithfully repre- 
sent the actual angles on the s])herc. 

The first pr()l)lem, in conveniently mapping a sphere on a plane, 
is to map the s])h(n'e on the plane in some fashion or other and 
then, if this fashion 1)0 unsatisfacd^ory, to remap this plane onto a 
s('cond plane. The first probhnn can he done in a wide variety 
of ways^ which include', as important examples, stereographic 
l)rojoction and Mer(‘ator^s i)rojection. Both these examples 
are conformal projections, in that they preserve the true values 
of all angles. Having once mapped the sphere on the plane 
(or on a i)oi‘tion of the ])lane), one may now remap onto a second 

1 Tho lOncyclopacdia Britnnnioa article on maps lists and discusses nearly 
thirty such projections actually used in map making. 
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plane, and it is here that the theory of conformal representation 
finds its application; for one can determine the analytic function 
that will conformally remap the original map onto a new region 
of any desired shape and size. Not only are all angles preserved 
in this process of conformal remapping, but the distortion in the 
neighborhood of a point is always a pure magnification. Thus 
the shapes of all small objects or regions arc preserved. Such 
maps do not give a true representation of areas, and for this rea- 
son many maps are based on compromises between conformal 
transformations and area-preserving transformations. 

6, Applications to Hydrodynamics. When the velocities of all 
particles of a moving liquid lie in planes parallel to one plane 
that we may conveniently choose as the ;i7/-plane and when 
all particles having the same x and y have ecpial velocities, then 
the motion is said to be two-dimensional. Sii(‘h cas(\s clearly 
arise if a very thin sheet of liquid is flowing in some manner over 
a plane or if a thick layer of licjuid (urcuilates ov(n* a plane, there 
being no motion and no variation of motion normal to the piano. 
Let the x- and ^/-components of velocity at any point (.r, y) be u 
and respectively. The motioii is said to be irrotational if the 
curl of the velocity vector vanishes. Analytic^ally, this demands 
that 

dy dx! 

whereas physically it states that th(i angular velocity of an 
infinitesimal portion of the liquid is zeu'o. TIh' ecpiation just 
written assures that 

— {u dx + dy) 


is the perfect differential of some function, sjiy <\\ This function 
is known as the velocity potential, since l)y a comparison of the 
two equations 


it follows that 
(146-1) 


= —u dx — V (If/, 

/)<h 


U = — 




dx’ “ dy' 

Now, if the liquid be incompressible, the amount of it that 
flows into any volume in a given time must equal the amount 
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that flows out. This demand imposes on the components of 
velocity the restnction that 


du 

dx 


dy ’ 


From the last 


this being known as the equation of continuity, 
two equations, it follows that 

32$ , 32$ 

^ ® = 0 . 

That is, the velocity potential satisfies Laplace’s equation. 

Just as the vanishing of the curl of the velocity demands that 
w dx + v dy be an exact differential, so the equation of continuity 
demands that v dx - u dy be an exact differential of some func- 
tion, say 'J'. That i.s, 

= V dx ^ u dy, 

™ dx + — dy 
dx ^ dy 


so that 
(140-2) 


V = 


d<lf 


w = — 




dX^ ~ 

hioni (140-1) and (J4()-2), it follows at once that 
dx dx dy dy ~ 

wl.icli oxpr(>s.so.s the g(«).netric fact that the curves # = const 
and inter, scud ovorywhero orthogonally. It is clear 

loni (I4(i-l) thiit l.liere is no com))()nont of velocity in the 
(hrc'ctioii of the cuirvcc.s on which 4> is a constant, so that the veloc- 
ity ol tlio Inutul is everywhere orthogonal to the equipotential 
(uirvcs <f> = const. 'I4iat is, tho curve.s ^ = comst. depict 
eveij wlu're th(( clireection of (low. For this reason, 'F is called 
the strcuun function and the curvew 4' = const, are called the 
strcuun linccs. From (I •1(1-2) and the vanishing of the curl of 
the vcifxniy, it iollows that the stream function is also a solu- 
tion ol Jjaplace’s eejuation. 

^ llnis, the* velocity potential $ and tho stream function 'J' 
in the ciusc of (.he irrotational flow of a perfect incompressible 
hquid both siitisfy Laplace’s equation, and the curves ^ = const. 



482 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §146 


and ^ = const, form two orthogonal families. Every analytic 
function therefore furnishes the solution to four such problems, 
the four solutions resulting from the fact that one may choose 
the pair x, y or the pair v as independent variables, and that 
one may interchange the roles of the potential function and the 
stream function. Figure 142, for example, indicates two of 
the four problems solved by the analytic transformation w = 
cosh z. If one treats u and v as the independent variables and 
identifies the (solid) curves y(u, v) = const, in the ty-plane 
with the curves = const., then the dotted curves x(uj v) = 
^ = const, give the stream lines, and one has solved the prob- 
lem of the circulation of liquid around an elliptic cylinder. If, 
however, one sets y(Uj v) = ^ and x(u, v) = <I>, then the solid 
curves of the tt;-plane are the stream lines, and one has solved 
the problem of the flow of liquid through a slit. The other two 
problems solved by this same function are to be obtained by 
drawing, in the 2 :-plane, the curves u(Xj y) = const, and v{x, y) = 
const, and identifying and 4> with u and v, and vice versa. 
The 5!-plane curves u = const, and v = const, are very com- 
plicated and do not correspond to any simple or important 
physical problem, and hence they arc not drawn on the figure. 
In fact, it is usually the case that only two of the possible four 
problems are sufficiently simple to be of any practic^al use. 

It should be emphasized that it is never sufficient, in ol)taiuing 
the analytical solution of a definite physical ])roblom, merely 
to know that certain functions satisfy LapUuie’s eciuation. 
One must also have certain boundary conditions. Tlie graphs 
shown above disclose to the eye what physi(!al prol^lem has boon 
solved precisely because they show what sort of boundary condi- 
tions are satisfied. For example, if the dotted curves of Fig. 142 
are stream lines, then the problem solved is the (urculation around 
an elliptical obstacle just because these dotted stream lines 
satisfy the boundary condition for such a problem; namely, 
because the flow at any point on tlie boundary of the obstacle is 
parallel to the boundary of the obstacle. 

It is interesting to note that this same transformation w = 
cosh z (or, slightly more generally, w — a cosh z) (;an be used to 
solve a hydrodynamic problem of a differcnit sort. When licpiid 
seeps through a porous soil, it is found that tlu^ comj)onent in 
any direction of the velocity of the liquid is pi’oportioiial to the 
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negative pressure gradient in that same direction. Thus in a 
problem of two-dimensional flow, ’ 


u=-k^, v^-k^. 

dX dy 


If these values be inserted in the equation of continuity, namely 
in the equation ' 


the result is 


--f ^ = 0 
dx ^ dy 






= 0 . 


dx^ ' dy^ 

Suppose, then, one considers the problem of the seepage flow 
under a gravity dam which re.sts on material that permits such 
seepage. One seeks (sec Fig. 145) a function p that satisfies 



Laplace s equation and that .siitisfii's c<!rtain boundary conditions 
on the surfaces of the ground. 'J'hat is, the iircssuro must be 
uniform on the .surface of the ground upstream from the heel of 
the (lam and zero on the siirlace of the ground downstream 
fiom the toe of the dam. JI we (‘.hoo.se a system of cartesian 
coordinates u, v witli origin at the midpoint of the ba.se of the 
d.un (I'ig. 14.')) and //-axis on the surface of the ground, then 
it is easily checked that //(//, />) = p)/ir, wlicro 

w == II -f iu = a <H)sli (x + '///), 



484 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §146 

satisfies the demands of the problem. In. fact, it was seen in 
Sec. 145d, where the transformation w = cosh z was studied, 
that the line y = w of the a:-plane folds up to produce the portion 
to the left of = — 1 of the ti-axis in the t^-plane, and the line 
2 / = 0 of the 2 !-plane folds up to produce the portion to the right 
of u = +1 of the u-8ixm. The introduction of the factor a 
in the transformation merely makes the width of the base of the 
dam 2a rather than 2. These remarks show that p(u, v) reduces 
to the constant t on the surface of the ground upstream from the 
heel of the dam. If the head above the dam is such as to produce 
a hydrostatic pressure po, one merely has to set 

One may now easily find the distribution of uplift pressure across 
the base of the dam. In fact, the base of the dam is the repre- 
sentation, in the t^y-plane, of the line x = 0, 0 ^ ^ x, of the 

xy-p\me. Hence, on the base of the dam the equations 

u = a cosh X cos p, 
y = a sinh x sin y 

reduce to 

u a cos y, 

V = 0, 

so that 

p(Uj 0) = cos~^ -• 

X a 

This curve is drawn in the figure. The total uplift pressure 
(per foot of dam) 

p ^ r oos ' “ dll = p()U, 

TT J~a a 

which is what the uplift pressure would bo if the entires l)ase of 
the dam were subjected to a head just one-half the head above the 
dam or if the pressure decreased unifonnly (lin(^‘lrly) from the 
static head po at the heel to the value z(a-o at th(‘ too. Tlu^ point 
of application of the resultant uplift is easily (‘.aleulatc^d to be 
at a distance b = 3a/4 from the heel of the dam. 

c. Applications to Elasticity. If opposing (couples be applied 
to the ends of a right cylinder or prism of homogeneous material, 
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the cylinder twists and shearing stresses are developed. Choose 
the axis of the prism for the 2 f-axis of a rectangular system of 
coordinates. The angle of twist per unit length, say r, and the 
shearing stresses, due to an applied couple T, can both be cal- 
culated if one can determine a function 4>(a;, y) satisfying Laplace’s 
equation and reducing, on the boundary of a section of the prism, 
to the function - {x^ + z/2)/2. In fact/ 



where 

C = 26^ JJ (i> — <!>*) dx dy, 

in which G is the modulus of rigidity of tho material, whereas the 
shearing stresses are given by 

r, = -(7,(g - ,). 

bJxact analytical solutions of 
this important t(ichnical problem 
have h(‘en oI)tain(Ml for several 
simph^ scH^tions, notably circular, elliptical, rectangular, and tri- 
angular.- Only r(‘C(uitly^ tho problem was solved for an infinite 
T sec^tion (s(Hi Fig. 140). From the g(iiicral disemssion given in 
Sec. M 1, it is <^l(^ar that, to solve this latter problem, one requires 
first an analytics function that will map the boundary of this T 
section onto tb(^ entire i*eal axis of tho new u;-i)lane. This sec- 
tion, mor(M)\^er, is a r(^(dalinear i)olygon, so that one can use the 
H(4iwartz transformation th(K)ry to produce tho desired analyti(^ 
relation. One finds that the desired mapping is carried out by 
the fimcbon 

1 Lovk, a. I'l. fl., 'rii(M)ry of lOliiHiicity, 3(1 (h 1., pp. 315-333, 1920, 

'‘^TitAYnii, W., jukI H, W. Maiumi, Th(^ I'ersion of Mtunbers Having Scc- 
tiorjR Common in Ain^aft C-onHirii(*.tion, Hut, AeronauliCH Navy Depi,, 
Separate Hepl. 33*1; also c.ontaimHl in Nnl. Adv. Comm. AeronmdieSy \Tdh 
Ann. Hepl., 1929, pp. ()7r)-719. 

^ SoKoiiNiKOKK, 1. S., On a Solution ofLaplact^'s liquation with an Appli- 
(uition to th(i TorHioTi ProbUun for a Polygon with Uc^ontrant, AngloH, Tram. 
Amer. Math. Sac., v(j 1. 33, pp. 719-732. 



Fid. 140. 
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= — log {w + — 1) + 


2 di 


^ tan-i 1 + id. 


where the first line is furnished directly by the Schwartz theorem 
and where, in the second line, the constants a. A, B have been 
evaluated so as to fit the dimensions and location of the T 

section. _ , , . . , 

It is next necessai-y to break z up into its real and imaginary parts 
so as to obtain x and y as functions of u and v. Ihese values, 
when substituted into 

;f.* + 2/' 


give, because u = 0 on the boundary of the section, the function 

0), 7y(w, ())] = 


The remaining essential step is to obtain a i unction ’J'(w, v) 
satisfying Laplace’s eciuation and reducing, on the axis of 
reals v = 0, to the function 4>#(u). Such a fuiuition is‘ 


where 



will <9 .Jt 
- 2?p cos 0 + e ' 


w = n + iv = pc'^ 


The solution to the orii^inal problem is then ^ivoii, as was earlier 
indicated in Sec. 144, by <P = 4'. It is obviously a diffieult and 
laborious job to carry out th(\se (*.al(‘ulaliions, but toiinulas have 
been obtained, in the ])aper rel erred to, Irom whi(4i practical 
calculations can be made. 

d. Applicatiotis to ]^l('ctrofifnMCf^. I be iiudhods of (M.)n'iplex 
variable the^^ry are pecuiliarly a-pplicJibb^ to i,wo-(liiu(‘nsional 
electrical problems. In onbu* that th(^ jirobbMus be two-dimen- 
sional, we shall undorstarul that the (‘oiulu(4,ors uiuUm’ (Miiisidera- 
tion are exceedingly long (*,yliiulers whosi^ a,x(‘s arc^ iiorinal to the 
z = X + iy plane. Under thes(i einaimsta-iiecNs tlu^ various 

^ SoKOLNiKOFF, I. S., Oil ii Solution ol Fiapljuu^’s iLfpiulion with jui Appli- 
cation to the Torsion Problem for a Polygon with UntMilniiit An\£\vH, Tram. 
Amer. Math. Soc., vol. 33, pp. 719-732. r\uH formula is tli(^ Kcnm-al solution, 
«r,oken of in Sec. 144, of Laplace’s equation subjciet to spiaufied boundary 
values on the entire axis of abscissas. 
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electrical quantities do not change appreciably in the direction 
normal to the 2 :-plane, and one has to determine these quantities 
as functions of x and y only. In certain problems, one or more 
of the conductors present will have very small cross sections and 
will be given a charge of, say e' per unit length. Such a con- 
ductor will be called a line charge of strength e'. 

The electrostatic problem for such conductors is solved when 
one hovS obtained a function 4>(x, y), known as the electrostatic 
potential, satisfying the following conditions:^ 


(146-3) 



52* 


dy^ 


= 0 


at all points in free space. 

reduces, on the surface of the fcth conductor, 
to a constant 

In the neighborhood of a line charge of strength 
c', becomes infinite as 

— c' log r 


where r measures distance to the line. 
4> behaves at infinity as 

log RZe' 

27r~~' 


whci’t^ Sc' is the total (*.harge per unit length of all 
conductors present and where R measures distance 
from some refenmeo point in the finite plane. In 
case Sc' = 0, approaches zero as 1/R. 


Tt is H'adily sliown, by standard methods, that the solution of 
such a probh'in is unicpie. 14iis remark is of great practical 
im|)oi4anc(^, since^ it assurers one that a function sfttisfying these 
conditions is, how(‘V(‘r it may liavo been obtained, the correct 
solution of tin' i)liysical prol)l(un. 

Physically on(‘ wisli(\s i-o know the distril)ution of charge anu 
the electrostatic force at any point. These data may bo obtained 

1 8o<^ M ason, M., jukI W. Wkavsu, The lOlectromaKCotic Field, pp. 134 , 140, 
1929;jiii(l IImimann-Wkusk, I)i(^ l)ilT(M-(MitiiiIji;lcii(!hunf];(Mi dor Physik, vol. 2, p. 
290, 1927. Th(^ iiniU uh(m 1 in U\e above discussion are the rational units 
used in Mason and Weaver, loc. cit. 
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from the function $ in the following manner: The component Ea 
in any direction 5 of the electrostatic force per unit charge is 
given in terms of # by the relation 


Ea - 




and the surface density of charge ry on any conductor is given by 


where n measures distance along the external normal to the 
conductor in question. 

Now if 

w = u + iv = f(z) = f(x + iy) 
and if the function 

y) = u{x, y) 

satisfies condition (146-3), then 

fp — _ 

* ” dx" ^ 

the last step following from the Cau(‘liy-Riemami ©(piations 
(135-6). Similarly 



the last step resulting from the fuiuiament.al fact that the value 
of the derivative of an analytic function w is iiulcpciulent of the 
mode in which z approaches zero. Now tlu^ c()inpl(‘x number 
a - ib is called the “conjugate” of th(‘ complex number a + zb 
and one often denotes a conjugate by a bar, thus: 

a — = a + In. 

With this standard notation, the “complex ol(M;i,ri(^ force” 
E = Eg -jr iEy is given by 

(146-4) B s -f iE^ = _ 
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and the magnitude -VEI + El of the electrostatic force at 
point is given by 


(146-5) 


VEl + E^ 


dw 

dz 


any 


If one chooses s v{Xj y), then (146-4) and (146-6) are 
replaced by 


(146-6) 

(146-7) 


£/ = £« + iEy = 

VW+El = 



dw 

dz 


Three types of electrostatic problems will now be briefly^ 
considered. The first and simplest two-dimensional electrostatic 
problem is that of a single long cylindrical conductor with a given 
charge. One then seeks a function that satisfies Laplace^s 
('(Illation and, in accordance with (146-3)6, reduces to a constant 
on the curve that bounds a section of the conductor. This is 
the analytical problmn whose solution was indicated in Sec. 144. 
One rc(iuir('s a function lo = u + iv = f(z) = f(x + iy) such 
that (‘ith('r a vortical straight line u = const, or a horizontal 
straight lino v = const, of the ?c-plane maps into the bounding 
curve C of the conductor’s sc'ctioii in the z-plane. Then 4>(:r, y) 
= y) 01 * 4^(.r, //) v{x, y) solves the problem, and the 
physically important ((uantiti(\s ari^ givmi by (146-4), (146-6) 
or liy (M()-()), (1 li)-7), r(‘sp(*(d.iv(‘ly. 

S(‘coii(lly, suppos(‘ that a single long cylindrical conductor is 
in th(‘ |)r(‘S(*n(‘(^ of a |>aralk'l liiu' charge of strength c'. We 
suj)pos(‘ tlie liiK^ charges to Ix^ outside the conductor. Let C 
!)(' t.h(‘ bounding (Mirve in th(' z-j)lano of a s(M*tion of the conduc- 
tor, and l(‘t the line (diargi^ be loiuih'd at z — Zu. We may 
convc'iiic'ntly su|)pos(^ th<^ cylindrmal conductor to be grounded, 
so that \v(^ s(‘(‘k a solution of Laplace’s (filiation that reduces 
to z(M‘o on C and beconu's infinite as indicatid in (146-3)c at 
z = 2 (). L(‘t f = J{z) transform C onto the entire axis of reals 
and th(^ ('xt.(u*ior of C (‘oiiformally upon the upper half f-plane. 
Then if 


log 


- /(Vo) 
- 7 ( 2 . 0 ' 


the fun(‘tion ^ ^ 7/(.r, y) is Uie solution sought. In fact, for 
values of z sufficiently close to zo, f{z) — f{zo) behaves, except for 
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a constant factor, as (a - ^o). Thus, if one writes 

3 - So = re'‘, 

then, for values of z very near to zo, 

1 

2ir r 

Therefore, 


t/, = 1 i + w = ^ log 


. e' , 1 -e'e , i 

+ A = ^log--t^ + A, 


where A reinains finite as 25 25 o- 


u = 


l^log^UB, 


where B remains finite a.s z ^ z„. Thus u(x y) has the proper 
type of infinity at z = zo. Furthermore, pm^^ts z on C, 
/(z) is on the axis of reals in the T-plane, so th^he modulus of 
_ /( 20 ) equals the modulus of /(z) - Ji^o). Hence the 

modulus of ___ 

&)jr 

/(z) -/(zo) 

is unity. However, since 

log pc’* = log p + iV, 

it is clear that the real part of the logarithm of a complex ((uantity 
is the logarithm of the modulus of the complex (luantity. Since 
the logarithm of unity is zero, it is ch^ar that u vanishes on C. 
As regards the behavior of n(x, y) at infinity, one not(« that a 
is the logarithm of the ratio of the (real) distances of f - M 
= f(V„) and to r„ = /(zo). As z heconu's inhnite,_ this ratio 
differs from unity by an amount whose leading term is eiiual to 
or less than a c-onstant times th(^ rec.ii)r()(‘n,l (hstaiu^c^ froin f{z) 
to one of the points /(zn) or/(z„j. dMius the leading t.erm m the 
logarithm of this ratio Ls a constant times this reciiirocal distam.e, 
and $ = M behaves at «> in the required inaniier. 

In the third typo of problem there are two condiici.ors presmit, 
one raised to the potential 4>o while the other is at a potentia 
zero. Thus, suppose that the cross .secl.ion ol lave 1< >ng cylindrical 
conductors consists of two curves Ca and such as t, lio.se sluiwii 
in Fig. 147, which do not intersect at a finite point but which, 
if one takes account of the intersection of Ih and Bn and of A n 
and A\ at z = divide the extended iilane into two simply 
connected regions, one of which may he calkd the ‘‘intenor 
and the other the “exterior” of the closed curve Co +_C ,. Wow 
suppose that r = /(®) maps C„ onto the entire m-gativo axis of 
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reals in the f-plane, with the infinitely distant point along Bo 
mapped onto f = 0, that f = f(z) also maps Ci onto the entire 
positive axis of reals with the infinitely distant point along 
Bi mapped onto f = 0, and that t = f{z) maps the interior of 
Co + Cl conformally on the upper half f-plane. Then, if 

<i>o 

+ ty = — log/( 2 ), 

TT 

the function # = y(a:, y) satisfies = 0 at every point in the 
interior of Co + Ci, reduces to zero on Ci, and reduces to on Co- 



lu fact, the imaginary part of the logarithm of a complex number 
is mcn^ly the ampliiiulo of the complex number; and for points 
on C|), f(z) luxs an amplitude of tt, while for pomts on Ci,/(z) has 
an amplitude of zero. Then, 

(Is 

(Iw __ ^0 (Iz 
(iz T f{zy 

and trho electrost,atic. force is given by (14()-5) and (140-7). 

This third type of problem is of fre(iuent and important 
practi(‘al ()(U!un‘(Mic(^ Many clectric^al engineering problems 
that hav(^ Ixmmi solved l)y this method of conformal representa- 
tion ai’o r(‘f(U’red to in an expository article, devoted lai'gely to 
the S(;hwarz transformation, by 10. Weber. ^ In an earlier article 
in tlie sarins journal," for instance, tlui theory of conformal 
rcpreseiitai/ion is ai)])li(Hl to the probhmi of studying the leakage 
voltag(^ and th(^ breakdown potemtial Ix^tween the liigh- and low- 
potential portions of oil-immersed transformers. The cases 
studied come under the third type of problem discussed above. 

1 Wnnion, hi., Archiv fur Hlvktrolrchnik^ vol. 18, p. 174, 1926. 

* DuiflYFUs, \j., Archiv f fir Elcklrotcchnikf vol. 13, p. 123, 1924. 



CHAPTER XI 


PROBABILITY 

There is no branch of mathematics that is more intimately 
connected with everyday experiences than the theory of proba- 
bility. Recent developments in mathematical physics have 
emphasized anew the great importance of this theory in every 
branch of the physical sciences. This chapter sets forth the bare 
outline of those fundamental facts of the theory of probability 
which should form a part of the minimum equipment of every 
student of science. 

147, Fundamental Notions. Asking for the probability or 
for a measure of the happening of any event implies the possi- 
bility of the non-occurrence of this event. Unless there exists 
some ignorance concerning the happening of an event, the 
problem does not belong to the theory of ])rol)al>iIity. Thus, the 
question ^^What is the probability that New Yc^ar’s day in 1984 
will fall on Monday?^' is trivial, inasmu(4i as this cpiestion can 
be settled by referring to a calendar. On tJio other hand, the 
query ^^What is the probability of drawing the ace of hcnirts 
from a deck of 52 cards?'' constitutes a })rol)l(^ni to which the 
theory of probability gives a definite answ(u\ In fact, one can 
reason as follows: Granting that the de(^k is [)erfe(tt, one (‘ard is 
just as likely to appear as any other and, since there are 52 (‘ards, 
the chance that the ace of hearts will drawn is I out of 52. 
The words “just as likely," used in the preccnling sent-eiux^, imply 
the existence of the ignorance that is esseni.ial to reinov(^ any 
problem of probability from triviality, ''.rhe t(u'm “(Mpially 
likely," or “just as likely," applied to a future ev(uit that can 
happen or fail to happen in a certain nuinlxM* of ways, indicates 
that the possible ways are so related that tluire is luj rcxison for 
expecting the occurrence of any one of them rather than that of 
any other. 

If an event can happen in N ways, whi(‘h are ecpially lik(dy, 
and if, among these N ways, m are favorable, then the probability 

4d2 
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of the occurrence of the event in a single trial is 
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Thus, the probability that the six will appear when a die is 
thrown is since the total number of ways in which a die can 
fall is 6, and of these six ways only one is favorable. The proba- 
bility of drawing a heart from a deck of 52 cards is since there 
are 13 hearts and the total number of equally likely ways in 
which a card can be drawn is 52. 

It is clear that, if an event is certain to happen, then the 
probability of its occurrence is 1, for all the possible ways are 
favorable. On the other hand, if an event is certain not to occur, 
the probability of its occurrence is zero. It is clear also that, if 
the probability of the happening of an event is p, then the proba- 
bility of its failure to happen is 

(? = 1 - p. 

The concept of ‘S^qually likely” plays a fundamental role in the 
theory of probability. The need for caution and a careful 
analysis of the pi’oblem will bo illustrated by several examples. 

Let two coins bo tosscnl simultaneously. What will be the 
jjrobnbility that they l)oth show heads? The following reasoning 
is at fault. Tlu^ total num))er of ways in whi(*-h the coins can fall 
is thre(‘, since the possible combinations are two heads, two tails, 
and a lu'ad and ii tail. ( )f these threci ways, only one is favorable, 
and thcr(*for(i the [>robability is 3 ;{. The fault in this reasoning 
li(\s in ih() hiilurc^ to ac^count for all the ecuuilly likely cases. 
Th(^ nuinb(‘r of ways in whi<di oiui head and one tail can fall is 
two, sin(‘(^ ib(‘ hc^iul cjin appear on the first coin and the tail on 
the s(H*ond, or th(‘- h(‘ad can appear on the second coin and the 
tail on I h(' fii*st. ddius, the total number of etpially likely ways is 
4, and in-obability of both coins showing Inmls is Vj. The 
probability of otn^ luvid and oik^ tail showing is J^,(, so that a head 
and a tail are twice as lilody to apiurn as either two heads or two 
tails. 

Another examples may prove useful. Suppose that a pair of 
dice is thrown. What is the })robability that a total of eight 
shows? The total nuinlxn* of ways in which two dice can fall 
is 3(). (This follows from the fundaiucntal principle of com- 
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binatory analysis: if one thing can he done in m different ways and 
another thing can he done in n different ways, then both thmgs can 
he done together, or in succession, in mn different ways.) i he sum 
of 8 can be obtained as follows: 2 and 6, 3 and 5, 4 and 4. 
Now, there are two ways in which 2 and 6 can fall: 2 on the 
first die and 6 on the second, and vice versa. Similarly, there are 
two ways in which 3 and 5 can fall, but there is only one way in 
which 4 and 4 can fall. Hence, the total number of equally likely 
and favorable cases is 6, so that the desired probability is /se- 
The two foregoing examples were solved simply by enumer- 
ating all the possible and all the favorable cases. Frequently, 
such enumeration is laborious and it is convenient to resort to 
formulas. Thus, let it be required to find the probability of 
drawing 4 white balls from an urn containing 10 white, _4 black, 
and 3 red balls. The number of ways in which 4 white balls 
can be chosen from 10 white balls is ecpial to the number of com- 
binations of 10 things taken 4 at a time, namely, 


C, = 


10 ! 


100 4 


4! 01 


The total number of ways in which 4 balls can be chosen from the 
17 available is 

17! 

4! 13!' 


nCi — 


Hence, the probability of success is 

10(74 _ 10!4[13! ^ 3 
^ " 1^4“ 410! 17! 34 

Another example will illustrate furtlxn- (In. use of formulas. 
Suppose that it is desired to find tin. in'obabilil.y ol drawing 4 
white, 3 black, and 2 rod balls from the iii'ii in tin. i)r(.ceding 
illustration. In this case the numlx'r of ways in whicli 1 white 
balls can be drawn is i„6'4; the 3 black balls can be chosen in 
4C3 ways; and the 2 red ones in A'l ways. .\n ap|)lica(ion oi the 
fundamental principle of combinatory analysis gives the reiiuircd 
probability as 

_ ioC\ ' 4 C 3 ■ _ 252 

P - " ' 2131 
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PROBLEMS 

1. What is the probability that the sum of 7 appears in a single 
throw with two dice? What is the probability of the sum of 11? Show 
that 7 is the more probable throw. 

2. An urn contains 20 balls: 10 white, 7 black, and 3 red. What is 
the probability that a ball drawn at random is red? White? Black? 
If 2 balls are drawn, what is the probability that both are white? If 
10 balls are drawn, what is the probability that 5 are white, 2 black, and 
3 red? 

148. Independent Events. A set of events is said to be 
independent if the occurrence of any one of them is not influenced 
by the occurrence of the others. On the other hand, if the 
occurrence of any one of the events affects the occurrence of the 
others, the events are said to be dependent. 

Thkouem 1. If the prohabiliHes of occurrence of a set of n 
independent events are pi, p^y ' ' ' , Pn, then the probability that 
all of the set of events xoill occur is p = pip 2 • * • 

The proof of this theorem follows directly from the fundamental 
I)rincipl(^ Thus, let there be only two events, whose probabilities 
of success arc 

mi 3 m2 

wd p. - 

The total iiuml)er of ways in wliich both the events may succeed 
is vi[tn 2 , and the total nuinlKU- of ways in whhdi these events can 
succ(u>(l and fail to succ(‘(‘d is Hence, the probability of 

the o(;(uirren(*(i of both of thc! (nmnts is 


V 


mi /;/ 2 


m.i 


m2 

N2 


= plP2. 


Obviously, this i)r()of van l)e extended to any number of events. 

Illustration, A (M>in and a dies are tossed. What is the 
probabilii.y that the ace and tlu^ lu^ad will app(*ar? The proba- 
i)ility iJiat ib(‘ ac(‘ will jipp<‘ar is and ilu^ prol/ability that the 
h(‘ad will appc'ar is ,‘ 2 - d'hend’ore, the probability that both 
head and ace will appear is 

1 ^ 1 / 1 / 

;o . 2 = >12- 

Tiii':f)iiKM 2. If the probability of oreurrence of an event is pi 
and after that event has occurred, the probability of occurrence 
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of a second event is p^, then the probability of occurrence of both 
events in succession is pip 2 . 

The proof of this theorem is similar to that of Theorem 1 aiid 
will be left to the student. Obviously, the theorem can be 
extended to more than two events. 

Illustration 1. What is the probability that 2 a(^es be drawn 
in succession from a deck of 52 cards? The probaliility that an 
ace will be drawn on the first trial is After the first ace 

has been drawn, the probability of drawing another* ace from the 
remaining 51 cards is so that the probability of drawing 2 
aces is 

Illustration 2. What is the probability that the ace appears 
at least once in n throws of a die? The probability of the ace 
appearing in a single throw of the die is mid t.lu^ probability 
that it will not appear is The ])robability that the ace will 
not appear in n successive throws is 

Hence, the ])robability that the ac(i will appe^ar at h^ast once is 

1 - (:'(>>*. 

Illustration 3. An urn contains 30 bljick lialls and 20 white 
balls. What is the probability that (a) A whiter ball and a 
black ball are drawn in succession? (6) A black ball and a wiiito 
ball are drawn in succession? (r) black balls are drawn 

in succession? 

a. The probability of drawing a whit(‘ haW is Aftin* a 

white ball is drawm, the probability of drawing a. bla,ck ball is 

Hence, the probability of drawing a white ball and a black 
ball in the order stated is 

V = ^P'5() * 

b. The probability of drawing a black ball is and the 

probability that the second drawing yit'lds a. wUWo bjill is 

so that 

c. The probability of drawing 3 black balls in succession is 
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Illustration 4. The probability that Paul will solve a problem 
is yij and the probability that John will solve it is What is 
the probability that the problem will be solved if Paul and John 
work independently? 

The problem will be solved unless both Paul and John fail. 
The probability of John's failure to solve it is }'i and of Paul's 
failure to solve it is Therefore, the probability that Paul 
and John both fail is 

3^^ • M 

and the probability that the problem will be solved is 

1 - M 

PROBLEMS 

1. Wliat is the probability that 5 cards dealt from a pack of 52 cards 
are all of the same suit? 

2. Five (*oins are tossed simultaneously. What is the probability 
tliat at least one of them shows a head? All show heads? 

3. What is tlie probability that a monkey seated before a typewriter 
having 42 keys witli 2() letters will type the word sir? 

L If Paul hits a target 80 times out of 100 on the average and John 
hits it 00 tiiiuis (nit of 100, what is the probability that at least one of 
them hits the target if they shoot simultaneously? 

6. Tli(^ jirobability tliat Paul will be alive 10 years hence is 5>s, and 
that John will be alive is -hi.’ What is the probability that both Paul 
and John will 1)0 dead 10 years hence? Paul alive and John dead? 
John alivi^ and Paul (huid? 

149. Mutually Exclusive Events. Events arc said to be 
viulually (wrliisirv if tln^ oecui'ronec of one of them prevents the 
o(*(*iirr(Mie(^ of i.lu^ oI Ikm’s. An important theorem concerning such 
ev(‘,uts is Uk‘. following: 

The prof mb I lily of the ocA'urretwe of either one or 
the other of Oro viulunlly (wrlifsivc events is equal to the sum of the 
probabilities of the single events. 

Th(^ proof of this lln'orcin follows from tln^ (h^fiuitiou of proha- 
hility, (k;nsi(i(‘r two niulually (‘xclusivo events A and B. 
Inasmuch as tln^ (‘V(mi1s a,r<* imii-ually exclusive, A and B cannot 
occur siiniilta,n(s>usly and iJie possible (^ases are the following: (a) 
A occurs and B fails i.o occur, (b) B o<*curs and A fails to o(5cur, 
(c) both .1 and B fail. tlie number of (Hjually likely cases in 
which id) 4 can occur and B fail be a, (5) B can occur and A fail 
be /3, (c) both A and B fail be 7- 
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Then the total number of equally likely cases is a + |S + 7- 
The probability that either A or B occurs is 

a + ^ 

a + S + y 

the probability of occurrence of A is 


a 

a + + 7 

and the probability of occurrence of B is 

& 

« + + 7 

Therefore, the probability of occurrence of either A or J5 is equal 
to the sum of the probabilities of oc(‘.urrcn(*.c of A alone and of 
B alone. Obviously, this theorem can be extended to any 
number of mutually exclusive events. 

The task of determining when a given set of events is mutually 
exclusive is frequently difficult, and care must be exennsed that 
this theorem is applied only to mutually ex(^lusive evcMit.s. Thus, 
in Illustration 4, Sec. 148, the probability that (utlier Paul or 
John will solve the problem cannot })e ol>ta.in(Ml l)y adding 
yi and ^ 3 , for solution of the ])rohl(un by Pa,ul (lo(\s not (‘limi- 
nate the possibility of its solution by John. Th(‘ cviMits in this 
case are not mutually exclusive and tin* iln'oriun of this section 
does not apply. 

Illustration 1. A bag contains 10 whiter balls and 15 bhuJe 
balls. Two balls are drawn in su(‘C(\ssi(>n. What is t h(‘ proha- 
bility that one of them is black and t h(‘ otluM* is white? 

The mutually exclusive events in this prol)l(Mn luv: (d) drawing 
a white ball on the first trial ami a black on tin* s(‘cond; (6) 
drawing a black ball on the first t rial and a, whil,(‘ on tJie second. 
The probability of (a) is 1,^25 * that of (h) is ^’'^» 2 r) ' 

so that the probability of either (a) or (/>) is 


• '-^^4 + 


in 


25 


‘^’24 = 


2 * 


Illustration 2. Paul and John a,r(' to (sigagc^ in a game in 
which each is to draw in turn one (M)in at. a, t inu' from a purse 
containing 3 silver and 2 gold coins. Th(‘ coins are not r<‘placed 
after being drawn. If Paul is to draw fii*st., find t.ln^ probability 
tor each player that he is the first to draw a gold (*oin. 
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The probability that Paul succeeds in drawing a gold coin 
on the first trial is %. The probability that Paul fails and John 
succeeds in his fii'st trial is 

H • % = Ho- 

The probability that Paul fails, John fails, and then Paul suc- 
ceeds is 

■H-H = y5. 

The probability that Paul fails, John fails, Paul fails again, and 
John succeeds is 

for after three successive failures to draw a gold coin there 
remain only the two gold coins in the purse and John is certain 
to draw one of them. Therefore, PauFs total probability is 

^5^ + Vs 

and John’s probability is 

?io + Mo = 

PROBLEMS 

1. Olio purse contains silver and 7 gold coins; another purse con- 
tains 4 silver and 8 gold coins. A purse is chosen at random, and a 
coin is drawn from it. What is the probability that it is a gold coin? 

2. Paul and John arc throwing alternately a pair of dice. The first 
man to throw a doublet is to win. If Paul throws first, what is his 
(diaiK'o of winning on his first tlirow? Wliat is the probability that 
Paul fails and John wins on his (irst throw? 

3. On th(^ averages a (U'rtain student is able to solve (>0 per cent of 
th(‘ problems assigiuMi to him. If an examination contains 8 problems 
and a minimum of T) probhuns is required for passing, what is the 
student’s <‘hanc(^ of passing? 

4. Two (lic(‘ ar(‘ thrown; what is thci probability that the sum is either 
7 or 1 1 ? 

6. How many tim(‘s must a <lie be thrown in order that the prob- 
ability that. i.h(^ ac(‘ app(>ar at least omui shall lie gn^ntor than t^? 

6. Twfuit.y tick<‘ts ai'(^ numlx'n^d from 1 to 20, and one of them is 
drawn at rarnlom. What is the probability that the number is a 
multiph^ of r> or 7? A multiph* of 3 or 5? 

Not(^ that in solving the second })art of this prolilem, it is incorrect to 
iTMison as follows: Tlu^ number of tickets bearing numerals that are 
multiples of d is 0, and the number of multiples of 5 is 4. Hence, the 
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probability that the number drawn is either a multiple of 3 or of 5 is 
%o + y 20 = K. Why? 

7. A publishing concern submits a copy of a proposed book to three 
independent critics. The odds that a book will be reviewed favorably 
by these critics are 5 to 4, 4 to 3, and 2 to 3. What is the probability 
that a majority of the three reviews will be favorable? 

8. If on the average in a shipment of 10 cases of certain goods 1 case 
is damaged, what is the probability that out of 5 cases expected at least 
4 will not be damaged? 

160. Expectation. The expectation of winning any prize is 
defined as the value of the prize multiplied by the probability 
of winning it. Let it be required to determine the price one 
should pay for the privilege of participating in the following 
game. A purse contains 5 silver dollars and 7 fifty-cent pieces, 
and a player is to retain the two coins that he di'aws from the 
purse. It can be argued fallaciously as follows: The mutually 
exclusive cases are (a) 2 dollar coins, (h) 2 half-dollar coins, (c) 
1 dollar coin and 1 half-dollar coin. Therefore, the values of 
the prizes are $2, $1, and $1.50, and the fair price to pay for the 
privilege of participating is $1.50. But, the probability of 
obtaining (a) is 

6^2 __ 5 

'Pa ' 7 y ‘ 

1 2^' 2 

that of obtaining (5) is 

7C2 _ 7 

Pb yi' 99’ 

12V^2 

and that of obtaining (c) is 

^ ^7^ _ 3 5 

nCi ()(;■ 

Hence, the expectation ol obtaining (a) is 
€a = 2 • = 0.30, 

that of obtaining (/>) is 

= 1 • = 0 . 32 , 

and that of obtaining (c) is 

= 1.50 • = 0.80. 

It follow.s that the total expectation is 

-10.30 + $0.32 + $0.80 = $].-12, 


instead of $1.50. 
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PROBLEMS 

1. A batch of 1000 electric lamps is 5 per cent bad. If 5 lamps are 
tested, what is the probability that no defective lamps appear? What 
is the chance that a test batch of 5 lamps is 80 per cent defective? What 
is a fair price to pay for a batch of 500 such lamps if the perfect ones can 
be bought for 10 cts. each? 

2. What is a fair price to pay for a lottery ticket if there are 100 
tickets and 5 prizes of $100 each, 10 prizes of $50 each, and 20 prizes of 
$5 each? 

3 . What is the expected number of throws of a coin necessary to 
produce 3 heads? 

161. Repeated and Independent Trials. Frequently it is 
ro(iuired to compiitci the pi’obability of the occurrence of an 
(‘vont in n trials when the probability of the occurrence of that 
e\'ont in a sing:lo trial is known. For example, it may be required 
to find the prot)al)ility of throwing exactly one ace in 6 throws 
of a single die. The possible mutually exclusive cases are as 
follows: 

(1) An a(u^ on th(^ first throw, and none on the remaining 5 
throws. 

(2) No ac(^ on the firsti throw, an on tlic second, and no 
ac(‘s oil lh(‘ nunnining I throws. 

(3) No a(M^ on tJi(‘ first 2 throws, an on tlui third, and no 
lus's on th(^ Iasi, 3 throws. 

( I) No nc(‘s on t lu^ first 3 throws, an a(*(M)n the fourth, and no 
ac(\s on tlu^ last/ 2 throws. 

(5) No a(‘('s on tJu^ first 4 throws, an ace on the fifth, and no 
ac(‘ on tJi(^ last, throw. 

(()) No MC(‘s on lh(' first, 5 t hrows, and an ace on the last throw. 

'rh(^ j)rol)al)ilit,y of th<^ oc<uirr(Uic(^ of (1) is 

sin(‘c t,h(' prohahility of throwing an a,(*e on t,h(^ first trial is % 
and t,lu' prohal)ilit,y Ihni t h(‘ ace will not ai)pear on the succeeding 
5 throws is (">(•,)*’• prohahility of (2) is 

the prohahility of (3) is 

['u • • >0 * 
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and it is clear that the probability of any one of the 6 specified 
combinations is 

Since the cases are mutually exclusive, the probability that some 
one of the 6 combinations will o(*.cur is 

P = 6 • 

It should be observed that the probability of obtaining any 
combination of 1 ace and 5 not-aces is always the same, so that in 
order to obtain the probability of occurrence of one of the set of 
mutually exclusive cases all that is necessary is to multiply the 
probability of the occurrence of any specified combination by the 
number of distinct ways in which the events may occur. This 
leads to the formulation of an important theoi^em which is 
frequently termed the binomial law. 

Theorem 1 (Binomial Law). If the probability of occurrence 
of an event in a single trial is p, then the probalnlity that it will occur 
exactly r times in n independent trials is 

Pr = nCrp^il ~ pY^^ 

where 


The method of proof of tills theorem is obvious from the 
discussion of the specific case that pr(‘(*(‘(l(‘s th(^ theorem. The 
probability that an event will o(*(mr in a pa,rt.i(ailar s(‘t of r 
trials and fail in the remaining n — r triaJs is //'( 1 — 

But since the number of trials is n, the numIxM* of ways in which 
the event can succeed r times and rail u. — r t inu\s is (siual to the 
number of the combinations of n things taken r at a time, or 

"" r!(n - /•)!* 

Hence the probability of exactly r successes and n r failures is 

Illustration 1. What is the cham^e that ih(‘ ac(‘ will ap])ear 
exactly 4 times in the course of 10 throws of a di(i? 
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Formula (151-1) gives 


656,250 

60,466,176 


0.0108. 


Illustration 2. Ten coins are tossed simultaneously, 
the chance that e.vactly 2 of them show heads? 

Here 


10 ! 
2 ! 8 ! 



45 

1024 


0.0439. 


What ig 


If in tlio oxainplc at the beginning of thiti section it had been 
reciuired to determine the probability that the ace would appear 
at least onee in the course of the 6 trials, the problem would be 
solved witli the aid of the following argument: The ace will 
appear at l(‘ast once if it appears exactly once, or exactly twice, 
or exactly tlircu^ times, and so on. But the probability that it 
appears exactly once is 

Pi - 

cxavtlv t \vic(', 

= oCa 

(‘xa(*tlv thr(‘(‘ ihn(\s, 

('t (‘. Th<^s(‘ compound ('V(M)ts are niutiuilly exclusive, so that the 

])robnl)ilily of tli(‘ ac(‘ nppejiring at hvist. once is the sum of the 
probabilit i(‘s 

Pii Piu • • • , P«. 

Th(‘ gi'utu’nl tluM)nnn, which includ(\s this |)roblem as a special 
cas(‘, is I he following. 

d'InooKK^t 2. If the pvobahifUy of (hr orctirrmre of an event 
ofi a sinyh' /rial is p, then the prolnihilifij lhal the event loill occur 
at Irasl r (itnes in. tin' ronrse of n independent trials is 

P'^ T n(\p'^ 'V + “ f + * • * + nCn-rP^^r ", 

where (j -- 1 — />. 

1 1 should b(Miolc<l I hid ~ is the (M)effi(‘ient of in the 

binomifd ('xpnnsion for {p + v)'" mid that p -r is (s|ual i.o the sum 
of th(‘ lirsi // — r + I i(‘rms in the (‘xpa,nsion for {p + r/)'*. 

Illnstration .‘b TIk' probability that at hs'tst 2 of the coins 
show h(‘ads wlaai 5 coins an* loss<‘<l siinult an<‘()usly is 

I,., - (I .,) • + „r,( I .,) '( 1 + ,(\j 1 u)-'(' 2 )--l- ./’3( ' 
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The first term of this sum represents the probability of exactly 5 
heads, the second represents that of exactly 4 heads, the third 
that of exactly 3 heads, and the last represents that of exactly 
2 heads. 


PROBLEMS 

1. If 5 dice are tossed simultaneously, what is the probability that 
(a) exactly 3 of them turn the ace up? (b) At least 3 turn the ace up? 

2. If the probability that a man aged 60 will live to be 70 is 0.65, what 
is the probability that out of 10 men now 60, at least 7 will live to be 70? 

3 . A man is promised $1 for each ace in excess of 1 that appears in 6 
consecutive throws of a die. What is the value of his expectation? 

4 . A bag contains 20 black balls and 15 white balls. What is the 
chance that at least 4 in a sample of 5 balls are black? 

6. Solve Prob. 3, Sec. 149. 

162. Distribution Curve. Some interesting and useful con- 
clusions can be deduced regarding the formula for repeated 
independent events from the consideration of an (ixamplo that 
presents some features of the general (aise. Consider a piii’so 
in which are placed 2 silver and 3 gold (^oins, and hit it be reciuired 
to determine the probability of drawing (‘xa(*tly r silver (‘oins 
in n repeated trials, the coin being replaced after (iach drawing. 
The probability of exactly successes in n trials is givxiii by the 
binomial law [see (151-.1)] 

Vr = nCy/(l - 

where Pj the probability of drawing a silver (ioin on a singhi i.rial, 

is 

If the number of drawings is taken as //. = 5, th(‘ probability 
that none of the drawings yields a silver voin is 

Po = 6C^o(/'rI)”(:b^))"' = 0. 07776, 
the probability that 5 trials ym\d (exactly 1 silv('r coin is 
Pi = r>C,(?5)(,‘bO'^ = 0.2502, 

and the probability that exactly 2 silvcn- coins will ai>pear is 
P2 = = 0.3156. 

fn this manner, it is possible to construct a table of the values 
that represent the probabilities of drawing exactly 0, 1, 2, 3, 4, 5 
silver coins in 5 trials. Such a table, wIkmx^ the values of Pr are 
computed to four decimal places, is given next. 
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Probability of Exacply r Succbbses in 5 Trials 


r 

pr r 

Pr 

0 

0.0778 3 

0.2304 

1 

0.2592 4 

0.0768 

2 

0 , 34 J 5 e 5 

0.0102 


It will bo observed that r = 2 gives the greatest, or “most 
])rol)able,” value for prj which seems reasonable in view of the 
fact that the prol)ability of drawing a silver coin on a single trial 
is and one would “expect” that 2 silver coins should result 
fi*om 5 repeated drawings. 

If the number of trials is n ^ 10, the formula 

Pr = 

givt^s th(' following set of probabilities for 0, 1, 2, 3, • • • , 10 

SU(U*.(‘SS(‘S. 


PiKHLMnLri'v OF Kxactly r Sucorhseh in 10 Trials 


r 

Pr 

r 

Pr 

r 

Pr 

0 

(). 00 ( i () 

■1 


8 

0.0106 

1 

0,0103 

5 

0.2007 

9 

0.0016 

2 

0, 1200 

0 

o.iur> 

10 

0.0001 

3 

0,2150 

7 

0 . 0-125 




vVgain il jipjx'Mi's t hal tli(‘ most i)n)l)abl(‘ number of successes in n 
trijils is <MpiMl to I1 k‘ j)r<)l)al)ility of sinau'ss in a single trial 
nniltiplied by th(‘ munlxn* of trials. 

If a, similar ial)l(‘ is coiisi ructiMl for n. — 30, tlu^ resulting proba- 
bililit's are as shown b<‘lo\v. 


Puou AHii.iTV OF Exactly r SeeeMSKFS in 30 Tuialb 


r 

Pr 

r 

Pr 

r 

Pr 

. 2 

0 ooou 

\) 

0 . 0 S 23 

10 

0.0489 

3 

0,0003 

10 

0 . 11.52 

17 

0.0209 

■1 

0,0012 

11 

0 . 1 300 

IS 

0.0129 

5 

0.0011 

12 

OJJJ// 

10 

i 0.0054 

r> 

0 ()1 15 

13 

0 . 13(>0 

20 

0.0020 

7 

0 0203 

i-i 

0. 1 100 

21 

0.0000 

S 

0 0505 1 

15 

0 . 07 S 3 

22 

0.0002 



i 


>23 

0.0000 
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In. this table the entry 0.0000 is made for 0 ^ r ^ 2 and for 
r ^ 23 because the values of pr were computed to four decimal 
places, and in these cases pr was found to be less than 0.00005. 
For example, the probability of drawing exactly 1 silver coin in 
30 trials is 

Pi = = 0.00000442149, 

and the probability of drawing exactly 23 silver coins in 30 trials 
is 

P23 = BoC^siHyKhy = 0.000040128. 

Therefore, for all values 23 r < 30, the values of pr are less 
than 0.00005 and must be recorded as 0.0000. 

Just as in the foregoing tables, the most probable number is 
equal to although the probability of drawing exactly 12 



c 

) 1 2 34 & r 

( 

)123456769 10»' 

0.2 

1 

fi=30 


0.1 

III 

liii 

1 


1 1 1 1 

INI 

III.. r 

( 

) 2 4 6 6 10 i; 

1 14 

16 18 - 20 22 24 


Ficj. 148. 

silver coins, 0.1474, is less than the probability of drawing the 
most probable number of silver coins in case of 10 trials. 

These tabulated results can be mon^ c()nv(^ni(MilIy j*epresented 
in a graphical form, where the values of r are plot^tinl as abscissas 
and the values of pr as ordinates. SucJi graphs arc known as 
distribution charts (Fig. 148). 

An alternative method of graphical repr(\s(uitath)n is obtained 
by erecting rectangles of unit width on the ordinates which 
represent the probabilities pr of occurrences of /• succ,(‘ssos. Since 
the width of each rectangle is unity, its area is (xiiial, numerically, 
to the probability of the value of r ovcjr which it, is (‘reeled. In 
such graphs the vertical lines are not (‘ssential to tlu^ interpreta- 
tion of the graph and hence are omitted. Thc^ rc'sulting broken 
curve constitutes what is known as a distril)uii(.>n curve. The 
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area under each step of the curve represents the value of pr; 
and the entire area under the distribution curve is unity, for it 
represents the sum of the probabilities of 0, 1, 2, - • • , n suc- 
cesses. Such curves, corresponding to the distribution charts 
(Fig. 148), are drawn in Fig. 149. 

It appears that, as the number of drawings, n, is increased, the 
probability of obtaining the most probable number of silver coins 
decreases. Moreover, there Ls a greater spread of the chart as 
the number of trials is increased, so that the probability of missing 
the most j)rol)able number by more than a specified amount 
increases with the increase in the number of drawings. 





"riK' following ol>s<‘rvntions will servo to e.laiify the Icwt state- 
mei»t. In lh(» eas(‘ of 5 trials the ])robal)ility of missing the 
inosi. prohnbh* munher of su('<*(‘sses hy 5 is zero, for the deviation 
from the most prohabh* number 2 eaimot be greater than 3. 
Ihit in I In* eas<^ of 10 i rinls the probability of missing the most 
probnbh* miinlM‘r by this same amount Inus a definite non-zero 
vahn*. 'rims, in order to miss tln^ most probable number 4 
by T), r must. In* <‘it lier \) or 10. Ihuiee, the ])robability of missing 
•1 is 0.0011) -h 0.0001 = 0.0017. In tin* (*as(* of 30 trials the 
most probnhh* numb(‘r of successes is 12; and, in order to miss 
12 by "), r must In* less than H or gn^at.m- than Ki, Therefore the 
|)r(>l)nl)ility of missing 12 by 5 is tlu^ sum 

7 :«) 

X + X Vr = 0.0911. 

r -0 r 17 

If t in* niimln*r of drawings // is made 1, ()()(), 000, the most probable 
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number of successes is 400,000, and the probability of missing it 
by 5 is very nearly unity. On the other hand, the probability 
of obtaining the most probable number 400,000 is a very small 
quantity. 

The important facts obtained from the foregoing considerations 
are the following: 

1. The most probable number of successes appears to be equal 
to pn. 

2. The probability of obtaining the most probable number of 
successes decreases with the increase in the number of trials n. 

3. The probability of missing the most probable number by a 
specified amount increases with the increase in the number of 
trials. 

It can be established that the last two facts, inferi*ed from the 
special example, are true in general. The first fact, concerning 
the size of the most probable number, clearly is meaningless if 
pn is not an integer. Thus, if the number of drawings is n = 24 
and p = %, then pn = It can be shown in general that the 

most probable number is pn^ provided pn is an intogei-; otherwise, 
the most probable number is one of the two integers l)etweeu 
which pn lies. In fact, the following is the complete statement 
of the theorem:* The most probable number of successes is the 
greatest integer less than np + p. If np + p is an integer, there 
are two most probable numbers, namely, np + V and np + p — 1. 
Since p < 1, it is clear that the most probable number of sneeze sses 
is approximately equal to np. This 7iumber np is called the 
expected” number of sweesses. 

PROBLEM 

A penny is tossed 100 times. What is the most probable number of 
heads? What is the probability of this most probable number of 
heads? If the penny is tossed 1000 times, what is the probability of tho 
most probable number of heads? 

163. Stirling’s Formula. The binomial law (161-1), on which 
the major portion of the theory of ])robability is based, is exact, 
but it possesses the distinct disadvantage of being too com- 
plicated for purposes of computation. The labor of computing 
the values of the factorials that enter in the term nCr becomes 

* For proof and further discussion see T. C. Fry, Probjil>ility and Its Enp;!- 
neering Uses, Chap. IV. 
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prohibitive when n is a large number. Accordingly, it is desirable 
to develop an approximation formula for nl, when n is large. 

An asymptotic formula, which furnishes a good approximation 
to re!, was developed by J. Stirl- 
ing. By an asyrnTtotic formula 
is meant an expression such 
that the percentage of error 
made by using the formula as 
an approximation to re ! is small 

when n is sufficiently large, u k-1 Jc 

whereas the m'or itself increases i 

with the increase in n. It will be iso- 

indicated that for values of re greater than 10 the error made in 
using Stirling’s formula’* 



(153-1) n] re^e”'* -y/im 

is le.ss than 1 per cent. 

Consider the fiiiudlon y = log x, and observe that, for k S 2, 

log a- dx > }i[log (k - 1) 4- log k], 

since tin; i-igiit-hand inoinher represents the trapezoidal area 
ionned by the chord (h’ig. 100) joining the points P and Q on the 
(nir\-(^ y = log .r. Denote the arcia between the chord and the 
curve l)y Ok, so Hint 

(1.53-2) ^ leg ur dx = 1 ij[|()g (k - 1) -f log + a,. 

Setting /r = 2, 3, ■ ■ ■ ,n in (1.53-2) and adding give 

j/' log .r dx = i.;(I„g ] + log 2) 4- la'(Iog 2 4- log 3) 4- • • 

+ ' s|log {II. -1)4- log re] -f (a.i -1- a:, -1- • • • 4- a„). 

Integrating the hdl-hiind HK'inlxn- and combining the terms of the 
righi-hiind nK^nihcr p\'(‘ 

n lo^ N. — n + 1 = lof? n\ — ^ a*. 

yr t»2 

(153-;^) lo^ n\ = (n + } 2 ) log 71 — n + I — V m. 

I h(i symlxil wliicli i,s roml “jiMyinpioliciilly to/’ is used instead 
of — 1.0 (mII al t (Ml lion to t ho fjud. tluit tlio forinulH is iisyniptotio. 
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Since each ai is positive, it follows that 

log n! < (n + }' 2 ) log n — n + 1, 

and hence 

(153-4) n! < e \/n 


The expression on the right of the inequality (153-4) is, therefore, 
an upper bound for n\. 

To get a lower bound, solve (153-2) for ak, perform the integra- 
tion, and obtain 

(153-5) a, = {k- 0 log - 1. 

Now, since the integrand is non-negative, 

X-,(i 

and the evaluation of (153-6) leads to the formula 


log- 


k 


. 2k - I 

■fc - 1 " 2k{k - !)■ 
By the use of this inequality, (153-5) gives 


dk 


Hence, 


<_J_ 

4A(/c - 1) 4 Vfc - 1 k) 





By means of this result and (153-3), one obtains 
log nl > (n -f yi) log n - n + 1 - 

whence 

(153-7) n\ > e'-' y/Tin^^cr*^. 

Combining (153-4) and (153-7) furnishes the inequality* 

< n! < e n 

for all values of n > I, Since e = 2.718, = 2.117, and 

\/27r = 2.507, it follows that 

n\ ~ \/27rn. 

* The derivation of this result is given by P. M. Hummel, in Amer. Math. 
Monthly^ vol. 47, p. 97, 1940. 
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§1S4 

It is possible to obtain a sharper lower bound for n\ by using 
the integral* 

instead of (153-6). 

To gain some insight into the accuracy of this formula, note 
that (153-1) gives for n = 10 the value 3,598,696, whereas the 
tme value of 10! is 3,628,800. The percentage of error in this 
case is 0.8 per cent. For n = 100, (153-1) gives 9.324847 X lO^^^ 
whereas the true value of 100! is 9.3326215 X 10^®^, so that the 
percentage of error is 0.08. It is worth noting that, even for 
n — 1, the error is under 10 per cent and that for 7i = 5 it is in 
the neighborhood of 2 per cent. 


PROBLEM 

Make use of (153-8) in order to show that 

fdha Vn < nl, if n > 1, 

and compare the of r"'- with that of \/ 27 r. 

154. Probability of the Most Probable Number. It was 

mentioiKKl in S(*<‘. 152 that tlu* most pr(>l)al)lo number of successes 
is citluM’ (M(ual, or very nearly e(iual, to the expected number 
c = np. \'(‘ry ofttm i( is (h'sirable to compute the probability 
of th(‘ (‘X})(‘et.<'d or tJu» most- probable number of su(‘cessos. Of 
(H)urse, c;ui Ix' computcul from the (^xact law by substituting 
in it r = //./>, but formula (151-1) is cuinbersoim^ to use when 
factorials of larg(‘ luiinlx'rs a[)pear in An approximate 

formula can Ix^ obtaiixxl by replacing n! and (np)! by their 
approximate' valu(\s wii.h iho. aid of Htirling’s formula. It is 
rc^adily v(n‘ifi(Ml tlial , when i-Ix‘S(' r(*plac(unents are made, the proh- 
al)ility of th(^ most probable ruunlxu’ of successes is approximately 


(154-1) 



whc'ic 7 - 1 — p. 11. must lx* kept in mind that (154-1) is 
.sul)j(‘ct to tlx* saiu(^ r(\stn(d.ions as (153-1) and gives good results 
for np > 10. 

* See probl(*ni at the end of this section. 
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Thus, if a die is tossed 100 times, the most probable number of 
aces is 16. The exact formula gives 


Pl6 


100! /lYYsV' 

16!84!V6/ W 


0.296, 


whereas the approximation (154-1) gives 


^ 1 

V2S00(M)M 

The percentage of error is quite small. 


0.309. 


PROBLEMS 

1 . Two hundred and fifty votes were cast for two equally likely can- 
didates for an office. What is the probability of a tie? 

2. What is the most probable number of aces in 1200 throws of a die? 
What is the probability of the most probable number? 

3. Solve, with the aid of the approximate formula, the problem at the 
end of Sec. 152. 


166. Approximations to Binomial Law. With the aid of 
formula (153-1), it is possible to devise various formulas approxi- 
mating the binomial law (151-1). One of these approximations 
is known as the Poisson formula or the law of small numbers. 
The wide range of applicability of this law can be inferred from 
the fact that it has been used successfully in dealing with such 
problems as those of beta-ray emission, telephone traffic, trans- 
mission-line surges, and the expeu^ted sales of commodities. The 
law of small numbers gives a good approximation to (151-1) in 
those problems in which r is small compared^ with the large number 
n, and p represents the probability of occurrence of a rare event in a 
single trial. 

Replacing n\ and (n — r)! in (151-1) with the aid of Stirling's 
formula (153-1) leads to 


(155-1) !«nV2»» 

r\{n — V^nrin - r) 


p'(l — p)’*"’’ 


n'e~ 




^(l - py- 


By hypothesis, r is small compared with n, so that 
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proba bility 


IS veiy nearly equal to 

(' " -)* 

(1 p) * ^ =s 

+ 


and 


The substitution of e- for 


= 1 - no + 

^ ^ 21 


fi-r+yj 


(, - i)- 

and for ^ 



/' 1 fr r- ^ 


(155-2) 


V _ ('/p)' 
Vt — ^.f ■ ^’ 


fornu It 'vm llo^JvnlllTirr ? differ 

(155-2) ( uu bo writtoi/'^ ' 




<■ 


rl 


. applicdtioii of thi.s i.,„. , 

mt(U'c.s(,inf>;. Siip|)o,s,, (,|,,,| j( • spwific oases may pr 

>‘»W' niy ( u'o p,„..s„Ms ,lio d.jil V O?!' ™iKo, i 

''■■■•i' '• p.T,soM,s wi I , i . 1 What is 

nurnl,,.,- <,r .ioaths is . - o ‘his case i 

2'* 

N.Xr tliul )i,„ (, ^ _ 

-.o .. 
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Pr 

r 

Pr 

r 

0.136 

2 

0.272 

4 

0.272 

3 

0.181 

5 


A glimpse into the accuracy of this law can be gained by con- 
sidering the following example. 

Example. What is the probability that the ace of spades will be 
rawn from a deck of cards at least once in 104 consecutive trials? This 
problem can be solved with the aid of the exact law (151-1) as follows: 
The probability that the ace will not be drawn in the 104 trials is 

Po = = 0.133, 

least once is 1 - 0 133 

Po = — = e-*. 

Hence, die probability of drawing at least one ace of spades is 1 - 

Another important approximation to the binomial law (151-1) 
namely, ^ 

( 165 - 3 ) p, = .ri\ 

r\(n — r) ! ^ ^ ^ 

where g = 1 _ is obtained by assuming that r, n, and n - r 
are all large enough to permit the use of the Stirling formula. 

ffives^ nno ~ Stirling’s approximations 

gives, upon simplification. 


(155.4) 


27rr(n — r) 


thrt L* ‘**“°*'* i' '™'” ‘I's expected value np; 

Then, 5 - 1 - «p. 


n — r = nq — 8, 



1166 


probability 


and (155-4) becomes 


615 




where 


Then, 



'7 / 

= - C«P + 3 ) log (^] +. i \ , ^ / .. 

\ np) ~ log ( 1 1\ 

A»umi„s that |J| < ^ V 


5 

\ 7 ip\ 


< 1 


and 


I 

Nl 


< 1 , 


. r^vi 

permits one to writo ti.„ / 

^<>''ntotl.o two eonvergont .series 
/ 


and 


Honoo, 


log fl + .i) ^ J 
V 'W np ~ 

logf] - J.) = 

\ nqj 


4 . 5 ’ 


5" ^.1 

«■'/ 2«2,/2 ~ 


log/i„.| = _ 


2 npq 


o ' .. 7*) 

^ • 3/ i - p 2 y 2 3 . - 


' 'tfi' P'^q'^ 

"■■elaol/ all “« ran 

r,..M,„la ^ ““■" "»'■■■’ .t™,II« the a„pr»ataa.„ 

( tr )5- r >) 


Vr -= 


I 


<53 


^^irnpq 




»"«■.'•. H f„ll,„v„ ,,l,„| I. “ '„ “"’ «'‘l»"""lMl a-., i 0 i, 

'■"■■“ '■ 
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value as was obtained in Sec. 154. It is obvious that the normal 
approximation gives best results when p and q are nearly equal. 

If the mean error <r is defined 
by the formula 

a- = Vn^, 

then (155-5) assumes the form 
1 



Vr = 


cr 


- e 


i! 

■2(r2 


and the graph of pr as a function of 5 is a bell-shaped curve 
(Fig. 151), known as the normal distribution curve.* 


PROBLEMS 

1 . What is the probability of throwing an ace with a die exactly 10 
times in 1200 trials? 

2 . A wholesale electrical dealer noticed that a slupment of 10,000 
electric lamps contained, on the average, 20 defective lamps. What is 
the probability that a shipment of 10,000 lamps is 1 per cent defective? 

3. In a certain large city, on the average, two persons die daily of 
cancer. What is the probability of no persons dying on any day? One 
person dying? Two? Three? Four? Five? 

4. Two dice are tossed 1000 times. What is, approximately, the 
probability of getting a sum of 4 the most probable number of times? 

6. What is the approximate probability that a sum of 4 will appear 
500 times in a set of 1000 tosses? 


166. The Error Function. Lot mi, m 2 , • • • , m,t bo a set of n 
measurements, of some physical quantity, that arc made inde- 
pendently and that are cciually trustworthy. If the best estimate 
of the value of the measurements is m, then the ^'errors’’ in 
individual mcasurementB arc 


oJi == mi — m, .^2 = m 2 — m, • * • , Xn — nin — rti, 
and the sum of the errors is 

(156-1) a:i + a :2 + • • • +Xn=(miH-m 2 + • • • +mn)— mn. 

If it is assumed that on the average tlic positive and negative 
errors are equally balanced, then their sum is zero, and (156-1) 
becomes 

mn — mi -f m 2 + • • * + mn 

* For a detailed discussion see T. C. Fry, Probability and Its l^Ingiitecring 
Uses. 
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or 

n 

.X 

(156-2) m = 

n 

It is important to note that the best value m is the arithmetic 
average of the individual measurements when it is assumed that 
the positive and negative errors are equally likely. In per- 
forming a set of measurements, not all the errors Xi are equally 
likely to occur. In general, large errors are less likely to occur 
than small ones. For instance, the probability of making an 
error of 1 ft. in measuring the length of a table is less than that 
of making an error of 1 in. 

Let the probability of making an error Xi be denoted by 
The assumption that positive and negative errons are 
equally likely to occur de- 
mands tliat 

v?(.r,) = 

which states that <p{x) is an 
even function. Further- 
more, the hypothesis that, 
small errors are more likely 
to oc(*ur than large ones re- 
(juires v?(.r) t.o be a desu'easing function for x ^ 0; and since 
infinitely hirg(‘ errors cannot occur, 

<^(oo) = 0. 

These obs(‘rvnl ions h^ad to the conclusion that the function 
qrCr), whicli gi\’(‘s tln^ |)i*ohal)ility of occurrence of the error O', 
must hjiv(‘ lh(^ npp(‘nr!in(M‘ shown in Fig. 152, where the errors Xi 
are arrangisl in onhs- of imu'i'nsing magnitude. Upon recalling 
the fact 1 hat. I.lu' ordinates repr(‘s<nit tlie ])robability of occurrence 
of an <'i‘roi- of any siz(‘ ,r, it. is cl(*ar t.hat th(^ arc'a unden* this curve 
from — lo + ^- must. Ik^ unity, for all the errors are certain 
to li(^ in t.ln^ ini(‘r\'al ( — Hence, 

= 1 - 

Moreover, t.ln‘ j)robability tliat the error lu^s between the limits 
Xi and Xi + A.r is (Mpuil t.o t he an^a boumhal by (nirve y = (p{x)y 
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the ordinates y = xt and y — Xi + Ax, and the a:-axis, which is 
equal to the value of the integral 

ip(x) dx. 

JXi 

By hypothesis the measurements nii were made independently, 
so that the probability of simultaneous occurrence of the errors 
Xi, a; 2 , * * • , iCn is equal to the product of the probabilities of 
occurrence of the individual errors, or 

(156-3) P = <p{Xi)(p{Zi) • • • (p{Xn) 

= (p{mi — m)(p{m2 — m) • • • <p(inn — m). 

The expression (156-3) is a function of the best value m, in which 
the functional form of cp is not known. Now, if it be assumed 
that the best value m is also the most probable value, that is, the 
value which makes P a maximum, then it is possible to determine 
the functional form of <p by a method due to Gauss. In other 
words, it is taken as a fundamental axiom that the probability 
(156-3) is a maximum when m is the arithmetic average of the 
measurements mi, m 2 , • * * , m,*. But if (156-3) is a maximum, 
its logarithm is also a maximum. Differentiating the logarithm 
of (156-3) with respect to m and setting the derivative equal to 
zero give 

(156-4) ~ 1 y'(y^2 -- m) , . . , <p'(fnn - m) ^ ^ 

^ ^(mi - m) (p(m2 — m) (p(mn - m) 

n 

This equation is subject to the condition S Xi = 0. 

1=1 

If 

(p'jrri i — m) 
ip{mn — m) 

is set equal to F(xi), (i = 1, 2, • • • , n), l^]q. (156-4) can be 
written as 

(156-5) F{xO + F(x2) + • ■ • + F{xn) - 0 

n 

with S Xi = 0. If there are only two measurements, (156-5) 

1 = 1 

reduces to 


F(xt) + Fix,) = 0 , 



probability 

with Cor Therefore, 

or ^(*i) +i?'(-a:i) = 0, 

S.m.l..-ly. if there are only three meae„,emenH then 

Pixi) + F{xi) + F(x^) ^ 

with z^ + x, + x,=. 0. Therefore, 

But, from (15M), - -"fe). 

F(xs) == ~F(~X3); 

and aince -a:, = 

. . = P(x. + x^). 

with respect to :r. an 

/'’'(-O = P'(x. + x.,) and F'(x,) = ^ 

P'O-d = F'(x,). 

«■- .r, a„<| :r, are in.lepe,„Ient„ (15(1-7) can ho true only if 
so tiiat '' 

= e.ri and F(x,) = ox,. 

lleftall <,lia(,, hy de/iiii(,i„„_ 


PU) 


<p'(x) 

<p(x)’ 


<P in 


so that tlu> <li/ferential e(|uati(.n for 

‘fi'U) 

V-(.r) = 

whieh, upon iiitcfrration, f,dves 

(£>(.(■) = 

Wliere K and e ara a.hil.rary constants. 
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One of these constants can be determined at once, for it is 
known that 

j‘_ ^ <p(z) dx = 1, 

The substitution of <p(x) in this integral gives 

K e->‘‘-‘dx = 1, 

where —h^ = c/2. 

This integral can be evaluated by means of a procedure similar 
to that used in Sec. 81. Set 


and then 


^00 ^00 
72 I I g_ya 

Jo Jo 

=rx' 

P f" -r” 

“ Jo Jo " ' 


e-(x«+j,*) dx dy 


r dr d(p = 


where the last step results from the transformation of the double 
integral into polar coordinates and has been described in Sec. 
81. Hence, 


But 
so that 


7 . 

Jo 2 

K j‘_ ^ g-A 2 x 2 dx = 2K dx = 1, 


K = 


'f: 




dx 


r 


■ dijix) V JT 


Thus, (156-8) can bo written as 


(156-9) ^(x) = 

V TT 

which is called the Gaussian law of error. The undetermined 
constant h, as will be seen in the next section, measures the 
^l(*clH■a(^y of the observer and is known as the precision constant. 
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It is easy to verify the fact that the choice of <Pf specified by 
(156-9), gives a maximum for the product (156-3) when the sum 
of the squares of the errors is a minimum. In fact, since Xi == 
rrii — m, (156-3) becomes 


P = 




n 

— /i* S 

/j i “ 1 


and the maximum value of P is clearly that which makes the 
sum of the squares of the errors a minimum. 

In order to verify the assumption that the choice of the 
arithmetic average for the best value leads to the least value for 
the sum of the s(iuares of the 
errors, all that is necessary is 
to minimize 

X .vr- ^ X 

1 = 1 I " i 

llie theory of eri’ors based 
upon tlu^ Gaussian law (150-9) 
is often (*all(‘(l th(‘ theory of 
least sipiares. 

167. Precision Constant. 

Probable Error. In th(‘ pn'- 

(‘(‘(ling s(‘et.ion, it wjis (vsi ahlished that the i)r()bal)ility of eommit- 
thig an error of magiiitnd(‘ x is given by the ordinate of the curve 

h 



V = 


. c 

V TT 




Tliis curve is called th(‘ probability (Uirve. CUearly, the i)roba- 
hiliiy of MU (MTor lying in lh(‘ intcuwal hetwei^i .r = — e and 
j = -[-e is (spial, nuiiu'ricahy, to t.h(‘ ar(‘a bonnd(‘d by 1h('. proba- 
hilil N' (‘iirv(‘ ( Ihg. 153), tlu' o^lina.t(^s x = —e and x = +e, and 
th<' .r-Jixls. If only the absohit<^ vahu' of tlu^ error is of intcu-est, 
then t h(‘ probability thal^ tlu^ absolute Viiluo of the error does not 
(‘XC(Hsl € is 

P = f' r dx. 

\'ir Jo 

If /i.r is sot. ('([ual to /, this iiitogral n.ssumcs the form 
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P = 


2 


\/t 



dtj 


which shows that P is a function of Ae, and, for a fixed value of 
€, P increases with h. For large values of A, the probability 
curve decreases very rapidly from its maximum value, hl'y/r 
at z = 0, to very small values, so that the probability of making 
large errors is very small. On the other hand, if h is small, the 
probability curve falls off very slowly so that the observer is 
almost as likely to make fairly large errors as he is to make 
small ones. For this reason the constant h is known as the pre- 
cision constant. 

That particular error which is just as likely to be exceeded as 
not is called the probable error. More precisely, the probable 
error is that error e which makes P = or 


1 

2 


2 

^ TT 



e'~^' (it. 


An approximate solution of this equation can be obtained by 
expanding in Maclaurin^s series, integrating the result term 
by term, and retaining only the first few terms of the resulting 
series.* The solution, correct to four decimal places, found by 
this method is 


h€ = 0.4769, 

so that the probable error is 0.4769//?.. It is commonly dciiiohul 
by the letter r. 

In addition to the probable error, the moan absolute eri’or and 
the mean square error are of importance in statistics. The mean 
absolute error is defined as 


X = 


2h 


X' 


xe~ 


‘ dx = 


0.5643 


h yj TT 


and the mean square error is defined as 


^ r “ dx = 

VTT Jo 


1 


ft will be observed that the mean absolute cnTor is the a:-coordi- 
nate of the center of gravity of the area bounded by the proba- 
*See Prob. 3, at the end of this section. 
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bility curve and the positive coordinate axes, and that the 
square root of the mean square error is the radius of gyration of 
that area about the y-&xis. 

The values of these mean errors can actually be computed for 


any set of observations. Thus, 


X hi - M X 1^1 1 

h - = V, 

so that 


(157-1) 

II 

Also, 



x~ 


2) (m, - my T X? 

= _L 

ii ' “rt 2h^’ 


SO that h computed from this equation is 


(157-2) 



These two expressions for the precision constant give a means of 
computing h for any s(^t of observation data. The two values of 
h cannot be (^xp(>ct<Hl to be identical; but unless there is a fair 
agreement b(dAV(‘(Mi tlnmi, experience indicates that the data are 
not n'liabh^. TIu^ valium of = a- is commonly called the 
standard drriation, and it follows from the foregoing that the 
probables error is (M[ual to O.G745<7'. 


PROBLEMS 

1. Evaluab^ tlu^ iiitd^gnil c *' dt by expanding the integrand in 
series, and sliow tluit 




^ X — 


■ 1 1 5 • 21 


f-':d ■^9-4! 


-/tJ, 


whore /i* < 

2. I’lie (‘xpression for the probability integral given in the preceding 
problem is not suitable for computation purposes when x is large. But 
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Show, by integrating by parts, that 




J. , l•3^ 1-3-5 

2x^'^2^x*)~ 2 » ~F~' 


and thus obtain an asymptotic expansion for the probability integral 
that can be used to compute its value when x is large. Also, show that 
the asymptotic series 



dt 


y^TT 

2~ 




1-3 

(2x^y 


1-3-5 ■ 
(2x^y 



gives a value for the integral which differs from its true value by less 
than the last term which is used in the series. 

3. Show, with the aid of Horner’s method, that the value of the 
probable error is 




r = 


0.4769 


data : 


Compute the probable errors for the following set of observation 


mi = 1.305, rn,2 = 1.301, ni^ = 1.295, vu = 1.286, 

ms = 1.318, wio = 1.321, ?«7 = 1.283, nis = 1.289, 

nh = 1.300, mio = 1.280, 

by using (157-1) and (157-2). 

6. With reference to Prob. 4, what is the probability of committing an 
error whose absolute value is less tlian 0.03? 

^ 6. Two observers bring the following two sets of data, which repre- 
sent measurements of the same quantity: 


(а) in I = 105.1, 
nis = 104.8, 

(б) nil == 105.3, 
mo = 106.7, 


ni'i = 103.4, 
mo = 105.0, 
ms = 105.1, 
mo = 102.9, 


via = 104.2, im = 104.7, 
wt7 = 104.9. 

ma = 104.8, nu = 105.2, 
mr = 103.1. 


Which set of data is the more reliable? 

7. Discuss the problem of a rational way of proportioning the salaries 
of two observers whose precision constants are hi and hs. 



CHAPTER XII 

EMPIRICAL FORMULAS AND CURVE FITTING 


An empirical formula is a foimiila that is inferred by some 
scheme in an attempt to express the relation existing between 
quantities whoso corresponding values are obtained by experi- 
ment. Fo!- example, it may be desired to obtain the relation 
connecting the load applied to a bar and the resulting elongation 
of the bar. Various loads are applied, and the consequent 
elongations are mcasuivd. Then, by one of the methods to be 
given in this (duipter, a tormiila is obtained that represents the 
relationship existing between these two quantities for the 
oI)scm’\'(h 1 values. Wit.h certain restrictions, this formula can 
then 1)(‘ iis(‘(l U) jiredict the elongation that will result when an 
arbitrary load is a|)|)li(^(I, 

It is possible to obtain several equations of different types 
that will (‘xpn'ss tlu^ giv(‘n data approximately or exactly. 

(HK'stion aris(‘s as to which of these equations will give tho 
b(\st “fit” and be most sinau^ssful for use in predicting tlie rcisults 
oi tJi(‘ (‘Xp(‘rim(Miir lor additional valiuss of tho quantities involved. 
If th(M'(* a s(*ts of obscn’ved valii(‘s tlnui, theoretically at least, 
it. is possible to fit \hi\ given data with an equation that involves 
ii arl)itrar\^ constM-rits. What vv^ould bo tho procedure if it were 
d<‘sii'<‘(l to oblnin an e<niation representing these data but 
iiW'oU’ing less than n arbitrary constants? Questions of this 
lyp(* will b(‘ coiisi<l('i’(*(l in tln^ siu^caM'ding sections. 

158. Graphical Method. grai)hical nndhod of obtaining 
an (Mnpirical loi’innlji iind <,o i‘(‘j)r(‘S(‘nt giv<ui data is prob- 

ably alrtvidy soimavliat familiar to th<^ st.inUmt. from (‘hanentary 
coiirs(‘s. It is paiiicnlarly applicabh^ whcai the given data c‘an 
h(‘ r(‘i)n‘sent.<'d hy (‘((uat ions of tli(^ thnu^ types 

(1) .// = ni,r + b; (2) // = a + /u'"; (;-J) y = 

If tlie corr(‘s|)onding valu(‘s (.r*, ?y,) of the givcai data are 
plotted on re(d.angular coordinate paper and the points thus 

526 
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plotted lie approximately on a straight line, it is assumed that 
the equation 

y = mx + h 

will represent the relationship. In order to determine the values 
of the constants m and b, the slope and ^/-intercept may be read 
from the curve, or they can be determined by solving the two 
simultaneous equations 

2/1 = mxi + 6 , 2/2 “ + b 

obtained by assuming that any two suitably chosen points 
(oji, 2 /i) and (x2, 2/2) lie on the line. Obviously the values of m 
and b will depend upon the judgment of the investigator regard- 
less of which method is used for their determination. 

Consider the equation 

y = a + bx^. 

If the substitution = t is made, then the graph oi y = a ht 
is a straight line and the determination of a and h is precisely 
the same as in the preceding case. In the special case y = bx^, 
taking logarithms on both sides gives 

log 2/ = log 6 + n log X, 

which is linear in log y and log x and gives a straight line on 
logarithmic paper. The slope of this line and the interc^ept on the 
log 2/-axis can be read from the graph. Hence, if tlie (lori'ospond- 
ing values {xi, y!), when plotted on logaI•ithmi(^ paper, give points 
that lie approximately on a straight line, the data can be repre- 
sented by the equation 

y — hx^\ 

whose constants can be read from the graph. 

Similarly, if the data can be repj-esented by a relation 

y = /ca"'-*", 

the corresponding values, when ])lott(^d 011 semilogarithmic* 
paper, will giv(^ fxniits that lie api)roximai(‘ly on a straight line. 
For taking logarithms on both sides of this ecpiation gives 

log y — log k H- (m log a)x, 

'* Kor a discniHsioii of logjiritlimic and somilofjjarithiTiic paper, see C. S. 
Slichtcr, Elementary Mathematical Analysis. 
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which is linear in log y and x and therefore plots as a straight line 
on semilogarithmic paper. 

The three types of equations cited here are, of course, not the 
only ones to which the graphic method is applicable. However, 
they are the simplest because of the fact that their graphs, on 
appropriate paper, give straight lines. When the points repre- 
senting the observed values do not approximate a straight line, 
some other method is usually preferable. 


PROBLEMS 

1. Find the equation that represents the relation connecting x and 
y if the given data are 


X 

3 

4 

5 

6 

7 

8 

9 

1 10 

11 

12 


5 

ri.() 

C) 

0.4 

7 

7.5 

8.2 

8.6 


9.5 


2. Find tlie (Halation of the type y = that represents the relation 
between x and //. 


X 


D 


El 

5 

6 

7 

‘ 8 

0 

// 

Q 



■ 

5.6 

6.2 

6.6 

7.1 

7.5 


3. From the following data, find the n^lation of the type y = /clO”*'^ 
Ixd.wc^on X and //: 


X 

1 

2 

3 

a 

m 

6 

7 

8 

!/ 

0 . 5 

O.S 

1 .2 



4.8 

7 . 5 

11. 9 


169. Differences. Bed'on* pro(^(*('<ling to inv(\si.igat(> j-uhvs 
for ih(' (‘hoico of Mn^ pjirliculnr l.ypc^ of (Hpiat ion Unit will ropre- 
s(‘nt lh(‘ ()I)S(M'V(‘(I valiK's, if, is advisabh^ l-o d(‘fiii(^ and dis(;uss 
diff(‘r(Mi<*<‘s. 

b(‘l iln^ ol)S(M*v<‘<l value's Ix^ (.r„ ?/,), (i == 0, 1, 2, • • • , n). 
ddu' first <lilT('r(Mi(*('s ar(‘ (h'fiiH'd l>y 

(150-1) A/a - - 2/i. 

Th<* sc'cond difb'nmcc'S an^ givcni by 

A“//» - A/a-hi - At/*. 

In g(xi(*ral. for k > I, the differences of order fc, or the Hh 
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differences, are defined as 

(159-2) A% ^ - A^~^yi, 

It should be noted that, if the jth differences are constant, then 
all of the differences of order higher than j will be zero. 

From (159-1) and (159-2) it follows that 

2/1 = 2/0 + A^o, 

2/2 = 2/1 + Ayi = ( 2/0 4- Ayo) {A^yo -h Ayo) 

= 2/0 + 2A2/0 + A^t/o, 

2/3 == 2/2 + A2/2 = (2/0 + 2A2/0 + A^yo) -h (A^yi Ayi) 

= (2/0 + 2 A 2/0 4 - Ahjo) 

4- (A»2/o 4- A^yo -f AVo 4- Ayo) 
= 2/0 4 - 3A2/0 4- SA^t/o 4“ A®2/o. 

These results can be written symbolically as 

2/1 “ (1 4- A)2/o, 2/2 = (1 + A) 22 /o, 2/3 = (1 + A)''*2/o, 

in which (1 -|- A) ‘ acts as an operator on 2 / 0 , with the exponent on 
the A indicating the order of the difference. This operator is 
analogous to the differential operators discussed in Chap. VII. 
By mathematical induction, it is established easily that 

(159-3) 2/A; = (1 + A)^2/o. 

160. Equations That Represent Special Types of Data. Theni 
are certain types of data which suggest the equation that will 
represent the relation connecting the observed values of x and y. 
Some of the moi*e common types will be dis(aissed in this sec^tion. 

a. Suppose that a number of pairs of obsiu'vcd values (xi, y,) 
have been obtained by experinu^nt. If the ;r,: form an arith- 
metical progression and the rth differcmc^es of the yi arc constant, 
then the relation connecting the variables is 

2/ = Uo 4“ -|- a2^^ + * ’ * 4" 

For if the rth differences arc constant, all differences of order 
higher than r arc zero, and hence, from (159-3), 

(160-1) 2/a = 2/0 + A 2/0 + ^ 2 ) A22/0 + • • • + A''2/o, 

where 

( 100 - 2 ) (^) = ,,Cr = ‘ ' 
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is simply the coefficient of a'' in the binomial* expansion for 
(1 + aY- Moreover, it was assumed that the Xi are in arith- 
metical progression so that, if a:i - ico == Aa:, then Xh — xo = k Ax 
and 


, Xk — Xo 
fc = — - — . 

Ax 

Now, the expression (160-2) is a polynomial of degree r in k, and 
therefore of degree r in Xk. It follows that, upon substitution of 

r Xh Xq 

* “ Ax 

and the collection of like poweits of Xk in ( 160 - 1 ), this equation 
iissumes the (‘onn 

!/k = (h + aiXk + a^xl + • • • + (irXl. 

The roltiiiou is true I'oi* all integral values of /c, and therefore 

(160-3) y = (U) + (tuv -t- + • • * + OrX^ 

gi\'(‘s th(‘ I'claiioii (‘xisiirig liotvvocMi the variables for the given 
s(‘t, of <)l)S('rv(‘(l valiK'S. 

In gcMKM’iil, ji gi\'(Mi s('t of observed vahu^s will not possoHs con- 
stiint difT('r(Mic(‘s of imy onh'r, but it may be that th(i rth diffor- 
s(‘nsibly constant. Tlien an (ajuation of the type 
(160-3) will b(' a good approximation for the ndation between 
th(‘ variabh's. 

\'ai'ions modifica,tions of (160-3) can )k^ ina(l(‘. If the v^aluos of 
.T? form Mil aiMthincilcal progix'ssion, vvh(M*(‘as tlu^ values of the 
rth difT(‘r(*uc(‘s of th(‘ y/J'* an^ (’onstant, then the relation connect- 
ing th(' va.riabl(‘s is 

(160-1) /r = + * * * + a,(.r'0^ 

ll(‘re m and // cjvn ta.lv(‘ ci(h(‘r i)ositiv(‘ oi* n('gati\’e values. The 
(l(‘riva,tion of ilic formula, is (‘\a.ci,ly liki^ that given above if is 
r('plac(Ml by and //"^ hy )'i. 

If, in (160-1), m == a = — 1 and r = 1, the c(iiiation assumes 
the form 

1.1 1 , X 

?/ ' = rh + a,.r ’ or ^ = (h + - or // = - / 

y X (i\ “T eo./ 
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Curves having this equation are frequently of use in fitting data 
to observations measuring flux density against field intensity. 
The curve is the hyperbola having the lines 


X 


<20 


and 



for asymptotes. If the values of 1/y are plotted against those 
for 1/Xj the result is a straight line. A few of these curves are 
plotted in Fig. J.54. 



Fkk 154. 


Example 1. CJotisicler the following H<^t of observed data: 


X 

y 

A/y 

AV 

A'*// 

X'u 

1 

2.105 

0.703 




2 

2.808 

0.800 

0.103 

O.OSl 


3 

3.()M 

0.000 

0.184 

().07(> 

~0 

4 

4.004 

1 .253 

0.21)8 

0.078 

-O.OOl 

5 

5.857 

1 . 504 

0.84 1 

0.081 

+0.003 

6 

7.451 

2.010 

0.422 

O.OSO 

-0.001 

7 

0.407 

2.518 

0.502 



8 

11.985 
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In this case the third differences are sensibly constant and the rela- 
tion between x and y is approximately of the form 

y ^ ao + diX + a‘ 2 pc'^ + 

The question of determining the values of the constants will be con- 
sidered in a later section. 

b. .If^the set of pairs of observed_valiiei? {xij is such that 
the valueTor^rfomTa^^ 
tical progression and the corre- 
sponding values of yi form a 
geometrical progre.ssion, then the 
equation representing the relation 
between the variables is 

(160-5) y = ka\ 

For, taking logai-ithms of both 
sides, the equation becomes 

log y - \Qgk + z log a, 

whi(!h is linear in x and log y. 

Hence, if tlie values Xi form an 
arithmetical progr(\ssion, the val- 
ues log yi will do likewise. Jhit 
then log yi - log ?/, ..i = c (for eacli vahui of 0, that 

y'j, "" 2/i = 

''riierefore, <be nuinixu's //,- form a geometrical j)rogrossion. 

It can 1)(^ pro\x*(l that, if the vahl(^s of tlu^ rth differences of 
the iji lorin a gc‘om(‘tricai i)rogr<‘ssi()U wluui tlie values of the Xi 
form an aritlmudicM.! progi'(‘ssion, then tiui j'(‘lation between x 
and ;// is 

(100-6^ ;// = r/(, +- ai.r + ’ • • + (ir^ix^ ‘ + ka^, 

Jf r = 1 in ([()()-()), the ' qua, lion l)ecom(\s 

y = <U) + k(i^‘ 

If a > 1, tlu^ valu(\s of // iiicrejise indefinitely as x is increased. 
If a < 1, th(^ curve falls olf from its value at a* = 0 and approaches 
the line ?/ = ao as an asymptote. Tliree of these curves are 
l)l()ited in Fig. 155. 
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Example 2. Consider the data given in the following table : 


X 

1 

2 

3 4 

5 6 


7 

y 

2.167 3 . 

519 4 . 

198 4.539 

4.708 4.792 

4 . 

835 

Ay 

1.362 

0.679 

0.341 0 . 

169 0.084 0 . 

,043 



Since the first differences have values very nearly equal to the num- 
bers that form the geometrical progression whose first term is 1.362 



and whose ratio is the relation between x and y is very nearly of the 
form 

2/ = ao + ka^. 

c. The equation 

(160-7) y = 

represents the relation existing between the variables if, when 
the Xi form a geometrical progression, the yi also form a geo- 
metrical progression. For if 

Xi = 

then (160-7) states that 

yi = aa:? = a{roi^iY = r"(axJLi) = 

Hence, the yt form a geometrical progression whose ratio is 
R = r". 
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If the first differences of the yi form a geometrical progression 
when the Xi form a geometrical progression, then the equation 
giving the relation between x and y is 

(160-8) 2/ = A; + ax^. 

For if Xi = rxi-.i, then (160-8) requires that 

At/i = 2/i *“ 2/i’-i — h + ax'} — {k + axt.d 

= a(x^ — xt.i) = a(r^xt.i — xS^i) 

= — 1 ) = — 1 ) 

and, similarly, 

Ayi^i = axt.2{r^' - !)• 

Then 

Ayi = Ayi^i, 

and therefore the Ayi form a geometrical progression whose ratio 
is R s 

The curves (160-8) are parabolic if n > 0 and hyperbolic if 
71 < 0. Three of each type are plotted in Fig. 156. 

Example 8. T^t the pail's of observed values be 


X 

0 . 1(1 

0.1 

1.0 

2.5 

6 , 2.5 

15.626 

y 

2 

2.210 

2.421 

2.001 

2.929 

3.222 


The values of Xi form a geometrical progression witli ratio r = 2.5, 
and the values of //; are appi’oximatcly equal to the terms of the geo- 
metrical progression whose first term is 2 and whose ratio is = 1.1. 
lienee, the relation hetwecni x and ;// is very nearly of the type y = ax“; 
and since R = r*, it follows that 1.1 = (2.6)" or log 1.1 = n log 2.5 
and 


n 


log 2.5 


PROBLEMS 

1 . A flat surface is exposed to a wind velocity of v miles per hour, and 
it is desired to (ind the relation lu^bween v and 7 ?, which is the pressure 
l)er square foot on the surfai^e. By experiment the following sot of 
observed vahn^s is obtained. Biml the tyjx) of formula to lit them. 


V 

10 

15 

22.5 

33.75 

1 

.50.625 

75.937 

V 

0.3 

0.075 

1 .519 

3.417 

7.689 

17.300 
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2. The temperature 0 of a heated body, surrounded by a medium kept 
at the constant temperature 0®C., decreases with the time. Find the 
kind of formula which expresses the relation between 6 and t that is 
indicated by the following pairs of observed values: 


t 

0 

1 

2 

3 

1 

4 

5 

6 

7 

8 

e 

60.00 

51.66 

44.46 

38.28 

32.94 

28.32 

24.42 

21.06 

18.06 


3. If C represents the number of pounds of coal burned per hour per 
square foot of grate and H represents the height of the chimney in 
feet, find the type of formula connecting H and C, using the following 
data; 


C 

19 

20 

21 

22 

23 

24 

25 

H 

81 

90.25 

100.00 

1 

110.25 

121.00 

132.25 

144.00 


161. Constants Determined by Method of Averages. Several 
different methods are employed in determining the constants 
which appear in the equation that expresses the relation existing 
between the variables whose observed values are given. The 
method to be described in this section is known as the method 
of averages. It is based on certain assumptions concerning the 
so-called residuals of the observations. Let the pairs of 
observed values be {zi, yi), and let y — f{z) be the equation that 
represents the relation between z and y for these values. Then, 
the expressions 

= /(^t) - Vi 

are defined as the residuals of the observations. The method of 
averages is based on the assumption that the sum i« zero. 

This assumption gives only one condition on the constants 
that appear in y = f(z). If there are r of these constants and 
if /(a;) is linear in them, the further assumption is made that, if the 
residuals are divided into r groups, then Xvi = 0 for each group. 
This second assumption leads to r equations in the r unknown 
constants. It is obvious that different methods of choosing the 
groups will lead to different values for the constants. Ordinarily, 
the groups are chosen so as to contain approximately the same 
number of residuals; and if there are to be k residuals in each 
group, the first group contains the first k residuals, the second 
group contains the succeeding k residuals, and so on. 




»« ovnvE 

A modification of this mp+hn/i ■ 

“ r ‘7“ “ ““ “ - “„:t «*) 

Therefore. ~ 

Vi = ao + ai +a, + o, - 2 in«; 

^ «0 + 2ai + 4 o 52 -f gfljj _ 2*808^ 

r I 1 - 3-614' 

< = flo + 4ai + I6fl!2 + 64a _ ^ ’ 

*'» = «o + 6a, + 25a. + i25l-ro?7’ 

7 = ao + 6a.+36a.;2l6:;- 7 45T 

] pf. *I * ° + 512aa — 11 985 

l.^et the assumptions be that 

( 1 4- !i2 = 0, 213 -p Q 

Then the conditions <.u the coultante “ ’ 

i’::: ‘s 

7^.+ «'«. + 34 i«;=i;S’ 

T|„. , t- ^ = 21.452’ 

Tlio solution of those equations is 



y - + (».(i.S5.r - ().,)25;,^ + „ „,3^3_ 

problems 

1 - Use the method of aviu'affes to find tl,r. . . • 

^ h hnd the constants in the equation 

?/ - "0 + n,x + n.ix\ 
whnd. ,s to represent the Kiven data 


^7 + ^8 == 0. 


fh = 0.013. 


I 

3. 13 


2 

3.70 


3 

0.04 


Kiven in l>rol,. ;{ at the en.l of Se.^ |(if) 
•SceScAUBoiioumi, NmnenVal Analysis. 


4 

5 

12.02 

20.80 


31.53 
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3. Find the constants in the equation of the type 
y ao + aix + a2X^ + 
which fits the data given in the table 


X 

1 

2 

3 

4 

5 

6 

7 

8 

y 

3.161 

3.073 

3.104 

3.692 

5.513 

9.089 

15.123 

24.091 


4. Find, by the method of averages, the constants in the equation 
y = a + 6e* if it is to fit the following data: 


z 

0.5 

1 

1.5 

2 

2.5 

3 

y 

1 . 630 

1.844 

2.196 

2.778 

3.736 

5.318 


6. Use the method of averages to determine the constants in 
y = ae^ + h sin X cx^ so that the equation will represent the data 
in the table. 


X 

0.4 

0.6 

0*. 8 

1 

1.2 

1.4 

1.6 

1.8 

2 

y 

0.258 

0.470 

0.837 

1.392 

2.133 

3.069 

4.225 

5.608 

7.216 


162. Method of Least Squares. This section introduces 
another method of determining the constants that appear in the 
equation chosen to represent the given data. It is probably 
the most useful method and the one most frequently applied. 
The two methods already described give different values of the 
constants depending upon the judgment of the investigator, 
either in reading from a graph or in combining the residuals into 
groups. This method has the advantage of giving a unique set 
of values to these constants. Moreover, the constants deter- 
mined by this method give the ^‘most probable” equation in the 
sense that the values of y computed from it arc the most pi*obable 
values of the observations, it being assumed that the residuals 
follow the Gaussian law of error. In short, the principle of least 
squares asserts that the best representative curve is that for which 
the sum of the scpiares of the residuals is a minimum. 

Suppose that the given set of observed values (xi, yt), (i = 
1,2, • • • , n), can be represented by the equation 

y = fix) 
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containing the r undetermined constants Cl, 02 a Ti, 

the n observation equations ' ' 

Vi — f(Xi) 

are to be solved for these r unknowns If n 

enough conditions to determine the constant- if 

are not enough conditions nnH thr, 1 1 if n < r, there 

in general, n > , and there ^ mdeteminate; but, 

unknowns. In the lierll T than there are 

satisfy any r of these equationr^m^noTsalfy " 

n - r equations, and the problem is to dptl, • ^ remaining 
of the .. that will give the meet probable vZJ l 2Z’ 

IC:,," ZkZfT} ‘'-'’“■oPuted values Irom the 

»tit,.tl„sr . ZT- f(5 O^.h''"! 

error, the probability of obtaining theXerved v2ury“ 


n 
i = I 


01.1 lously, P ,,s a ma.ximum wl.ou 2 e? is a minimum. 


Since iS' - 2^ r? is a function of the r unknowns a„ a2, 
Ur. i( follows^that ncc(.ss,uy condit.ions for a minimum arc 
(1(12-1) 


= 0, ‘ = 0 • • ■ 

'^"'2 ’ ’ 

Moivovcr, eacli r, is a fun(.(,i„„ ^f a,; therefore' 

fttS' <9 


(l(>2-2) 


f>U' " 


(d + I'i -1- 


+ "D 


= 2c, ‘ + 2 c 2 -i- 

d<ik dttk ^ 


-1- 2c 


dv^ 
' duk 




1 - I 


dri_ 

(hu 


(Ic = 1, 2, 




K.iuatii, ns, 1 , 12 - 1 ) are called ll.e equatioms. 

iine„ i,. »!„ . 

irnmedi.ilclv uu • -li ’ ' ‘‘'d'ntions can he .solved 

z;:,;! it ■“ ^ » a po,,.. 
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/(^) == ^ SO that Vi = ^ — 2 /i. 

i = 1 i = 1 

Then, dvi/dak = x^-^, and the normal equations assume the 
form, with the aid of (162-2), 

(162-3) i) (i) aixt^ - yt') = 0, (k = 1,2, ■ ■ ■ , r). 

i = 1 = 1 ^ ^ ' 

It should be noted that the equation which is obtained by setting 

n 

* ^ ^ Reordering the terms in (162-3), so as to 

collect the coefficients of the a/, gives 

(162^) 2 ( J; _ X x!-!,.. (i - 1, 2, ■ . . , ,). 

J=^^=l ' 2=1 

The r linear equations (162-4) can then be solved for the values 
of the r unknowns ai, aj, • • • , a,. 

This procedure may be clarified somewhat by writing out some 
of these expressions for a simple specific case. Consider the 


X 


1 

2 

3 

4 

y 


1.7 

1.8 

2.3 

3.2 


of the yi are constant, the equation will have the form 
J{x^ = Ui + a^x + a 30;“. 

Then, Vi — ai azXi + a^pc^ — ?/./, and 

dVi 


dvi dVi 

= 1. — = Xi, 


^di ^ da2 
The normal equations 


dai 


= xl 


2=1 


dVi 

dau ~ 


(* = 1, 2, 3), 


S (“i + «sa;i -t- aax} — y.^ -1=0, 

t=i 

4 

^ (di + a2Xi + a^xf — yi) • Xi = 0 , 
2=1 
4 

^ (di + a2Xi + — yi) • = 0 . 


i = l 


are 
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^ Aij.1 i^vcr 

tionl thel™ at 5 ? 

loim (162-4), one obtains the three equations 

4a, + (2^ ^ 

(|. "•■) + (g -0 + (g xi) aa = 

Cl: ^0 + {% ^‘O + (g aa = 2 :r,V.. 

Now, 

4 

a,. 1 -h 2 -f- 3 -t- 4 = 10, g a.-? = 1 -I- 4 + 9 ^ Jg ^ 

4 

I, ■'■■^' = + 3.6 -h 6.9 4- 12.8 = 25, etc. 

The equations become 

4oi -t- 10a2 + 3O0.3 = 9, 

I Of/, -J- 30f,2 + i()0f,2 = 25^ 

3()ai -I- lOOffj + 354„,, = gQg. 

a.iJ «,(■ »„luti,n,., „, . 2, _ -0.5, o. . 0.2. 

!.<■ p.™il', I..'";!, 'tm til" ‘ ‘ tiT may 

"■'■m'' •■"• M,„., r i,. 1.1,/ k t ‘ . 

-."I ki !, t 

app':;:/;:;:/:,,;;:/;,::/ “■'■■■"’ «■« '-a:;: 

i,.y Kn„.i,i,..,i -.'“.a;; 

* n<‘ (‘Xpaiisioii fi;i\'(*s 

(102-5) 

= /(•'•, fZi, ' 


. Or) -r /(.r. (7, -I- Af/., ■ ■ . ^ Ur + Aar) 


where 


, 1 <7-/ 


.'V 

<idk 


<v 

d(th 


2 ! 
(Pf 

(idj dCik 


IP/ 

d(l j flui, 


l«; - ill 
fik ^ (tk 


, (4.e. 
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Assuming that the cii are chosen so that the Aai are small, the 
terms of degree higher than the first can be neglected and (162-5) 
becomes 


y = Six, ai, 




i-l 


Aoi. 


The n observation equations are then replaced by the n 
approximate equations 


(162-6) 


Vi = fixi, 0,1, 


, Or) -h 

A = 1 


If (162-6) is used, the residuals Vi will be linear in the Aak, and 
hence the resulting conditions, which become 

sSt) - O' » - 1. 2, • ■ • , >•), 

also will be linear in the Aa*. Equations (162-7) are called the 
normal equations in this case. 

In order to illustrate the application of the method of least 
squares, two examples will be given. In the first the polynomial 
form of f(x) permits the use of (162-4), whereas the second 
requires the expansion in Taylor's scries. 


Example 1. Compute the values of the constants appearing in the 
equation of Example 1, Sec. 160. 

The equation is y = (Iq + aiir + and from the given data 

it appears that the normal equations are 


XiJ ao + Xi^J ^*0 ^2 H- XiA ^3 = X 

/ \ / \ / \ / \ 8 

+ (X *•') + (^ *‘7 *^2 + XiA «3 = ^ Xi^Ui, 

= l 't = l ^1=1 1 = 1 1 = 1 

/ «|) + (^ + (^ *>7 «2 + (^ ^^<7 as = ^ Xi^yi 

1=1 1=1 i=\ 1=1 1=1 


From the form of the coefficients of the a*, it is seen that it is con- 
venient to make a table of the powers of the Xi and to form the sums 
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"Lxi^ and 'Lxi^yi before attempting to write down the equations in 
explicit form. 


Xi 


Xi^ 



Xi^ 

1 

1 

1 

1 

1 

1 

2 

4 

8 

16 

32 

64 

3 

9 

27 

81 

243 


4 

16 

64 

256 



6 

25 

125 

625 

3,125 i 


6 

36 

216 

1,296 

7,776 

46,656 

7 

49 

343 

2,401 

16,807 

117,649 

8 

64 

512 

4,096 

32,768 

262,144 

Sa:.' 36 

204 

1,296 

8,772 

61,776 

446,964 


Xi 


XiUi 

XiVi 

Xfy/i 

1 

to 

o 

0-1 

2.105 

2. 105 

2.105 

2 

2.808 

5.616 

11.232 

22.464 

3 

3.(04 

10.842 

32.526 

97.578 

4 

4.(K)4 

18,416 

73.6(54 

294.656 

5 

5 . 857 

29.285 

146.425 

732.125 

6 

7,ir)i 

44.706 

268.236 

1,609.416 

7 

9 467 

66.269 

463.883 

3,247.181 

8 

1 1 . DvS') 

95.880 

767.040 

6,136.320 


47. 81)1 ” 

273.119 

1 ,765 . 1 li 

12,141.845 


When tilu» values ^iveu in the tables are inserted, the normal equa- 
tions I)(‘e<)ni<‘ 


+ 204^2+ l,296a3 = 47.891, 

;{()(7o + 2()4ai+ l,29()a.2 + 8,772an = 278.119, 

2{Muo + J,29()ni + 8,772^2+ 61,770a3 = 1,765.111, 

l,2<)()an -f- 8,772ui + ()l,776a2 + 44(5,964^3 12,141.845. 

TIk' solutions luv. 

ao - u, - ().()98, Os = -0.028, (h = 0.013. 

Therefore, th<‘ eciuatiou, as <l(‘terniined by the inethpd of least squares, 
is 


V/ - 1.426 f ().698 j: - ().028a:2 4- O.OL^z***. 

It will he ol)S(‘rv<Ml that thes<^ values of the e-onstarits are very nearly 
the same as those' obtained hy the method of averages. 
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Example 2. Compute the constants that appear in the equation 
that represents the following data: 


t 

1 

2 

3 

4 

6 

51.66 

44.46 

38.28 

32.94 


Since the observed values are such that the U form an arithmetic 
progression and the 6i approximately form a geometric progression, the 
equation expressing the relation is of the form 


6 = kaK 

If the points are plotted on semilogarithmic paper, it is found that 
A; = 60 and a = = 0.86, approx. This suggests using ko = 60 

and ao = 0.9 as the first approximations. The first two terms of the 
expansion in Taylor’s series in terms of AA; = A; — 60 and Aa = a — 0,9 
are 


« - 60(0.9). + 0D;;s. Ai + (5 j);:»a, 

= 60(0.9)* + (0.9)* AA; + 60^(0.9)*“i Aa. 

If the values (U, 6i) are substituted in this equation, four equations 
result, namely, 

di = 60(0.9)*^ + (0.9)** A/c + 60iK0.9)**-i Aa, {i = 1, 2, 3, 4). 

The problem of obtaining from these four equations the values of AA; 
and Ad, which furnish the most probable values of 6i, is precisely the 
same as in the case in which the original equation is linear in its con- 
stants. The residual equations are 

Vi = (0.9)** AA; -h 60i.(0.9)**-i Aa + 60(0.9)** - di, {% = 1, 2, 3, 4). 

Therefore, 

4 4 

[(0.9)** AA; + 60^»(0.9)**-i Aa -1- 60(0.9)** - Bij^ 

i=i 

and the normal equations 

dS , dS . 

a(Aifc) “ ® ® 

become 

4 

2 2) [0.9«AA + 60(i(0.9)«-> Aa + 60(0.9)‘< - fl<]0.9« = 0 

t=l 
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and 

4 

2 [0.9<* AA + 60«.(0.9)“-i Aa + 60(0.9)'< - e.]60<<(0.9)'<-i = 0. 

t — 1 

When these equations are written in the form 
p Afc 4- ? Aa = r, 

with all common factors divided out, they are 

4 4 4 4 

T (0.9)"* AA + 60 «i(0.9)".-' Aa = 2]; e*(0.9)<* - 60 T (0.9)"* 

»»*1 » = 1 i = l 

and 

4 4 4 

]£ «.(0.9)»"-' AA + 60 2^ <i2(0.9)"*-2Aa = T e,ii(0.9)‘*-i 

Jwi i=l 

4 

- 00 X i.(0.9)"*-‘. 


As in Example 1, the coefficients arc computed most conveniently by 
tlie use of a table. 


1 

ti 

1 

2 

.•5 

4 

Totals 

(0.9)^ 

0.9 

0.81 

0.729 

O.O.'iOl 


(0.9)2^- 

0.81 

0.6,501 

0.531441 

((.•13(M(i72l 

2 •12,S(K).S2I 


0.9 

1.458 

I .77147 

1 .9131870 

6 0120570 


1 

3.24 

5.9040 

8., 503050 

18.0)17950 


40.404 

30.0120 

27.90<>I2 

21.0)11031 

132 024051 


51.00 

80.028 

93.0204 

90.05301 

320.701 14 


Sul)stitutin|!; t.he V}ilu(‘s of tin* sums from tli(‘ table ^i;iv('s 


2.42800821 Ah + 3r)2.r)r)94r)() Aa == i:i2.()24{)54 - , Hr).().S()4<)2() 

ami 

0.0420570 A/c + lllS.877d0Aa - .320.70144 - 3()2.r)504r)0. 

liodmdng all the numbers to four decimal places gives the following 
equations to solve for A/c and An: 
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2.4280 A;b+ 362.5695 Aa = -13.6558, 

6.0427 A* + 1118.8774 Aa = -41.7980. 

The solutions are 

Ak = —0.238 and Aa == —0.036. 

Hence, the required equation is 

e = 59.762(0.864)*. 

PROBLEMS 

1 . Find the constants in the equation for the data given in Prob. 1, 
Sec. 161. Use the method of least squares. 

2. Use the method of least squares to determine the values of the 
constants in the equation that represents the following data : 


X 

0.2 

0.4 

0.6 

0.8 

1 

y 

1.25 

1.60 

2.00 

2.50 

3.20 


3. Apply the method of least squares to the data given in Pro!:). 1, 
Sec. 158, 

4. Apply the method of least squares to determine the values of 
a and h in Prob. 4, Sec, 161. 

163. Method of Moments. Since the method of moments is 
one of the most popular methods in use by the statisticians and 
economists, a brief discussion of it will be presented. For certain 
types of equations, especially those which are linear in tlunr 
constants, it provides a simple method of determining the 
constants. If the equation has the form 

r-l 

2/ = X 

k=0 

this method gives results identical with those obtained by the 
method of least squares. In this case the method has a theo- 
retical background that justifies its use. Wlu'ii the mc'thod is 
applied to other types of equations, tlicre is, in general, no siudi 
justification. However, in modified forms it is convenient for 
computation and often gives very gootl j*osults. 

Let the set of observed values be {xi, yi)j (z = 1, 2, • • • , ?z), 
and the equation that represents these data be y = f(x). When 
the values x = Xi are substituted in fix), there result the cori'o- 
sponding computed values of y, which will be designated by 
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yi. The moments of the observed values yi and of the computed 
values yi are defined, respectively, by 

n n 

74 = X and tik = x’iyi. 

t c= 1 » » 1 

lifix) contains r undetermined constants, the method of moments 
is based on the assumption that 

(163-1) 7A: = MA-, (A = 0, 1, 2, • • • , r - 1). 

Since yi is a function of the r undetermined constants, Eqs. 
(163-1) give r simultaneous equations in these constants. 

The method of moments in this form is most useful when 
f{x) is linear in its r constants, so that the r equations (163-1) 
can be solv(‘d imnuxliately. Various modifications and devices 
are used to simplify the (‘omputation in case f(x) is not linear in 
its constants. Th(\sc^ will not bo discussed here.* 

In the special (*aso in which /(.r) is a polynomial, that is, 

/(.r) = X Oixf, 
j = o 

th(^ valu(\s of y, nro given by 

r-l 

fji = X 

and tluM-c^fore 

= X X = X X (/>; = 0, 1, 2, • • • , r - 1). 

1 J 0 j >- 0 1 1 

ddnui {1()3“1) jissunn* th<‘ form 

X X-'i'''"/ = X (/>• = 0, 1, 2, • • ■ ,T — 1), 

y - 1) J 1 j 1 

whi(‘h ar(^ i(l(‘ntical with the normal equations (102-4) obtained 
l)y th(' iiK'lluxl of l(‘ast s(iuares. Hence, the two methods lead 
|o idiMitienl nvsiilts for this form of/(.r). 

164. Harmonic Analysis. Th(^ probhun of obtaining the 
expansion of a pei’iodie function in an infinite trigonometric 

* For n discussion, sc(‘ l<'r(‘(*h(a and K(‘prds(Mitation cles lois 

enipintpios: IFndz, IlniKll/ook of Ma.th(‘niaf.ica.l Stiiiistica. 
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series was considered in Chap. II. In this section will be given 
a short discussion of the problem of fitting a finite trigonometric 
sum to a set of observed values {xi, in which the values of y 
are periodic. 

Let the set of observed values 

(^0} 2/o)j (^1; 2/l)j ‘ ‘ f (^2n— 2/2n— l); (^2nj 

be such that the values of y start repeating with y^n (that is, 
y 2 n = 2 / 0 , 2 / 2 n+i = Vh ©tc.). It will be assumed that the Xi are 
equally spaced, that xq = 0, and that x^n = 27r. [If xq ^ 0 and 
the period is c, instead of 2x, the variable can be changed by 
setting 

= — {Xi — Xa). 
c 

The discussion would then be carried through for Bi and yi in 
place of the Xi and yi used below.] Under these assumptions 

. 27r iic 
Xi “■ “■* 

2n n 

The equation 

n n — 1 

(164-1) 2/ = ^0 + ^ Ak COS kx + ^ Bk sin kx 

contains the 2n unknown constants 

Aqj Aij A2f * * * , An, B 2 , * * * , Bn~i, 

which can be determined so that (164-1) will pass through the 
2n given points (xi, t/O by solving the 2n simultaneous equations 

n n — 1 

2/i = Ao + y COS kxi + ^ Bk sin kxi, 

A = 1 ifc = 1 

a = 0, 1, 2, • • • , 2n - 1). 
Since Xi = iw/n, these equations become 

(164-2) 2/ ^0 + 2 Aa cos ^ 

(^ = 0, 1, 2, • • • , 2n - 1). 

The solution of Eqs. (164-2) is much simplified by means of a 
scheme somewhat similar to that used in determining the Fourier 



§164 empirical formulas AND CURVE FITTING 547 

srx'tijsia Es.‘; “ 


2n-l ^ 2;,,_ 


B, 


It can be established that 

2n-l 


COS 


^A^TT 

n 


= 0, (A = 1, 2, ... , 


and 

Therefore, 

(164-3) 


^t- 1 

2 T = 0' (* = 1. 2, 

»-0 


tkir 

n 


• , W - 1). 


2n— 1 

2rtdo = ^ 2/,-. 

t = 0 


•1 equation by its coefficient of 

u i. • ■ , n - ]), and adding the results give 
2 « - 1 



for j =1,2, 


and 


for all values of /,-. 'rii(>n.fore 


2/; I 


// - 1 . 

Hut 

‘2„ 1 

2 

ikir 

V 

n 

1 -0 

2n - I 

2 ™' 

i -0 

ikir 

V 

n 


6» if k 5^ j, 

= n, if A = j; 


<■■ 1 t/i cos 


(164-4) 


~ t, 2, ■ • • , 71 _ ]) 
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In order to determine the coefficient of An the procedure is 
precisely the same, but 



2n-l 

>0 rv 

> cos cos ZTT = 0, 

if fc 7*^ n. 


= 2n, 

II 

Hence, 

2n — 1 


(164-6) 

2nAn = yt cos iw. 

4 = 0 



Similarly, by multiplying both sides of each equation of 
(164-2) by its coefficient of Bk and adding, it can be established 
that 


2n~l 

(164-6) nBi = 2 Vi ' O' = 1, 2, • ■ • , n - 1). 

1 = 0 

Equations (164-3), (164-4), (164-5), and (164-6) give the 
solutions for the constants in (1G4-1). A compact schematic 
arrangement is often used to simplify the labor of evaluating 
these constants. It will be illustrated in the so-called “6-ordi- 
nate” case, that is, when 2/i = 6. The method is based on the 
equations that determine the constants, together with relations 
such as 


sin I = sin ^ ( 2n - 1) 


Sill 


cos 


, I - - 0 » <5.:^ . - „o. . . 0 , .% 


etc. 


Six^ordiTiCLtc Scheme. Here, 2'/i = 6, the giv(^n jxiints ai*o 
where Xi = zV/S, (i = 0, 1, 2, 3, 4, 5), and E(|. (i()4-l) 
becomes 


2 / - Ao + Ai cos r + A 2 cos 2x + A 3 cos 3a; + Bi sin x + Bo sin 2x. 
Make the following tal)lc of definitions: 



yo yi 2/2 

Vo Vi 

Wo Wi 


2/5 2/4 2/5 

Vo 

W2 

Sum 

Vo Vi Vu 

Po pi 

To ri 

Difference 

Wo Wi W2 

Qi 

Si 
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bAz = ;'o - s ^, 


ZB , = ,. 

‘ 2 '’ 


3fi. -^«.. 


X 

0 

TT 

3 

27r 

"3 

1 ^ 

4ir 

3 

,5t 

3 

27r 

y 

TT_. 

1.0 

1.4 

1.9 

1.7 1 





1.5 

1.2 

— 

1.0 


^4?0 


I .0 
__1.7 

0 *7 

1.4 

1.5 


1.9 

1.2 


^ . 7 

-0.7 

2.7 

~2.7'‘ 

V, = 2.9 ■ 

111, = -0.1 
2.9 

3.1 

Pi 0.0 

7i == -0.2 

V 2 = 

IV 2 = 

3.1 

0.7 

-0.7 

-0.1 

0.7 


ro ^ 

~(f.Y 

'•1 = 0.6 


. Jt'i;!;.’'"' -'■■“'"■’»™ 6 «.« v„,l of fho „„„- 

<i-lo = 2.7 + H.o = ,s .7 

3.1, = -0.7 - 0.1 =-- - 1.1 

3.1 2 = 2.7 — 3.0 = — 0,3 

0.1 3 = —0.7 -j- o x _ (j I 

{<).()) 


and 

and 

and 


3/^1 =: 


•3/^. = X '^(~ 0 . 2 ) 


0.3 ^/Z 
-0.1 x/3 


and 

and 


0 — 1 .45, 

A I = -0.37, 
^2 = -0.10, 
■'1 3 = 0.02, 


and 


= 0.17, 

= -0.06. 


tiHMM.rv.. „f (I,;.,-0 ihat, fils t.ho .fivon data is 

V ! 7 i' ~ "■ ‘ " ^ + "• ' 7 ^ - 0.00 «i„ 2 x. 

rclat.ioill'^^ ‘'"'"Putatioas i.s furnislied by the 


A 0 + 4 1 + .*1 o + 4 3 =: 


?/n 


and 


= V3^ 
3 


Ih + B , = V - (y, _ 
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Substituting the values found above in the left-hand members 
gives 

1.45 — 0.37 — 0.10 + 0.02 = 1.0 and 0.17 — 0.06 = 0.11, 

which check with the values of the right-hand members. 

Similar tables can be constructed for 8-ordinates, 12-ordinates, 
etc. * 


PROBLEMS 

1. Use the 6-ordinate scheme to fit a curve of the type (164-1) to the 
data in the following table: 



0 

ICO 

27r 

T 

TT 

4t 

T 

5ir 

T 

27r 

y 

0.8 

0.6 

0.4 

0.7 

0.9 

1.1 

0.8 


2. Make a suitable change of variable, and apply the 6-ordinate 
scheme to the data given in the table 


X 

0 

TT 

6 

TT 

3 

TT 

2 

2t 

3 

Stt 

"6 

T 

y 

0.6 

0.9 

1.3 

1.0 

0.8 

0.5 

0.6 


166. Interpolation Formulas. When an equation has been 
obtained to represent the relation existing between x and y, as 
indicated by a given set of observed values (xi, ?/,;), this equation 
can be used to determine approximately the value of y corre- 
sponding to an ai'bitrary value of x. It would be expected that 
the equation would furnish a good approximation to the value 
of y corresponding to an x which lies within the range of the 
observed values xi. The equation may provide a good approxi- 
mation for y even if x is chosen outside this range, but this must 
not be assumed. 

Frequently, it is desired to obtain an approximation to the y 
corresponding to a certain value of x without determining the 
relation that connects the variables. Interpolation formulas 
have been developed for this purpose and for use in numerical 
integration (mechanical quadrature). f The formulas to be 

* See Carse and Shearer, A Course in Fourier Analysis and Periodogram 
Analysis. 

t See Sees. 167 and 168. 
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^cussed here all assume that the desired value for y can be 
obtained from the equation 

2/ = ao + aix + + • • . 

determined so that this equation is 
w e y m + 1 pairs of the observed values (a;,-, y,). These 
m + 1 pairs may include the entne set of obseived values 

a subset chosen so that |ai - rr,:| is as small as possible, 
th ^ “it^Polation formula of this discussion assumes that 
the set of m + l observed values xo, x,, x,, ■ ■ ■ a: is an 
arithmetic progression, that is, that 

(165-1) X, = x,^i + {k = 1,2, , m). 

^nce there are m + 1 pairs of observed values, there is only one 
mth difference Aj and all differences of order higher thL m 
are zero. Hence, by (159-3), 

S'* = 2/0 -t- i' Ay a -|- ). ^ . 


+ 


W - 1) 


m! 


— m -j- 1) 

I A”yo. 


But, from (1(15-1), it follows that 

_ ;r<. — xa 

d ' ' 

so that the expression for ijk lieeomes 
(165-2) //,, = - 1 - ~ ^ - -^0 - d) 

<1 Of ? ,12 ' ' ■+■ 


_j_ h'V,- .ri))(.c* — .(•„ — 

Ill ! (/'“ 


21 (P 

~_"'d -h d) 


A"'i/o. 


Relation (1(15-2) is satisfied by every one of the m + 1 pairs 
of obs(‘i V (f(l values. Now, assume that the value of the y which 
tii'bitraiy a- also can b(‘ obtained from (165-2). 

(165-3) y = + il - ,<-o)(.r - .r„ - d) 

d ^ ‘>\H2 A-i/o + 


+ 


•'■'.dl-*- - :»-n - d) 


m\ d* 


2\d- 

(-C - .r» - md + d) 


A^yo. 
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Equation (165-3) represents the mth-degree parabola which 
passes through the m + 1 points whose coordinates are (xi, yi). 
It assumes a more compact form and is more convenient for 

computation purposes when ? is replaced by X, Then, 

(166-4) 2/ = 2/0 + X Ayo + A^i/o + ’ ’ ' 

, X(X - 1) • • ■ (X - m + 1) 

+ ^ ^ ^ 2/0. 

Example, Using the data given in Example 1, Sec. 160, determine 
an approximate value for the y corresponding to x = 2.2. 

First, let y be determined by using only the two neighboring observed 
values (hence, m = 1). Then, xo = 2, 2/0 = 2.808, Ayo = 0.806, and 
2 2 — 2 

X = = 0.2. Hence, 

y = 2.808 + 0.2(0.806) = 2.969, 

which has been reduced to three decimal places because the observed 
data are not given more accurately. Obviously, this is simply a 
straight-line interpolation by proportional parts. 

If the three nearest values are chosen, m = 2, xo — 1, 2/t = 2.105, 
Ayo = 0.703, Ahjo = 0,103, and X = 2.2 -- 1 = 1.2. Then, 

y = 2.105 -h 1.2(0.703) + (0.103) = 2.961, 


correct to three decimal places. 

If the four nearest values are chosen, m = 3, xo = 1, yo = 2 10.^, 
Ayo = 0.703, A^yo = 0.103, == 0.081, and X = 1.2. Therefore, 


y = 2.105 -h 1.2(0.703) + 


( 1 . 2 )( 0 . 2 ) 

2 

+ 


(0.103) 

(1.2)(0.2)(-Q.8) 


6 


(0.081) = 2.95S, 


correct to three decimal places. 

The value obtained by substituting x = 2.2 in the equation 


y = 1.426 -f 0.693X - 0.028x2 + 0.013x2, 

obtained by the method of least squares (see Example 1, Sec. 162) 
is 2.954. It might be expected that a better approximation to this 
value could be obtained by choosing vi = 4, but investigation shows 
that the additional term is too small to affect the third decimal place. 


166. Lagrange’s Interpolation Formula. The intcu’polation 
formula developed in Sec. 165 applies only when the chosen set 
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Of a:.- is an arithmetic progression. If this is not the case, some 
other type of formula must be applied. 

^« + 1 pairs of observed values for 
Wluch |.x a;,:| IS as small as possible, and denote them by (a:,-, y.), 

rl _ n i’ o’ ' ' the mth-degree polynomials P*(x), 

Ia; — 0, 1, 2, • • ■ , ni), be defined by 

- xi) ■ • • fa - . 

X — Xk 11 ^0- 

Then, the coefficients A k of the equation 

VI 

y=X ^fcPr-Ca:) 

i = 0 


(166-1) P,(x) = 


- -0 


call be determined so that this equation is satisfied by each of the 
m + 1 pairs ol obseriTcl values (a:.-, y,). For if a: = x^, then 


A, = 




Pk(x,y 

since P*(a:,) = 0, if i pi k. Therefore, 
(166-2) 


VI 


A: = (, 

IS the equation of the w/,th-dcgreo jiaraliola which passes through 
(.he m. + I points whos(. coordinates are (.r,:, //,). ff .r is chosen as 
any vain,- ni the rang,- of the .r„ (l(i6-2) <ietermincs an approxi- 
incXt(' lor tlio coi'iwspondin^ y, 

Fquatiou (l6(i-2) is known as Lagrange’s interpolation formula. 
^ iVKjusly, it can be appli,-,! when t.he x,- are in arithmetic iirogros- 
sion, but (l(i.5-t) IS preferable in that it reiiuin-s less tedious cal- 
eulal.ion. Since only one mtli-degreo parabola can bo passed 
through w + I distinct points, it follows that (165-3) or its 
equn-alent (16.5-4), and (l(i(i-2) are merely different forms of 
the same (-(luation and will I'lirnisli the .same value for y. 

I-Jxcnnylr Using the data given in Pro!,. |,Soc. 160, apply Lagrange’.s 
foiiiiulii to liiid tfi(‘ vil1u(‘ of j) corrospondiiif!: to v — 21. 

ntMfrhhorin^v p^irs of observed values are chosen, bo that 

- 22.5 . . 21 - 15 


7> = 0.()75 + 1.519 

15 — 22.5 ^ 22.5 

correct to. three decinial places. 


15 


= 1 . 350 , 
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If the three nearest values are chosen, so that m = 2, 


p = 0.3 


(21 - 15) (21 ~ 22.5) 
(10 - 15) (10 - 22.5) 


+ 0.675 


+ 1.519 


(21 - 10)(21 - 22 . 5 ) 
(15 - 10)(15 - 22.5) 
(21 - 10)(21 - 15) 
(22.5 - 10) (22.5 - 15) 


= 1.323, 


correct to three decimal places. 

The value of p obtained from the equation p = O.OOSt;^, which repre- 
sents the given data, is also 1.323. 


PROBLEMS 

1. Using the data given in Prob. 2, Sec. 160, find an approximate 
value for 6 when t == 2.3. Use m = 1, 2, and 3. 

2. Find an approximate value for the y corresponding to a; = 2, 
using the data given in Example 3, Sec. 160. Use m = 1 and m = 2. 

3. If the observed values are given by the data of Prob. 3, Sec. 160, 
find an approximate value of H when C = 21.6. Use m = 1, 2, and 3. 

4. Using the data of Prob. 1, Sec-. 160, find an approximate value for 
p when V - 30. Use m = 1 and m = 2. 

167. Numerical Integration.* The definite integral n fix) dx 
is interpreted geometrically as the area under the curve y = fix) 
between the ordinates x — a and x = b. If the function fix) is 
such that its indefinite integral Fix) can be obtained, then from 
the fundamental theorem of the integral calculus it follows that 

Pjix) dx = Fib) - Fia). 

However, if the function /(.r) docs not possess an indefinite inte- 
gral expressible in terms of known functions or if the value of 
f(x) is known only for certain isolated values of x, some kind of 
approximation formula must be used in order to secure a value 
for /a/(.^•) dx. 

A formula of numerical integration, or mechanical quadrature, 
is one that gives an approximate expression for the value of 
jlf{x)dx. The discussion given here is restricted to the casc^ 
in which m + 1 pairs of values (x,-, or [xij{xi)], are given 
[either by observation or by computation from y = f{x) if tlu) 
form of J{x) is known] and where this set of given values is 
represented by (l()5-3) or (166-2). 

The formulas of numerical integration that are most frequently 
used are based on the assumption that the Xi form an arith- 

* For disoussiou of the accuracy of the formulas given hero, see Stcftcns(‘n, 
Interpolation; and Kowalewski, Interpolation und genaherte Quadratur. 
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metic progression, that is, that xa = Xo + hd. In that case, all 
the m + 1 points (x*, {i = 0, 1, 2, - - • , m), lie on the 
parabola whose equation is given by (165-3). The area bounded 
by the a:-axis and this parabola between x ^ Xo and x ^ Xm 
is an approximation to the value of /^^/(^) dx> 

Upon using (165-4) and recalling that 


V X - Xq 

it follows that 

(167-1) {'yHX- f' [i(. -H X Ay. -I- 

If m = 1, (167-1) becomes 

£ydX = (yo + XAm)dX 

= j/o H- ^ = 1/0 + 2 ~ I 

But 

= Xo + nid and X = ^ - ^- - 9 , 

so that 

d 

and the formula bcc^oincs 

(167-2) ijdx = (j/o + 2/i). 

If 72 -|- 1 pairs of values are given, (167-2) can be applied 


successively to the first two pairs, 

the second and 

third 

pairs, 

the third and fourth 

pairs, 

etc. There results 




(167-3) V V dx = 

Jto 


dx -f y dx ^ ^ 

+ 

/“ 

JXn-l 

y dx 

= 

d , 
2 ( 2/0 

+ 2 / 1 ) + 

1 ( 2/1 + 2 / 2 ) + 


• • 





+ 

d 

2 

(2/n-l 

+ Vn) 


= ^ (2/0 + 22/1 + 2y2 + * ■ * + 2yn^i + ?/n)* 



556 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §167 


Formula (167-3) is known as 
the trapezoidal rule, for it gives 
the value of the sum of the areas 
of the n trapezoids whose bases 
are the ordinates y^, yi, 2 / 2 , * * * , 
2 /n. Figure 157 shows the six 
trapezoids in the case of n = 6 . 

If m = 2, (167-1) becomes 

£ydX = [yo + Z Ayo + A^o] dX 

= 2yo + 2 Ayo "f" ^ Q ~ 

= 2^/0 + 2(2^1 — 2/0) + ^ (2/2 “ 2yi + yo ) 

1 ,4 ,1 

“ 32/0 + 22/1 + 32 / 2 , 

or 

(167-4) ydx = ^{yQ + 42 /i + ^ 2 ). 

Suppose that there are n + 1 pairs of given values, where n is 
even. If these n + I pairs are divided into the groups of three 

pairs with abscissas X 2 ij X 2 i^ij X 2 i+ 2 , 

then (167-4) can be applied to each group. Hence, 




(167-5) f"ydx= P' 2 / dx + p' 2 / dx -1- • • • + P" y dx 

= g (2/0 + 4 yi + 3/2) + ^ (2/2 + lys + Vi) 

+ ■ ■ ■ +1 (z/n -2 + 42 /„_i + y,.) 
d 

= 3 [yo + J/n + 4(2/1 + 2/3 -h • • • + 2 /»-i) 

+ 2(2/2 + 2 /-! + ■ • • + 2/»-2)]- 
^ Formula (167-5) is known as Simpson’s rule with m = 2 . 
Interpreted geometrically, it gives the value of the sunr of the 
areas under the second-degree parabolas that have been passed 
through the points {x^, y^), (a: 2 i+i, ya+i), and (xo.-i-a, ya+i), [i = 0, 
1 , 2 , ■ ■ • , (n - l)/ 2 ]. 
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If ?M = 3, (167-1) states that 

ydX = + XAj/o + 

+ ^^-^f±2^ A^o)dZ 

= 32/0 -I- I A2/0 -I- AVo + (y “ I + l) 

9 9 

= 32/0 + 2 (2/1 “ 2/0) + ^ (2/2 “ 22/1 + 2/0) 

3 

+ g (^3 — 32/2 + 32/1 — 2/0) 

= I (2/0 + 32/1 + 32/2 + 2/3), 

or 

(167-6) J y dx = ^ (yo + 3yi + 82/2 + 2 / 3 ). 

If n 4" 1 pairs of values are given and if n is a multiple of 3, 
then (167-6) can bo applied successively to groups of four pairs 
of values to give 

(167-7) y (lx = [ 1/0 + 2 /n + 3(2yi + 2/2 + Z/4 + 2/6 + • * ■ 

+ //n~2 + 2/n-l) + 2(2/3 + 2/0 + ' ■ ‘ + Vn^n)]- 

Formula (167-7) is called Simpson's rule with m = 3. It is 
not encountered so free luently as (167-3) or (167-5). Other 
formulas for nuiiKU’ical integration can be derived by setting 
m = 4, 5, * • ■ in (167-1), but the three given luM-e are sufficient 
for ordinary purposes. In most cases, better results are obtained 
by securing a large number of obseuwed or (‘ornputi^d values, so 
that d will be small, and using (167-3) or (167-5). 

Examplv. Using the data given in Examjile 1, Sc(‘.. 160, find an 
approximate valium for V dx. 

Using the trapezoidal rule (l()7-3) gives 

fj ydx = H(2.105 + 5.016 + 7.228 -|- 9.208 + 11.714 

-1- 14.902 -I- 9.407) = 30.120. 
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Using (167-6) gives 

2/ = H[2.106 -H 9.467 -1- 4(2.808 -t- 4.604 -t- 7.451) 

-I- 2(3.614 -I- 5.857)] = 29.989. 

Using (167-7) gives 

(i* = M[2.105 -I- 9.467 -|- 3(2.808 -1- 3.614 

+ 5.857 + 7.451) -1- 2(4.604)] = 29.989. 

168. A More General Formula. If numerical integration is 
to be used in a problem in which the form of f(x) is known, the 
set of values (xi, can usually be chosen so that the Xi form an 
arithmetic progression and one of the formulas of Sec. 167 can 
be applied. Even if it is expedient to choose values closer 
together for some parts of the range than for other parts, the 
formulas of Sec. 167 can be applied successively, with appro- 
priate values of d, to those sets of values for which the Xi form an 
arithmetic progression. However, if the set of given values was 
obtained by observation, it is frequently convenient to use a 
formula that does not require that the Xi form an arithmetic 
progression. 

Suppose that a set of pairs of observed values {xi^ (i = 0, 
1, 2, • • • , m), is given. The points (xi, yi) all lie on the 
parabola whose equation is given by (166-2). The area under 
this parabola between a; = and x = Xm is an approximation to 

the value of i y dx. The area under the parabola (166-2) is 


(. 68 - 1 ) 

in which the expressions for the Ph{x) are given by (166-1). 
If m = 1, (168-1) and (166-1) give 

(168-2) j y dx = — ~ — f (x — a:i) dx 

Jxq Xq Xi Jxq 


Xi — Xq 


+ 


(2/0 + 2/i)- 


X\ X^Jx^i 


{x — Xq) dx 


Formula (168-2) is identical with (167-2), as would be expected, 
but the formula corresponding to (167-3) is 
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(168-3) ydx = }4[(xi — xo)(yo + yO + (x 2 — Xi){yi -f y^) 

+ ■ • • + (Xn - Xn-l)(yn-l + 2/n)]. 

If m = 2, (168-1) becomes 
(168-4) r y dx = f {x — xi)ix ~ Xi) dx 

Jxo •ro{XQ) Jxo 



^ 0:2 

_ 2/0 

xi - a;? (a:i -|- X 2 )(xi — x§) 

Po(a:o) 

3 2 


+ XlX2(X2 - Xo) j 

^ P^{x,) 

xi - xg (xn + Xi)(xl — x§) 

3 2 


H- XoX2(X2 — Xo) j 

+ _?/u. 
^ P 2 (.r 2 ) 

xi — xS (xu -h Xi)(x| — xg) 

3 2 


-I- x,)Xi(x2 — Xo)l 

+ ” *^2) + (^^’2 + ^0 ~ 3^0 ■ 


Formula, (168-4) r(‘duc(‘s to (l()7-4) wlu^n .Ti — Xo = X 2 — :rj = 
d. The formula tliat corrisspomls to (l()7-5) is too lonj>; and 
complic'iitcHl to 1)(' of |)ra(*l,i(‘al imi)ortauc(\ and hoiuu^ it is omitted 
here. It is siiupho' to aj)ply (I()8-4) successively to groups of 
three valuers and tluai add tlie results. 

Examfle. Tlsiiij; the data given in Example 3, Sec. 160, find an 
approximate vahi(‘ of n ' y dx. 

Using (l()8-;{) (Ictcnniiies 

J (*0 25 

ydx = >a[().24(4.21Q) + 0.6(4.631) + 1.5(5.082) 

0.16 

+ 3.75(5.500)] = 16.187. 
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Applying (168-4) successively to the first three values and to the 
last three values gives 

r*-2® _ (0.84)“ r2(1.2 - 0.32 - 1) , 2.210(-0.84) 

Jo.16 y 6 L (-0.24)(-0.84) (0.24)(-0.6) 


(0.24) (-0.6) 

2.421(2 + 0.16 - 1.2)j 


+ 


+ 


(5.26)“ 

6 


(■2.421(7.5 - 2 - 
L (-1.5)(-5. 


- 2 - 6.25) 


+ 


(0.84) (0.6) 
2.66(-6.25) 


25) (1.5) (-3.75) 

2.929(12.5 + 1 - 7.5) -] ^ 

^ (5.25)(3.75) J ‘ 


PROBLEMS 

1. Determine an approximate value for y dx, using the data given 

in Example 2, Sec. 160, and applying (167-3). Find the approximate 
value if (167-5) is used. 

2. Apply (168-3) to determine an approximate value for 

jio 

using the data given in Prob. 1, Sec. 160. 

3. Work the preceding problem by applying (168-4). 

4. Apply (167-3) and (167-5) to the data given in Prob. 3, Sec. 160, 

j '25 

H dC, 

19 

6. Find the approximate values of \/4 + ? dx obtained by using 
a; = 0, 1, 2, 3, 4, 5, 6 and applying (167-3) and (167-5). 
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1. (a) convergent; (6) divergent; (c) divergent; (d) convergent; 
(e) convergent; (/) divergent; (g) convergent; (h) divergent. 

2. (a) convergent; (6) divergent. 
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('»; convergent; (f) divergent. 
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3. (a) — 1 < X 1; (6) all finite values; (c) —1 < x < l* 

(d) X > I and x ~ 1 . ’ 

4. (o) -^3 :S j; < 4; (6) 0; (c) _i < 3. < 

Pages 39-40 

1 . 


ib) X 


5! 

■ 3! 


7! 


ft) 1 - -u 1 

2! + 4l - (il + 

(d) X - f 

'+f; + T-- + "M-+ • •• : 

<g) X x'’ + i7 I 

W -c -I- 3 + IJ.X + + • - ■ , 

?£! J. 

' (i! 


2 . (a) (x - 1) - i-jix - 1)2 + - ])2 _ 


<0 ■■■ [ 1+ - 2, + + . . . ] . 

(e) 7 + 29(x - 1) + 76(x - 1)* + ll0(x - I)-’’ -f 9()(x - I)-* 

a Aiifi V . r +39(x- l)^-H7(x-l)» 

4. All hnite values of x. 6. x* < 1. 
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Pages 45-46 

1. 0.984808; 2 • 10-«. 3. 0.5446. 

2. 9. 6. 2.03617. 

8. (o) 0.3103; (6) 0.0201; (c) 0.9461; 


/ \ a;® , a;® 

® 6.2! +9-4! 


7-3! ^9-41 


13-6! 


+ 


; (/) 0.937; (g) -0.1026; 


..V , a;2 a ;3 33.4 93.5 372^6 

W * + 2! •1- 31 + 4j + 5; + 6J + • • ■ . 

11. a £ 0.24 radian or 14°. 


Pages 63-56 

6. ir/2. 16. 1.05. 

6. 214.5 ft.; 25.1 ft. 16. 1.69; 0.881. 

14. 2 V2 E(-\/2l2. jr/2) = 3.825. 

CHAPTER II 
Pages 76-76 


- TT . 16 n . 

71 = 1 


2 cos X 


-2 X 


71 = 2 


Pages 77-78 


2. (a) - ^ 5 — - — r sin 
^ X -^271 - 1 


(2n —• l)xa; 


n = l 


I X I - 7 X (2n - 1)^ - l).x; 


71 = 1 


> . 18 r /x^ 4 \ . xx x^ . 2x.r I /x® "I \ . 3?! 

7 LIt - pj 3-2 + U " SV ^ 

X® . 4xa; , /x'^ 4 \ . dvx ~\ 

-4“T +(.T-ss;“Tr J' 

8 + f.2 


3xa; 

3 


71= 1 


( — 1)” nxa: 
^ cos “ 7 , • 
3 


CHAPTER III 
Page 85 

1. (a) 2, 4, -0.75; (5) 1.22, -0.73; (c) 1.08, -0.55, -0.77; (W) -0.57. 

2. 4.49. 
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Page 91 

(a) 1.618, -1, -0.618. (6) 13.968, -6.984 ± 0.291i. 
(c) 3, -1,-1. (d) -1, 1, 2. 

(e) 2 + -^ + ■^, 2 + 2 + 

(/) -6,iV3,-iV3. (g) - 1 , 


Pages 94-96 

1, (a) 2, -2, -2; (6) 2, -1, -M; W ±H, c., (d) 2, -M, ±t. 

2. (a) (-1, 0), (0, 1), (2, 3); (b) (-3, -2), (-1, 0), (0, 1); 

(c) (-4, -3), (-2, -1), (-1, 0); (d) (-3, -2), (-1, 0), (0, 1), 

(2, 3). 


1. 2.924. 

2. 1.618, -1, -0.618. 

3. 2.061. 

4. 1.398. 


Page 97 

6. -0.879, 1.347, 2.532. 

6. -0.418. 

7. 1.226. 


1. 1.226; li. 

2. 2.310 radians. 

3. 0.3574, 2.1533. 

4. 0.739. 


Pages 101-102 

5. 4.494. 
e. -0.507. 

7. -0.725, 1.221. 


Pages 105-106 

1. 41; -35; 1. 

2. (a) W (1,0, -1); (c) (5,4, -3); (d) (1, -K, 3^). 


Page 114 

1. 20; -12G; -212. 

2. (a) (2, -1, 1); (/>) (1, -i,); (.•) (3, -1, 2); (d) (1, -1, -2, 3) 


Pages 121-122 

1. (a) (1, —1); (5) iiuu)n,si.si(Mii; (r) ineonsiateni; (d) (1,3A: — 2, /c). 

2. (a) (-*/?, r.A-/7, A); ('>) «), 0); (c) (0, 0, 0); 

(d) (A/4, 7A/8, A): ('0 (A, 2A, 0); (/) (0, 0, 0). 


CHAPTER IV 
Page 126 

1. W -;j, J; (I,) 3.V - , + if-*-,: 

(c) 2 / cos X}/ ly X cos xy) (d) e* log i/, e*/2/; 

(e) 2^2/ 4 - — a:=*. 

Vl “ X* 

2. (a) 2x2/ “ 2 ^, X* + 2 , 7/ — 2x2; (5) j/z -f- xz + x//; 

X ty 
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/V « ” U/ 

(c) . ■ ■■■■ -■■-: > . : - : i Sm“l 

“s / — a;2 2/ "s/y^ — - U 

A/a;® + 2/® + z* 'x/x® + + z* ^ + y^ + 

(e) Zl , r l„ -. 

^ ^ (a;® -h 2/^ + + 2/^ + {x^ + 2/® + 


1. 7r/6 cu. ft. 

2. 11.7 ft. 

3. 0.139 ft. 

4. 2250. 

6. 10.85. 


Pages 129-130 

6. $3.46. 

7. 0.112; 0.054. 

8. 53.78; 0.93. 

9. 0.0037r; 0.3 per cent. 

10. I.Ott; tt. 


Pages 135-136 

1. ka^{d cos 2d sin 20). 2. 2r cos 20; —2r^ sin 20. 

3. 2r — t;t 2^; s — r. 

4- («v + «*); («v - «*)• 

7. (o) e‘‘ sin 5-1^ + ^ cos i 

(5) 2r(l — 3 tan^ 0), — Or^ tan 0 sec* 0. 

8. (a) 2a;, 2(a; + tan x sec* a;); 


5z 


Cb) cos 5 h SHI ^ > r I cos 0 sm 0 — ) 

^ ' dx dy \ dy dx J 

9- + xg) ; 

(a:“ + + j/*) 


V 

f9i; 


Pages 141-143 


—9a;* — 4tt ^ 1 — 4^?/* _ — 4u2/* — 1 „ y — 

T2v^iu + i;)' 4w*('w + vY 4i;*(w -f v) ' y‘^ — x 

ye^ — xy — uve^' — v ^ — x 

• Qv\rv _ xe'> — ue'^ — V g«+v _ xe'’ — 


6. (a) 


-2, 3, 1, -1; (6) 


— M t; V n 

+ v*’ w* + ?;*’ w* + it* + v* 


8. - 


u + 2v*, 2^* — V 
1 -{- 4uv^ 1 + 4iUV 

sec y + 3a;*2/^ 


13. („) _ . (b) 

X sec y tan y 4- 2x'hj' 

14. 2(z - y): 2{x — z): 2{y - x). 


11. 2r; 0. 

3x* 2/ a;^ 

cos z — 3z* cos z — 3z* 


Pages 145-146 


3. M[3 vs + 1 + «(V3 + 1)1 or 6.811. 4. 2 V** + y’- 
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Page 149 

1 . V3/3. 

2. (o) 2x +3y + 2z <= 6, = —Z^-. 

(jb) 6i + 2)/ — 32 «= 6 , ■ 


4 6^4 

I — 4_2/— 3 2—8 

2 


-1 

M J. , 2»z 1 O* , ^ \ c* , 

■^5- + -p- + ^ 


So 


Pages 152-153 

6. dx/ds = 1/\/T4, = 2/\/l4, <is/ds = 3/^14. 9. 27^ 


Pages 154-165 

3. 10; 20. 

4. /*a cos* e +fxu sin 2e + Jyy sin* d\ 

fxxT^ sin* 6 — /j^r* sin 2d + fyyv^ coa* 6 — f^r cos 9 — fyV sin 6. 


Pages 157-168 



-i)<- 

!)+(»- 

1) (j 

-i) 



r2(7r — ])(a 

■ - 1 ) (?/ - 

-1) 

+ 2 (»/ - 0 

1 


1 

1 1 1 

> + (X 

- D* 

O'-i) 



+ 3 ^2 

+ !)<'- 

■>( 


-?)*] 

2 . <> 1 1 + (X 

- 1) + {</ 

- 1) + ^ 

(fx - 

- D* + 4ix - 

1)0/ - 1) 


+ ill - 1)’! + • ■ • [• 

3. 1 4- I + ^ (x'i - y=) + i (!•’ - 3x;/=‘) + 1 (x< - + !/*) 

+ • • • . 


Page 160 

1. (a) (3, — 2()) miniiniiin ; 

(b) (3, 108) iinixiinuin, (5, 0) iiiininiuin; 

(c) No niaxirniL or niininui. 

2. X = l/r. 

4. (a) coH X = —^2 and sin a; = 0, inflection; 

(6) COH X — *2 and sin x == 0, inflection; 

(c) sin X = 0, infl(Hd.i()n. 

6 . (a) X = 1/c; (6) x = '!l2r>» maxiinum, x = ‘*‘>2251 inflection. 
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Pages 162-163 

1. o/3, o/3, o/3. 2. Sabc/3 v^S. 3. a/3, 6/3, c/3. 

4. V3P/(2 V3 + 3), (Vs + l)P/2(2 Vs + 3), P/(2 V3 + 3). 
6. z = ft = A Veoi^, d = VBz. 


Pages 170-171 


. TTOi xa 

TT sin cos 

1 . ^ 


2a 


or 


2. OTT. 

3- « (l - log 2^ 


1 


4. — tan a, 

6 . 

6 . CLx{o?‘ — 1 )“^. 


CHAPTER V 
Pages 190-191 


1. (a/5, o/5). 

2. xaV16. 


3. (a) u dudv; (6) du dv dw. 

4. (3xa/16, 0, 0). 

6. 32aV9. 

6. (a/4, 6/4, c/4). 

7. (rxa^h/2, 

1 . 0 . 


8. xa^/2. 

11. 4a^ - l). 

13. 8a* 

14. S = a cos* 

16. jra*ft/2. 

16. 7. = ^^6a6c(o» + 6»). 

Page 196 

4. 12xaV5. 


CHAPTER VI 
Page 199 

1. W %; (6) i%o; (f) (d) 

2. (a) -«%o; (&) 

3. (a) (6) (c) (d) 

4. (a) 0; (6) (c) -Hs- 


Page 202 

1. iro6. 2. H. 3. 37ra*/8. 

Page 206 

1. 2. 0. 3. -H-i- 4. 3^. 

Page 212 

1. 3. 

6. (a) t/2; (6) - V3/4; (c) 15^. 
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CHAPTER Vn 
Pages 230-231 

( 2 /')® + — y + Sx^ - 0. 6. 

2. 2 /" + 2 / « 0. 7 . 

3. xy'" - 2 /" - xy' + y 0. 9. 

4. 2^2/' + (1 - a:)2/ + 2c-» =. 0. 10. 

(2/")^ = [1 + (2/')*]^ 


2/" - 27/' 4 - 22/ «= 0. 
i»(2/')® — 2/2/' -H 1 “0. 
a;»2/'" - 3 a;V" + 6x2/' - 62/ 
2a::2/' — 2/ = 0. 


0 . 


1. 0.417 ft. 

2. $ osa Qq ^ — 0Q)e~^* 


Pages 264-256 

9. t; = yo(l — 
11. 0.000667 cal. 


1. sin“^ y 4- sin“’ x = c. 

2. ( 2 / - l)/( 2 / 4- 1) * cc'». 

3. 2 cos 2 / — sin x cos x + x = 

4. sec X + tan 2 / = c. 

6. tan“i 2 / — 2 -v/T -|- x = c. 

6. X6» - - Vi - 2 /* “ c. 

13. X sin“i 2 ; ^ VT-^ -I- ^ 


Page 268 

7. 1 + 7 / a=i c(l 4" 3 :). 

8- log [(?/ — \)/y] 4- e”* - c. 

= c. 9. 2 tan'^ e*' + log tanh x/2 « c. 

.X ” ^ 

Up 2/(2 — log y) =» J *2 tan® x 4- c. 
12, x(l + ^y^)H =. 0 . 

- ev{y - 3) =n c. 


14. 2 / = c Vi — a;®. 


16. 2 / — X — log xy ^ G. 

16. tan“^ y — tan”* x = c. 


17. 


+ 1 ^ 



19v y = <•(! +a:)(l - y). 
20. 1 + ;l/2 = (;(1 + *»). 

23. (« - i)/(/t - x) = 



2. sin < (yy/x) — log x = r. 

3. sin (2//x) 4- log X = c. 

4. X® — 2X7/ — 7/2 = 6-. 

6. log 7 / + xV(3z/^) - r. 

11 . h = 4 , = ">'’1 

aiOa — «20i 711/7.J 

12. 7 / -f ce^/^ — 0. 

14. X -f 7 / 4 - 2 log (2x -h 7 / - :{) 

16. XT/® = r(x 4- 2//). 

17. x3 4- 7/3 = cxy. 

18. x[4(?//x)® 4- = r. 


Pages 261- 262 

6. X = 

7. 7 / = 

8. X = 

9. log X 4- <! '"/■' = r. 
10. X = ceiUjr)y/x'^^u\ 

— 0,^3^ 

■ — (I o \) 1 

13. X® f- //® r// « 0. 

19. X 7T'^V(ax2) ^ 

20 . 7/® 4 2 x 7 / — X® — c. 
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Pages 264-266 

1. sin + a;® = c. 

2. x^y X = c. 

3. e® + a; + 2 / = c- 

4. a;®2/ “ 2/^ic — c. 

6. Not exact. 

6. sin iy/x) = c. 

7. a;* log 2 / = c. 

8. (1 - a;2)(l - y^) = c. 

9. 6® log 2 / 4- a;* == c. 

10. Not exact. 

11. Not exact. 

13. X sin 2y = c. 


Pages 268-269 

1. sin“^ y ± X = c. 

2. y = ±J^(» 's/l — a* + sin"* ») + c, 

3. a + 2 / - tan-> y = c. 4. y - ce»* = 0, y - ce"* = 0. 


Pages 278-279 

1, y — cx. 

2. a;* — 2/® = c. 

3. x^ 4" ny^ = c. 

9. 2/ = 


Pages 280-283 

6. s = (44//c)(l - 

12. p = 

9. 2/ = — r. 0 ^ a;* 4- a; tan a. 

^ 2Vq^ COS^ O' 

1. 1 + Vi® + 1 = ca:e-w 
» x’ +c 

^ Z{x^ + 1) 

6. 2/ = cos^ X + 2(sm a; — 

Pages 285-286 

v'«®4-i. 3. y ~ e“'®*(a; + c). 

4. y = 1 4- ce-®V2. 

1) 4- ce-«‘“®. 

6. 2 / = 2 sin a; — a: cos ^ + “ ^ ^ 'x 

7. y ^ 1 

12. X = ce-^" + 1 - 

8. / - (JS7/J2)(1 - 

9. 2/ — sill 2 ; + cc®. 

10. 2 / = c tan a; + e®- 

11. a: = 1 -H 

13. y *= tan a; — 1 4- ®. 

14. 2/ = (x 4- 4- c). 

16. 2/ = e^® 4" ce^*. 


Page 287 

1. — (48a;~^ — 96a;“'* — 

2. 2/“^ = a; 4- H 4- ce^®. 

3. y-5 = + cx^. 

A. X — y log cx. 

6. 2/“^ = 1 4- log ^ 

■ 4) cos X 4- (I6x”i — 90x“®) sin x 4- c’x""*. 

6. 2/“^ = 1 4- a;’® 4“ ce^®\ 

7. x-2 = 2/ 4- >2 4- 

8. y~^ = x^. 


Page 291 

2. e“®® J* da;. 

3. e““® J* c"® cos vix dx. 



ANSWERS 


569 


Pages 294-295 

1. (a) y ,= cie“»» + C2e®»; (b) y = 

(c) 2/ =■ (ci + C2a;)e“®; (d) 2/ * (ci -f- C2:r)e* + 03; 

W V (fiy. C8a;®)e“* + C4; (/) y ^ ci cos kx + ca sin kx 

+ Cl cosh kz c A sinh kx. 


Pages 298-299 


1- y 




2 . 2 / = cie 3a + cafi + j 2 ’ 3. 2 / =» (ci -|- C 2 rc)e» + rr + 2. 

4. ?/ - ci6-*» + cac** -f {wl2P)(ic^ - lx 2k-'^)y where A; = \/PjEI. 

6. 2 / = Cie* + cae”® -f 6. y = Cie“® + Cae*/® + 2 sin x. 

7. 2/ =“ (ci + C 2 a;)e* + cac"®* + sin x. 


Pages 305-307 

1 . 2 / = 2 cos \/i0^, Vl0/(27r); y = 2 cos -s/IO^ + -v/IO sin -v/lo^. 

3. 2 / =" 10 cos \/245^ 

4 . y = 10e-« ^cos sin v^<); = 400 vWi dynes. 

6. F = 100 V2e-‘»o' cos ^5001! - j); F = 100c-®“V^'(l + 500 V^t). 
6. F = 20 v^c-‘»™"‘(5 sinh 10000 V^t + \/5 cosh 10000 Vlt). 

^ maxinuim y = V3, total drop 2 + \/3. 


Pages 314-315 

1. a: = %c,«< - cae--« + - y^t - Ko, 

2/ » + C2e-« -h - 9^0. 

3. Cycloid of radius niE/{eIP). 

Pages 317-318 

1- No. 2. Yos. 3. No. 

Pages 321-322 

3. y {X^ log x)/{i, 4. y ^ ^ -f ^2 ^ 

Pages 324 -326 

2 . ?/ = caa:~’ + t.j log x — 

3. 2/ = 6*,x® -f 4. 7/ = c,x»^ -f- 

6. 2/ = Cix® -f Ca:c(^>+ v'i2T)/2 4 . v':3r)/2 _ 

6. 7 / = r,x(l+\/3i)/2 4 - CaJrCl-\/3i)/2 _{. 

7. 2/ = CiX'* -f C»x — xf(log x)^/2 + log :rl. 
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Page 329 

‘•'■‘'('-si+fi )+''0-ii+li )• 

“•‘'-"0 + ' + 5 i + 5 !+ ■)• 

8. y=Ci^l-a!+^ — .. - CaCl + ® + a:® + a;* + • . 


CHAPTER Vni 
Pages 366-367 


Page 361 

1. (o) z = F i(y + ax) + Fi(y — oa:); 

(6) z = Fi(,y - 2x) + Fi(y + x) ; 

(e) z = Fi(y — x) + xFi(y — x). 

2. (a) xy; (c) x^l2 - x^/Z. 

Page 372 

1. 0.44883; 0.14922; 0.00004. 

Pages 375-377 

2. 35.5; 41.9. 


Pages 386-386 


1 . u 


= 50 + ?^ ^ 


_ y.2«-i ^2n — 1)9. 


(2n — l)a 2 n- 

n= 1 ' ' 

n 400 1 

3- “ - — S (2n“- l)o*-‘ - 1)9. 

n^l ' 

” 00 
4. w = A„e-«®*«Vo(fcnr), where 1 =* 2) 

n= 1 n=l 


Pages 390-391 

71=1 

00 

7. / = 0.6 + 1.1 ^ (- 1)0 cos 

71— 1 


COS 


CHAPTER IX 
Pages 398-399 

2. (10 V3/3)(i + j + k). 


1. 0.6640. 
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Pages 403-404: 

6. 3i + 12j + 4k. 6. 19 V3/3; (-v/3/3)(8i + j - 9k). 

Page 409 

^ du __ du dx . du dy du dz 

ds dxds dy ds dz ds 

2- (a) iyz + jxz -f kxy; (b) i2x + j2y + k2z; 

(c) (x* -h y^ + z^)~i'^(ix + jy -f kz); 

(d) 2(x^ + 2/2 + z^)~^(ix + jy + kz). 

6. 26 \/2/5. 6. 9. 


Pages 414-416 


1. (a) 3; (6) 2/r; (c) 0. 


3. i 


1 /Mf 4- Mi? -L M.A . *1 

da; \ aa; a^/ dz / ^ ^dy\ dx 




dAy 

dy 

+ k 


dz ) 
f dAr 
{ dx 


dAy 

dy 




dA, \ 
dz ) 


1. W 0; (6) 0; (c) 0. 


4. 'J' 


cy. 


Pages 420-421 

Pages 432-433 

5. <I> = a;2 _ y2 


a<t 0i a<i> 


a^> 


Page 439 

a<^ . 0 i a<T> 


a<^ 


‘ f> ' <1^ ’ <v P Hill "9 

Lp as (te J [as <ip ] ^ ^ p [ ap oo | ’ 

_4_ r _ iM»l r 1 dA, 1 acp^v) 1 
p sin 9 L ae a^j+ *' [p .^ a7 ” p ri^J 


+ 


10. 3p cos a/r^; 0. 

CHAPTER X 
Pages 443-444 

1. (a) 2, 60°; (b) 2 v^, -15"; (,■) I, 00». 

~2a: 


1 

' L dp 


a/lp 


(6) -£L±J^L=JL 

^ + ()/ + D* 

(d) 


■ V 


+ (.V + f)'*’ 

“ -2i;/ - 1 


- 2/2)2 ^ (2x2/ + 1)2 + * (x2 - yJ)n 4- (2xi/ + I)2‘ 
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Pages 447-448 

^ sin 2x . sinh 2y 

cos 2x -1- cosh 2y cos 2x + cosh 2y 

6. sin a; cosh y -h i cos x sinh y, 

7. (a) e"’^/-*[cos (log \/2) + i sin (log V2)]; 

(6) j^cos ^ — j — log \/2^ + ^ sin ^ — ^ — log 

Pages 462-463 

3. (a) z^i (h) l/z; (c) z; (d) log z; (e) cos z. 7. — Zxy^, 

Page 461 

3. 2 4. Trt. 6. 0. 6. 27rt. 7. 0. 


Page 469 


2. (a) 

u 

«=* cos X cosh y, V 

= —sin X 

sinh y; 

(b) 

u 

= e® cos y, w = c* 

sin y] 


(c) 

u 

= re® — Zxy^, V ~ 

Zx^y - y® 

f 

(d) 

u 

= log {x^ + 

v = tan“^ 

‘ (yM; 

(e) 

u 

= x/{x^ -H 2/*), V = 

= -y/{x^ 

-hy^)- 


CHAPTER XI 
Page 496 

1. H; Hs. 2. Ho; H; Ko; %8; 1323/46189. 


1. 33/16660. 

2. Ha- 

3. H4088- 


Page 497 
4. 

6. H2;%2;H2. 


1. ^Ho. 

2. H; He. 

3. 46413/78125. 

4. H. 


Pages 499-600 

6. n > log 2/(log 6 — log 5). 

6. Ho; Ho. 

7. 

8. 91854/100000. 


Page 601 

1. 0.775; 0.0000265; $47.50. 2. $11. 3. 6. 


Page 604 

1. (a) (h) 2H48. 

2. (0.65)»‘> + 10(0.65)°(0.35) + 45(0.65)8(0.35)2 + 120(0.65)7(0.35)8. 

3. 5(H)« + 4(H)^(H) + 45(H)^(H)^ + mHn%y + iHHnnr- 

4. 7^3^728- 


Page 608 

50; i&oC6e(H)^°®; ioooC6oo(H)^®°®. 
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Page 612 

1. l/ViaK?’. 2. 200; \/3/(10007r). 3. I/a/SO^; IZ-v/SoS?. 

Page 616 

1. (200)^0€-*oV 10I 2. (20)’<^0e--2o/i001 

3. 0.136; 0.272; 0.272; 0.181; 0.091; 0.036. 

Pages 523-624 

4. 0.00896; 0.00860. 6. 0.976; 0.983. 6. First set. 

CHAPTER XII 
Page 627 

1. ?/ « x/2 + K- 2. 2 / =» 2.5a;®-**. 3. 2 / = 0.3(10®-®®). 

Pages 633-634 

1. p = av\ 2. 0 = kaK 

3, H = + ctiC -f- olq. 

Pages 636-636 

1. 2 / = 4.99 - 3.13aj + 1.26x2. 2. - y^C + y. 

3. 2 / = 2.547 + 1.064X - 0.593x* + O.lOOx®. 

4. 2 / = 1.3 + 0,2ti*. 6. 2 / = 0.3e® - 1.1 sin x + 1.5x*. 

Page 644 

1. // = 4,99 - 3.13x + 1,26x2. 2. ij = 10®-®*. 

Page 660 

X. y = 0.75 + 0.10 cos x — 0.05 cos 3x — 0.29 sin x. 

2. y « 0.85 - 0.25 cos 2x - 0.05 cos 4x + 0.05 cos 6x -H 0.26 sin 2x 

— 0.03 sin 4x. 


1. 42.61; 42.50; 42.51. 

2. 2.581; 2.627. 


1. 25.252; 25.068. 

2. 132.137. 

3. 128.6. 


Page 664 

3. 106.15; 106.09; 106.09. 

4. 2.784; 2.700. 

Page 660 

4. 666.25; f)()6.00. 

6. 39.30; 38.98. 
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A 

Absolute convergence of series, 16, 
17, 20, 21 

Absolute value of complex number, 
441 

Addition, of series, 21 
of vectors, 393 
parallelogram law of, 394 
Adiabatic process, 224 
Aerodynamics, 133, 431 
Algebra, fundamental theorem of, 92 
Algebraic theorems, 92-94 
Alternating series, 15 
am I/, 51 

Ampere's formula, 52n. 

Amplitude of complex number, 441 
Amplitude function, 51 
Analysis, harmonic, 545 
Analytic functions, 451-491 
Anglo, as a lino integral, 195 
<lirection, 140, 398 
of lap, 240 
of twist, 485 
solid, 195 

Angular velocity, 01, 191, 230, 404, 
424 

Appli(^ations, of conformal repre- 
sentation, 479-491 
of lino int(‘grals, 217-224 
of S(nlar and vector products, 
404-406 

Approximate formula, for nl, 509 
for probability of most probable 
number, 511 

in applied mathematics, 55 
Approximation, J^iplaco’s or normal, 
515 

Approximations to binomial law^, 512 
Are length, 143 
of ellipse, 47 


Arc length, of sinusoid, 55 
Area, 172 

as a double integral, 178 
as a line integral, 199-202 
element of, 183, 184, 190, 437 
positive and negative, 200 
surface, 188^196 

Argument of complex number, 441 
Associative law, for series, 18 
for vectors, 394 

Asymptotic formula for nl, 609 
Asymptotic series, 524 
Atmosphere, thickness of, 61 
Attraction, law of, 218, 232 
motion under, 58, 218 
of cone, 196 
of cylinder, 196 
of sphere, 196, 232 
Augmented matrix, 118 
Auxiliary equation, 292 
Averages, method of, 534 
Axes, right- or left-handed, 397 

B 

Base vectors, 396 
Beam, 240-242, 307 
Jielt on pulley, slipping of, 239 
Bonding moment, 241 
Bornoulli-lOuler law, 241, 307 
Bernoulli’s equation, 286 
Bessel functions, 273, 336, 381 
expansion in, 339 
Bessel's equation, 332, 380 
Beta fuiud.ion, 276 
Binomial law, 502 

approximations to, 512 
Binonnal series, 40 
Biot and Havart, law of, 52 
Boundary conditions, 242, 351, 363, 
370 

Buckling, 299 
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C 

Cable, flexible, 244 
flow of electricity in, 386 
supporting horizontal roadway, 
242 

Cartography, 479 
Catenary, 247, 252 
Cauchy- Eiemann equations, 221, 
450, 455 

Cauchy's equation, 322n. 

Cauchy's integral formula, 461 
Cauchy's integral test, 12 
Cauchy's integral theorem, 455 
Center of gravity, 177, 182, 183, 187, 
190, 191, 196, 522 

Change of variables, in derivatives, 
154 

in integrals, 183-188 
Characteristic equation, 292 
Charge, distribution of, 487 
Charts, distribution, 506 
Chemical reaction, 258 
Circular functions, 247 
Circulation, of a liquid, 475, 477 
of a vector, 418, 419 
Closed curve, area of, 199-201 
direction around, 200 
integral around, 201, 203, 206, 
216, 421 
simple, 200 
cn Uj 51 

Coefficients, Fourier, 65 
metric, 437 
Cofactor, 111, 112 
Combinatory analysis, fundamental 
principle of, 493 

Commutative law, 394, 399, 400 
Comparison test for series, 9 
Complementary function, 290, 292 
Complete elliptic integrals, 48 
Complex number, 440 
absolute value of, 441 
argument of, 441 
conjugate of, 444, 488 
vector representation of, 440 
Complex roots of unity, 87 


Complex variable, 440-491 
functions of, 444-491 
analytic, 451-491 
derivative of, 449 
integration of, 453 
line integral of, 454 
Taylor's expansion for, 464 
Components of force, 217 
Composite function, 134, 137 
Condenser, 283, 299, 305, 308, 387 
Conditionally convergent series, 16, 
17, 21 

Conditions, Cauohy-Ri'emann, 221, 
450, 455 
Dirichlet, 65 

for exact differential, 212, 216 
Conductivity, 367, 426 
Conductor, 486, 489 
Conformal mapping, 465, 471 
Conformal representation, applica- 
tions of, 479-491 
Conformal transformation, 467 
Conjugate of a complex number, 
444, 488 

Conjugate functions, 468, 470 
Conservation of matter, law of, 429 
Conservative field of force, 219, 411 
Consistent systems of equations, 
117-122 

Continuity, equations of, 221, 429, 
481 

of functions, 23, 28, 124, 448 
Contour line, 144 

Convergence, absolute, 16, 17, 20, 
21, 33 

conditional, 16, 17, 21 
interval of, 31, 33 
of series, 4, 7 

tests for, 9, 11, 12, 15, 20, 27, 31, 
33 

radius of, 31, 33 
uniform, 23-30, 33 
Cooling, law of, 254 
Coordinate lines, 434 
Coordinate surfaces, 434 
Coordinates, curvilinear, 433-439 
cylindrical, 152, 185, 190, 191, 378, 
386, 434, 438 
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Coordinates, ellipsoidal, 433 
parabolic, 439 

polar, 183, 184, 276, 279, 386, 438 
spherical, 152, 185, 382, 386, 434, 
439 

cos z, 46, 250 
cosh, 247 

Cosine, hyperbolic, 247 
power series for, 38, 40 
Cosine series, 73 

Cosines, direction, 146, 147, 151, 
188, 194, 398 
coth, 249 
Cramer’s rule, 113 
Cross product, 400 
Cubic equation, algebraic solution 
of, 86 

graphical solution of, 83 
Curl, 418, 422, 423, 438 
Current, 386, 427 
Curve, distribution, 504, 516 
elastic, 240, 307 
majD of, 466 
Curvb fitting, 525-560 
Curves, integral, 226, 228, 279 
orthogonal, 277, 468 
Curvilinear coordinates, 433-439 
Cylinder functions («C6* Bessel func- 
tions) 

(■ylindrical coordinates, 152, 185, 
190, 191, 378, 386, 434, 438 

D 

Dam, gravity, 483 
Damping, viscous, 302 
Dead-beat motion, 304 
Decomposition of vectors, 396 
Definite integrals, 172 

change of variable in, 183-188 
evaluation of, 172 
mean-value thconmi for, 210n. 
Deflection, 299 

Degree of differential e(iuation, 225 
Del, V {see Nabla) 

Delta amplitude, dn, 51 
De Moivre’s theorem, 90, 442 


Dependence, functional, 2 
linear, 116 

Dependent events, 495 
Derivation of differential equations, 
231-247 
Derivative, 125 
directional, 143, 151, 219 
normal, 144, 146, 152 
of functions of a complex variable, 
449, 452, 463 

of hyperbolic functions, 255 
of series, 29, 33 
partial, 125-143, 153 
total, 130-143 
Descartes’s rule of signs, 94 
Determinants, 102-114 
cofactors of, 111 
expansion of, lOGn., Ill 
functional or Jacobian, 183 
Laplace development of. 111 
minors of, 110 
of matrix, 115 
product of, 110 
properties of, 107-112 
solution of equations by, 102-114 
Wronskian, 317 
Deviation, standard, 523 
Diagonal t(U’m of determinant, 107 
Diagram, pVj 223 
Differences, 527 

Differential, (^xact, 211, 212, 216, 
222, 224, 2(>2, 411, 418, 420 
of area, 184, 190 
of volume, 185, 187, 190 
partial, 128-143 
total, 127-143 

Different.ial equations, 225-391 
liernoulli's, 286 
Bessed’s, 332, 380 
Cauchy- Itiemann, 221, 450, 455 
Cauchy’s, 322r/.. 
dc^finitiou of, 225 
degree of, 225 
d(Tivatif)n of, 231-247 
Kuler’s, 322, 430 
exact., 262 
first order, 256, 267 
Fourier, 425 
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Differential equations, general solu- 
tion of, 230, 290, 292, 350, 358 
homogeneous, 259, 261 
homogeneous linear, 290 
integral curve of, 226, 228 
integrating factor of, 265 
Laplace’s, 369, 382, 385, 386, 439, 
451, 470, 481 
Legendre’s, 342, 384 
linear, 226, 283-349, 357 
numerical solution of, 346 
of electric circuits, 301, 305, 386 
of heat conduction, 367 
of membrane, 377 
of vibrating spring, 308 
of vibrating string, 361 
order of, 225 
ordinary, 225-349 
partial, 225, 350-391 
particular integral of, 290, 292, 
297, 318, 359 
particular solution of, 230 
second order, 269, 295 
separation of variables in, 257 
simultaneous, 312-315 
singular solution of, 279 
solution in series, 228, 325, 349, 
364 

solution of, 226 

with constant coeifficients, 287- 
315, 357 

with variable coefficients, 284, 
315-349 

Differential expression, 225 
Differential operators, 287-299, 357, 
406 

Differentiation, of implicit functions, 
132-142 

of series, 29, 33, 34, 80 
partial, 123-171 
term by term, 33, 34, 80 
under integral sign, 167 
Diffusion, 369, 427 
Diffusivity, 368?i. 

Direction angles, 146, 398 
Direction components, 146 
Direction cosines, 146, 147, 151, 188, 
194, 398 


Direction ratios, 150, 151 
Directional derivative, 143, 151, 219 
(See also Gradient) 

Dirichlet conditions, 65 
Discharge of condenser, 299 
Discontinuity, finite, 64 
Discriminant of cubic, 89 
Distance, element of, 435 
Distribution of charge, 487 
Distribution charts, 506 
Distribution curve, 504, 516 
Distributive law, 399, 400 
Divergence, of series, 5, 8, 20 
of a vector, 411, 423, 438 
Divergence theorem, 191, 415, 425, 
428 
dn u, 51 

Dot product, 399 

Double integrals, 173, 192, 202, 275 
Drying of porous solids, 369 
Dynamics, laws of, 231 

E 

e, 42 
e'*, 250 

Effects, superposition of, 129, 223 
Eik, <p), 48-51, 54 
Elastic curve, 240, 307 
Elasticity, 241, 422, 484-486 
Electrodynamics, 422, 423ri. 
Electron, 315 

Electrostatic field, 475, 477, 479 
Electrostatic force, 487 
Electrostatic potential, 487 
Electrostatics, 486-491 
Element, of arc, 467 
of area, 184, 190, 437 
of distance, 435 
of volume, 185, 187, 190, 437 
Elementary functions, 315 

expansion of, 35-46, 65-82, 465 
Ellipse, area of, 177, 202 
center of gravity of, 177 
length of arc of, 47 
Plllipsoidal coordinates, 433 
Elliptic functions, 51 
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Elliptic integrals, 47-55 
complete, 48 

first kind, F{kj <p)j 48-55, 238 
second kind, E{kj ^), 48-54 
third kind, Hin, fc, <p)j 50 
Empirical formulas, 625-560 
Entropy, 224 
Envelope, 279 
Equation, auxiliary, 292 
Bernoulli’s, 286 
Bessel’s, 332, 380 
characteristic, 292 
cubic, 86 
Euler, 322 
Fourier, 425 
indicial, 334 
integral, 347 

Laplace’s, 195, 369, 382, 385, 386, 
439, 451, 470, 481 
Legendre’s, 342, 384 
of continuity, 221, 429, 481 
of plane, 147 
wave, 432 

Equations, Cauchy- Rieinann, 221, 
450, 455 

consistent, 117-122 
dependent, 105 
differential, 225-391 
Euler’s, 430 

inconsistent, 105, 117-122 
normal, 537, 540 

parametric, 143, 149, 150, 199, 215 
representing special types of data, 
528 

simultaneous, 102-122, 139-141 
solution of, 83-122 
systems of, 102-122 

homogeneous linear, 1 1 <,1-122 
non-homogencous linear, 113- 
119 

Error, Gaussian law of, 520, 536 
mean, 516 
mean absolute, 522 
mean scpiare, 522 
of observation, 516 
probable, 521 
small, 56 

Error function, 516 


Euler equation, 322 
Euler formulas, 78, 251 
Euler’s equations, 430 
Euler’s theorem, 136 
Evaluation of integrals, by differ- 
entiation, 169 
in series, 43-46 
Even function, 68 
Events, dependent, 495 
independent, 495 
mutually exclusive, 497 
Exact differential, 211, 212, 216, 222, 
224, 262, 411, 418, 420 
Exact differential equation, 262 
Expansion, in Bessel functions, 339 
in Fourier series, 65-82 
in Legendre polynomials, 346 
in Maclaurin’s series, 37 
in power series, 37-46 
in Taylor’s series, 37 
in trigonometric series, 65 
uniqueness of, 38 
Expectation, 500 

Expected number of successes, 508 
lOxporuuitial form for trigonometric 
functions, 78, 251, 44(), 447 
Exponential function, expansion loi, 
42, 446 

Extnmial values, 164 
Extremum, 164 

F 

F{k, 4S-5ii 
I<’a<4.or, intc'gratirjg, 265 
Fa<4.()r tli(M)r(mi, 92 
Fa(4,()rijil, 7/.!, approximation for, 509 
OSVc (iho Gamma fumdions) 
l<’alling })ody, 58, 232 
Fi(4(l, '1()() 
cons(‘rvativ(^, 411 
(4(‘c.trosl,at,i(\ 475, 477, 479 
irrotational, 418 
Finite discontinuity, 64 
Fitting, (mrv(‘, 525- 5()0 
Fl(^xun‘, 29S 

FI<»w, of a li(pii<l, 220, 424, 428, 477, 
478, 480-484 
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Flow, of electricity in a cable, 386 
of heat, 256, 368-377, 423, 425 
seepage, 483 

Fluid motion, 220, 424, 428, 475- 
478, 480-484 
Flux, 416 

Flux density, magnetic, 52 
Force, 217, 239, 392, 406, 409 
components of, 217 
conservative field of, 219 
electrostatic, 487 
Force function, 411 
Forced vibrations, 308, 310 
Formula, asymptotic, 509 
Cauchy’s integral, 461 
empirical, 525-560 
interpolation, 550 
Lagrange’s, 552 
Poisson, 512 
Stirling’s, 508 
Wallis’s, 45 
Fourier coefficients, 65 
Fourier equation, 425 
Fourier series, 63-82 
complex form of, 78 
differentiation of, 80 
expansion in, 65-82 
integration of, 80 
solution of equations with, 364 
Functional dependence, 2 
Functional determinant, 183 
Functions, 1 
analytic, 451 
Bessel, 336 
Beta, 276 

complementary, 290 
conjugate, 468, 470 
continuous, 23, 448 
elementary, 315 
expansion of, 35, 65, 155 
Gamma, 272-277 
holomorphic, 451 
homogeneous, 136, 259 
hyperbolic, 247-256 
of a complex variable, 444—491 
of several variables, 123, 160 
orthogonal, 81, 339, 345 
periodic, 64 


Functions, potential, 219, 411 
power, 30 
real, 2, 123 
regular, 451 
scalar point, 406 
singularities of, 222 
stream, 221, 432, 453, 481 
vector point, 406 

Fundamental principle, of combina- 
tory analysis, 493 
of sequences, 6 

Fundamental theorem, of algebra, 92 
of integral calculus, 172, 457 

G 

Gamma functions, 272-277 
Gauss-Argand diagram, 440 
Gaussian law of error, 520, 536 
Gauss’s theorem, 193 
General solution of differential equa- 
tion, 230, 290, 292, 350, 358 
Geometric series, 9 
Gradient, V, 144, 152, 407, 410, 438 
Graphical method, of curve fitting, 
525 

of solution of equations, 83 
Gravitational constant, 232 
Gravitational law Attraction) 
Gravitational potential, 219, 408 
Gravity, center of, 177, 182, 183, 
187, 190, 191, 196, 522 
Gravity dam, 483 
Green’s theorem, for the plane, 202 
in space, 191, 418 
symmetric form of, 194, 418 

H 

Harmonic analysis, 545 
Harmonic scries, 8 
Heat conduction, 367 
Heat flow, 368-377 
equation of, 368, 425 
steady, 256, 368, 427 
variable, 368, 373, 425 
Helix, 151, 152 
Holomorphic functions, 451 
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Homogeneous equations, differential, 
259, 261 

linear algebraic, 119-122 
linear differential, 290 
Homogeneous function, 136, 259 
definition of, 136 
Euler’s theorem on, 136 
Hooke’s law, 241, 299 
Homer’s method, 95 
Hydrodynamics, 221, 422, 428-433, 
480-484 
Hyperbola, 247 
Hyperbolic functions, 247-256 
Hyperbolic paraboloid, 162 

I 

Imaginary roots, 94 
Implicit functions, 132, 137-142 
Inclined plane, 280, 282, 306 
Incompressible fluid, 424, 430 
Inconsistent equations, 105, 117-122 
Independence, linear, 116, 317 
of path, 208, 216, 452, 455 
Independent events, 495 
Independent trials, 501 
Indicial equation, 334 
Infinite series, 1-62 

absolute convergence of, 16, 17, 20 
conditional convergence of, 16, 17 
definition of, 4 
expansion in, 35-46, 155-158 
of constants, 6-22 
of functions, 23-62 
of power functions, 30 
of trigonometric functions, 63-82 
operations on, 21, 29, 33-35 
sum of, 4n. 

tests for convergence of, 9, 11, 12, 
15, 20, 27, 31, 33 

theorems on, 17, 21, 27, 28, 29, 31, 
33, 34, 36, 38 

uniform convcrgcmce of, 23-30, 33 
Inflection, point of, 159 
Initial conditions, 235, 351 
Integral calculus, fundamental theo- 
rem of, 172, 457 
Integral curve, 226, 228, 279 


Integral equation, 347 
Integral formula, Cauchy’s, 461 
Integral test for series, 12 
Integral theorem, Cauchy’s, 455 
Integrals, around closed curve, 201, 
203, 206, 216, 421 
change of variable in, 183-188 
definite, 172 

double, 173, 192, 202, 275 
elliptic, 47-56, 238 
evaluation of, by means of series, 
43-46 

iterated, 175, 180 
line, 197-224, 410, 421, 454, 458 
mean-value theorem for, 210n. 
multiple, 172-196 
particular, 290, 292, 297, 318 
surface, 188-196, 415, 421 
transformation of {see Green’s 
theorem; Stokes’s theorem) 
triple, 177, 193 
volume, 180, 415 
with a parameter, 47, 167 
Integrating facjtor, 265 
Integration, by parts, 276 
iiurnori(uil, 554-560 
of complex functions, 453 
of series, 29, 33, 34, 80 
term by t(^nn, 33, 34, 80 
Interpolation, nuithod of, 101 
Int(^rpolatioii formulas, 550-554 
InUirval, 4 

of (M)nvcrg(mce, 31, 33 
of expansion, 38, 7() 

Inv(^rse hyperbolic functions, 249, 
255 

Inversions, 106 

Irrotational fi(4d, 418, 423, 430 
Isolation of roots, 92 
lsot.lu*rmal |)n)c(^SH, 224 
It.<Tat,<Ml int(‘grals, 175, ISO 
Iteration, method of, 297 

J 

336 

Jacobian, 141, 183, 190 
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K 

Koix), 337 

L 

Lagrange's interpolation formula, 
552 

Lagrange's method of multipliers, 
163-167 

Lamellar field, 423 
Laplace's approximation, 515 
Laplace's equation, 195, 369, 382, 
385, 386, 439, 451, 470, 481 
Law, Bernoulli-Euler, 241 
binomial, 502, 512 
of attraction, 218 
of conservation of matter, 429 
of cooling, 254 
of dynamics, 231 
of error, 520, 536 
of gravitation, 232 
of small numbers, 512 
Least squares, method of, 536 
theory of, 521 

Legendre polynomials, 344, 384 
expansion in, 346 
Legendre’s equation, 342, 384 
Leibnitz’s rule (see Differentiation, 
under integral sign) 

Leibnitz’s test (see Test, for alternat- 
ing series) 

Length, of arc, 143 
of ellipse, 47 
of sine curve, 55 
Level surface, 406 
Limit, 2, 124, 454 
Line, contour, 144 
coordinate, 434 

direction cosines of, 146, 147, 151 
normal, 144, 146-149 
of equal potential, 277 
of flow, 475 
stream, 277, 432, 467 
tangent, 143, 147, 151 
vector equation of, 395 
Line integrals, 197-224, 410, 421, 
454 


Line integrals, applications of, 217- 
224 

around a closed curve, 202, 206, 
216, 421 

definition of, 197, 454 
evaluation of, 202-206, 458 
for angle, 195 
for area, 201 
for work, 217 
in space, 215, 410, 421 
properties of, 206-217 
transformation of, 202, 421 
Linear dependence or independence, 
116, 317 

Linear differential equations, 283- 
349, 357 

with constant coefficients, 287, 357 
with variable coefficients, 284, 
315-349 

Linear differential operator, 287-299 
Log z, 446 

Logarithmic paper, 526 
M 

M test, 27 

Maclaurin formula, 36 
Maclaurin's series, 37, 249 
Magnitude of a vector, 393 
Map, geographic, 479 
of a curve, 466 
Mapping functions, 467 
Matrix, 114-122 
augmented, 118 
determinants of, 115 
rank of, 115 

Maxima and minima, constraim'd, 
163 

for functions of one variable, 158 
for functions of several variables, 
160 

Mean error, 516, 522 
Mean-value theorems, 210n. 

Measure numbers, 397 
Mechani(‘,al quadrature, 554 
Membrane, vibration of, 377 
Mercator’s projection, 479 
Metric coefficients, 437 



INDEX 


683 


Minima {see Maxima and minima) 
Minimax, 162 

Modulus, of complex number, 441, 
442 

of elliptic function, A;, 51 
Moment, bending, 241 
Moment of inertia, 177, 180, 182, 
183, 187, 190, 191, 196, 241 
Moments, method of, 544 
Most probable value, 505 
approximation for probability of, 
511 

Motion, dead-beat, 304 
fluid, 220 
laws of, 231, 234 
of a membrane, 377 
oscillatory, 304 
pendulum, 48, 234 
simple harmonic, 233, 301, 314, 
380 

under gravity, 232 
Multiple integrals, 172-196 
definition and evaluation of, 173, 
179 

geometric interpretation of, 177 
Multiplication, of complex nunibei's, 
442 

of dot(M-niiiiants, 110 
of series, 21 
of vectors, 399 
Multiplicity of root, 93, 294 
Multiplier, Lagrangian, 105 
Multiply (connected re'gion, 205, 212, 
455 

M\it,ually exclusive (ivemts, 497 
N 

Nahla, or del, V, 194, 195, ^107, 411, 
422 

Newtonian potemtial, 19(> 

Newton’s law, of attraction, 2 IS 
of cooling, 254 
of (lynami(*s, first law, 231 
second law, 231, 272, 303 
third law, 231, 234 
of gravitation, 232 
Newton’s methoel of solution, 97 


Normal, to a curve, 144 
to a plane, 146, 147 
to a surface, 147, 188, 407 
Normal approximation, 515 
Normal derivative, 144, 146, 152 
{See also Gradient) 

Normal distribution curve, 516 
Normal equations, 537, 540 
Normal form, 146 

Normal law {see Gaussian law of 
error) 

Normal line, 144, 146-149 
Normal orthogonal functions, 81 
Numbers, complex, 440 
measure, 397 

Numerical integration, 554-560 
Numerical solution of differential 
equations, 346 

O 

Odd function, 68 
Operator, 528 

diffeirential, 287-299, 357, 406 
vector {see Curl; Divergence' ; 
Gradient; Nahla) 

Order e)f diiTe‘rential equatie)n, 225 
Orelinary elilTenmtial (Hiuatie)ns, 225- 
349 

{See also 1 )ilTeTe‘ntial expiations) 
Orelinary elise'.e)ntinuity, 64 
Origin eif a veu’.teir, 393 
Orthogonal euirve's, 277, 468 
Orthe)ge)nal fune‘tions, 81, 339, 345 
Orthogeinal systeuns, 434 
Ortheigeinal trajex-teirieis, 277-279 
Orthogeinal vex-teirs, 398 
OseMllatkin of a sjiring, 290 
Oseuliateiry nuitiein, 304 
Overdanipod, 303 

P 

p series, 10 
Parabola, 244 
Parabeilm coordinate's, 439 
Parabolenel, liyperbeilie-., 1()2 
Parachutes 253, 255 
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Parallelogram law of addition, 394 
Parameters, 277, 280 
integrals containing, 167 
variation of, 318 

Parametric equations, 143, 149, 150, 
199, 215, 247 

Partial derivatives, 125-143, 153 
Partial differential equation, 350- 
391 

derivation of, 351 

Fourier, 425 

integration of, 353 

Laplace’s, 369, 382, 385, 386, 439 

linear, 357 

of elastic membrane, 377 
of electric circuits, 386 
of heat conduction, 367, 425 
of vibrating string, 361 
Partial differentials, 128-143 
Partial differentiation, 123-171 
Partial fractions, method of, 297 
Partial sum, 4 

Particular integral, 290, 292, 297, 
318, 359 

Particular solution, 230 
Path, iniegrals independent of, 208, 
216, 452, 455 

Pendulum, simple, 44, 234-238, 306 
Periodic function, 64 
Picard’s method, 347 
Plane, equation of, 147 
inclined, 280, 282, 306 
normal form for, 146 
tangent, 146-149 
Point, of inflection, 159 
singular, 451 
Poisson formula, 512 
Polar coordinates, 183, 184, 276, 279, 
386, 438 

Polygon, rectilinear, 478, 485 
Polynomials, Legendre, 344, 384 
Porous solids, drying of, 369 
Potential, electrostatic, 487 
gravitational, 219, 408 
lines of equal, 277 
Newtonian, 196 

velocity, 221, 222, 277, 430, 432, 
453, 467, 480 


Potential function, 219, 411 
Po’wer series, 30-62 
differentiation of, 33, 34 
evaluation of integrals by, 43-46 
expansion in, 35-46 
functions defined by, 33 
integration of, 33, 34 
interval of convergence of, 31, 33 
operations on, 33-35 
theorems on, 31-35 
uniform convergence of, 33 
uniqueness of expansion in, 38 
whose terms are infinite series, 40 
Power series solutions of differential 
equations, 325-346 
Precision constant, 520, 521 
Pressure on dam, 484 
Primitive, 458 

Principal part of increment, 128 
Probability, 492-524 
Probability curve, 521 
Probable error, 521 
Probable value, most, 505 
probability of, 511 
Product, of determinants, 110 
scalar, 399 
vector, 400 

Projection, Mercator’s, 479 
stereographic, 479 
Pulley, slipping of belt on, 239 
pv diagram, 223 

Q 

Quadrature, mechanical, 554 
Quotient, of complex numbers, 444 
of power series, 40 

R 

Radius of convergence, 31, 33 
Radius vector, 195 
Rank of matrix, 115 
Ratio test, 11, 20, 31 
Reaction, chemical, 258 
Rearrangement of series, 17 
Rectilinear polygon, 478, 485 
Recursion formula, 273, 328, 331, 
334 
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Region, multiply connected, 205, 
212, 455 

of integration, 173 
simply connected, 205 
Regula falsij 101 
Regular fimctions, 451 
Remainder in Taylor’s series, 36-37 
Remainder theorem, 92 
Repeated trials, 501 
Representation, applications of con- 
formal, 479-491 
Residuals, 534, 537 
Resonance, 310 
Riemann surface, 473 
Right-handed system of axes, 397 
Rod, flow of heat in, 373 
vibrations of, 366, 367 
Roots, of equations, 83-102 
isolation of, 92 
theorems on, 92-94 
of unity, w, 87 
Rot (see Curl) 

Rotational field, 418 
Rule, Cramer’s, 113 
Simpson’s, 556 
trapezoidal, 556 

S 

Scalar field, 406, 408 
Scalar point function, 406, 418 
Scalar product, 399 
appli(;ation of, 404 
Scalars, 392 

Schwartz transformation, 478, 485, 
491 

Seepage flow, 483 
Separation of variables, 257 
Secpiences, 2 

fundamental principle of, G 
limit of, 3 

Series, asymptotic., 524 
binomial, 40 

evaluation of integrals by, 43-4G 
Fourier, 63-82 
infinite, 1-62 

integration and differentiation of, 
29, 33, 34 


Series, of constants, 6-22 
of functions, 23-62 
power, 30-62 

solution of differential equations 
by, 228, 325-346 
Taylor’s and Maclaurin’s, 37, 155, 
228, 249, 464, 539 
tests for convergence of, 9, 11, 12, 
15, 20, 27, 31, 33 
theorems on, 17, 21, 27, 28, 29, 31, 
33, 34, 36, 38 

uniform convergence of, 23-30 
Shearing stresses, 485 
Simple closed curve, 200 
Simple harmonic motion, 233, 301, 
314, 380 
equation of, 234 
period of, 234 

Simple pendulum, 44, 234-238, 306 
Simply connected region, 205 
Simpson’s rule, 556 
Simultaneous differential equations, 
312-315 

Simultaneous equations, 102-122, 
139-141 
sin Xj 41, 250 
sin“i Xj 46 

Sine, liyperbolic, 247 
length of curve, 55 
power series for, 40, 41 
Sine series, 73 
Singular point, 451 
Singular solution, 279 
Singularities of function, 222 
siidi Xj 247 

Sink {see Soiirco and sink) 
Six-ordinate scheme, 548 
Slipping of belt on pulley, 239 
Small numbers, law of, 512 
sn II, 51 

Solenoidal field, 423 
Solid angle, 195 
Solids, drying of porous, 369 
Solution, of cubic, 86-91 

of dilTorential equations, 226, 228, 
325 

general, 230, 290, 292, 360, 358 
particular, 230 
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Solution, of differential equations, 
singular, 279 
of equations, 83-122 
algebraic, 86, 95 
graphical method of, 83 
transcendental, 85, 97 
of systems of linear algebraic equa- 
tions, 102-122 
steady-state, 309, 310 
Source and sink, 221, 411, 416, 424, 
427, 429 

Space curves, 149-152 
Spherical coordinates, 152, 185, 382, 
386, 434, 439 
Spring, 299, 308, 313 
oscHlation of, 299 
Standard deviation, 523 
Steady heat flow, 256, 368, 369, 427 
Steady-state solution, 309, 310 
Stereographic projection, 479 
Stirling’s formula, 508 
Stokes’s theorem, 421 
Stream function, 221, 432, 453, 481 
Stream lines, 277, 432, 467 
Stresses, shearing, 485 
String, vibration of, 361 
Sum, of a series, 4n. 
of vectors, 393 

Superposition of effects, 129, 223 
Surface, equation of, 144 
level, 406 

normal to, 147, 407 
Surface integral, 188-196, 415, 421 
Surfaces, coordinate, 434 
Riemann, 473 

Systems of equations, consistent or 
inconsistent, 117-122 
linear algebraic, 107-122 

T 

Tangent line, 143, 147, 151 
Tangent plane, 146-149 
tanh, 249 

Taylor’s formula, 35-46, 158 
applications of, 41-46 
Taylor’s series, 37, 464, 539 
for functions of two variables, 
155-158, 228 


Taylor’s theorem, 36 
Tension, 239, 243, 244, 251, 362, 377 
Test, Cauchy’s integral, 12 
comparison, 9 
for alternating series, 15 
for series, 9, 11, 12, 15, 20, 27, 31. 

33 

ratio, 11, 20, 31 
Weierstrass Mj 27 
Theory of least squares, 521 
Thermodynamics, 222 
Torque, 405 

Total derivatives, 130-143 
Total differential, 127-143 
Trajectories, orthogonal, 277-279 
Transformation, by analytic func- 
tions, 467 
conformal, 467 
Green’s, 191, 202, 418 
of element of arc, 467 
of integrals, 202 
Schwartz, 478, 485, 491 
Stokes’s, 421 
Trapezoidal rule, 556 
Trials, repeated and independent, 
501 

Trigonometric functions, 78, 251, 
446, 447 

Trigonometric series, 63-82 
Triple integrals, 177, 193 

U 

Undetermined coefficients, 229 
Uniform convergence, 23-30 
test for, 27 

Unit vectors, 394, 397 
Unity, roots of, 87 

V 

Variable, change of, 154, 183-188 
complex, 440-491 
dependent, 2 
independent, 1 

Variable heat flow, 308, 373, 425 
Variation, of constants (see Varia- 
tion, of parameters) 
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Variation, of parameters, 318, 323 
Vector analysis, 392-439 
Vector equation of line, 395 
Vector field, 406, 408, 409, 412, 418, 
423 

^^ctor point function, 406 
Vector product, 400 
applications of, 404 
Vector relationships, 402 
Vectors, 144, 152, 392 
addition of, 393 
base, 396 
curl of, 418 
decomposition of, 396 
divergence of, 411 
magnitude of, 393 
multiplication of, 399 
origin of, 393 
orthogonal, 398 
radius, 195 
unit, 394, 397 
zero, 393 

Velocity, 404, 424 
angular, 61, 191, 236, 404, 424 
critical, 61 

of earth's rotation, 61 
of escape, 61 
terminal, 59, 254 


Velocity potential, 221, 222, 277, 
430, 432, 453, 467, 480 
Vibration, forced, 308, 310 
of elastic rod, 366, 367 
of membrane, 377 
of spring, 308 
of string, 361 

{See also Simple harmonic mo- 
tion) 

Viscous damping, 302, 366 
Volume, as a triple integral, 180 
element of, 185, 187, 190, 437 
Volume integral, 180, 415 

W 

Wallis's formula, 45 
Wave equation, 432 
Wedge, 473 
Weierstrass test, 27 
Work, 217, 404 
Wronskian, 317 

Z 

Zero vector, 393 

Zonal harmonics {see Legendre poly- 
nomials) 



